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INTEGRAL CALCULUS. 


SECTION I. 

* 

FLR.M ENTARY INTEGRALS. 

Art. 1. The Integral Calculus is the reverse of the 
Bifferential, and has for its object to determine the value of 
i function the differential coefficient of which is known, in the 
»amc manner as the object of the latter is to determine the 
differential coefficient when the function itself is given; or, 
more generally, the object of the Integral Calculus is to dis- 
cover the relations which exist between the variables and their 
functions, from given equations between the variables, the 

fun efforts, and the differential coefficients of the functions. 

* • 

Hence, our object is to determine y in terms of a?, or the 
-elation which exists between them, from the equations 

d f y =/ (*), 

or 

t 

•*, to assign the relation between .r, y, (where % is a function 
a 1 and y), or between a greater number of variables and 
ir functions, from the equation 

/(t\ y, z, dyz) = 0, 

teller equations in which a greater number of variables 
<d differential coeffu ients of higher orders are involved. 

2. We shall begin with the solution of the simplest case 
d x y « w, (a function of a?) 

a w v ' uired to 6nd the value .of a function of one 

fariai Irst differential coefficient is given explicitly 
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jj|hat variable ; y representing the unknown function, 
ven differential coefficient. 


required function y is usually expressed by f x u, 
(j£ being the symbol of an operation precisely the reverse of 
that indicated by d x in the Differential Calculus) and is called 
the integral of u with respect to a?. Hence if f x and d x b| 
prefixed to the same function, they neutralize one another 
that is, 

/*«,«) = «• 


The operation by means of which the integral of a given d 
ferential coefficient is determined, is called Integration ; b, 
integrate a differential coefficient, is to find its integral, tha. 
is, the function from which it is derived. Hence f x ii means 
a function of .v whose first differential coefficient is u. All 
functions of x which are proposed for integration, are looked 
upon as the first differential coefficients of certain unknown 
functions which we are required to find. 

■ » 

Again, as the same function admits of successive differed 
tiations, so a function may he integrated any number of times; 
and as d x u means d r (d x n), so J/u means f x (f x u ), and is called 
the second integral of u with respect to x ; and jj x n is called 
the n th integral of u with respect to .r. 


3. Tlie above definitions and notation being understoc * 
we proceed to deduce the rules for integration. Every i 
given in the Differential Calculus for finding the differen 
coefficient of a function of one variable, being inverted, 
furnish a corresponding rule for integration. ^ 

Thus the Integral Calculus, at least in the simpler p 
of the subject, requires no new investigation of principles, bu« 
depends for them entirely upon the Differential Calculus ; and to 
a person who is familiar with the latter, it offers fe* Hfficulties 
beyond those arising from complicated algebraic aerations. 
Expertness in performing these, and in foreseeing., iat resub 
any substitution will lcad^ is very necessary V* ..a.iWi— 
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since, with all the rules that can be given, the integration of 
many formulae may be facilitated, and sometimes can only be 
effected by particular transformations and artifices, which the 
student must himself discover. 

4. The problem of integrating a given differential co- 
’flScicnt, may be resolved into two grand divisions : 

I. To find the values of the Elementary Integrals , that 
is, such as are not capable of being transformed into simpler 
expressions ; as for instance 

J.l* J.tfT?' ‘ &c. 

II. To reduce a proposed integral to one or more of the 
L'lcnictitary integrals. 

This reduction, according to circumstances, is effected by 
iomf uiie of the following methods. 

(1) lly transformation , that is, by altering the form of 
the expression to be integrated by some common algebraical 
process, but without substitution. 

(2) By substitution , that is, by the introduction of a new 
triable. 

(.3) By the method of rational fractions , that is, by rc- 

ing rational expressions of that description into the sums 
. *vcral others of simpler forms. This is a particular case of 

Srst method. 

(4) By rationalization , that is, by substituting in ?>- 
'tonal expressions, so as to make them rational ; which is a 
articular case of the second method. 

t (5) : he application of formulae of reduction whence 

propose * egral is reduced to one* more simple, and this 
rain to or. yet more simple, and so on, till at last it is made 
1 depend upenx 3 elementary integral. 
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(6) By integration by parts, that is, by the employment 
of a certain general formula applicable to all cases; of this 
method, one or two of the above are only modifications ; and 
its employment is in general to be preferred. 

5. The integrals of Algebraic Functions, as far as they 
can be obtained, are expressed either by Algebraic expression;, 
or by Napierian Logarithms, denoted Log, or by Angles de0*^/, 
mined by their circular measures, or by Elliptic Functioc>> v 
for the numerical values of the three latter, when the values'^ 
the undetermined quantities which enter into them are assignee v. 
recourse must be had to the proper Tables. It is indeed ths* 
existence of those Tables which has led to these modes of re- 
presenting the values of integrals. The integrals of circular, 
logarithmic, and exponential functions will usually involve 
similar functions. 

When a proposed integral cannot be obtained in a finite 
formula composed of any of the abovementioned quantities, it 
is expressed by an infinite series (which is generally possible), 
so as to converge under the given circumstances. 

6. Since any constant quantity connected with the variable 
part of an expression by the sign + or — , disappears in 
differentiating, it must be restored in integrating ; and since 
all expressions which differ from one another only by their 
constant parts, have the same differential coefficient, we mus 
in order to give an integral its most general form, (i. o 

as to comprehend all functions from which the proposed 
ferential coefficient can have been derived), add to it an 
determinate constant which we shall denote by C. Althov 
in finding integrals we shall usually omit the constant for 
sake of conciseness, yet in all practical applications of thi, ; 
Integral Calculus, it must be invariably annexed, and its value 
then determined by the conditions of the problem 

If the value of the integral be known, cor ding to 
a particular value of »r, then the constant may be*aetermined 
thus let 


/.« -/(*) + c 



s 


> and let A be the value of the integral corresponding to x « a, 

A “/(a) + Cy 
or C bs A -f(a); 

«/(*) -/(a) + d. 

If A — 0, that is, if the integral vanish when w « a, the 
equation becomes 

frU = /(#) -f(a ) ; 

in this case a is called the origin of the integral. 

** In those formulae which retain the sign of integration 
the constant is unnecessary, being reserved under that sign. 

7- Since d T (an) = ad x u , the integral of ad x ii> or 

f r (ad x u) = au ; 

which shews that if a constant quantity multiply a differential 
coefficient as a factor, it will also multiply its integral. Also 
since 

f t (nd z n) = ft 11 = af z (d x ti), 

a constant factor which multiplies a differential coefficient, may 
be written without the sign of integration ; and any constant 
factor may be introduced under the sign, provided we place 
its reciprocal without the sign. Hence 

/r(- «) ■ ~ 

- 1, being the factor brought out. 

8. Let y }9 y„ y. M be functions of /r, and w„ u 2 , u nj their 
differential coefficients, so that d x y x = tt, l9 and y x = f t u l9 &c.; 

d *(y\ + y* - yd - Mi + w* ~ w 3 ; 

£(«> + Ma - Ms) - y, + y* - y 3 = f,u x + /,« 2 - 

which shews that the integral of the sum or difference of several 
differential coefficients, is equal to the sum or difference of the 
Integrals of those differential coefficients. 
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9. Since d,(UV)-Ud,V+ Vd,U , UV=f,Ud,V+f z Vd,U 9 
or $ t Ud x V= UV-f,Vd r U. 

This result shews that when a function can be resolved 
into two factors, the integral of one of which d x V can be 
obtained, its integration depends upon the integration of the 
product of the integral V already found, and the differential 
coefficient d t U of the unintegrated factor. The above is the 
fundamental formula for integration by parts , and is the one 
alluded to in the last of the methods of integration enumerated 
in Art. 4 . If V = w 9 and .\ d x V = 1, the formula becomes 

f,U = Ur - fad'U. 


/u\ d f r; 

rd t F 

V f 

If] f 

pri * ' 

‘ F = i 


d x U rlJd,V 


fdjr U f lf 

OT l v-=v + lr d ‘ v - 


11. Since d x n? n = m ,v' n ~ 1 for all values of m, 

f x mx m ~ x = »r" + C, or m f x x n ~ l = x' a + C; 

= — + C„ 
m 

C 

putting the constant C, instead of — ; which shews that the 

7 H 

integral of any power of at is found by adding 1 to the index, 
and dividing by the increased index. 

If it be given that f t cv m ~ x vanishes when ,r = a , then 


<> = — + C„ 

m 


which determines C\ ; and subtracting this equation from the 
former to eliminate C„ the corrected integral is 






in 
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• Vr f 1 1 1 r - w,r* +l - i 

/?-.-■ T • ^ ■ =7S ’ jfo ■ 2 

12. Generally, if « be a function of x, and m any number 

• whatever* 

since d,(au") = mau m ~ l d,u, 

f T mau”-'d,u m air, or /,«*- ><«/,« . , ^ 

m 

Now let «d, 7 / = », jT M »- i„ = _ «"» 

Wencc if an expression be of # the form (the quantity 

wh.ch multiplies that is, which is without the vinculum 

bearing a constant ratio to d,u the differential coefficient of 
the quantity under the vinculum) its integral is found by this 
Rule, In the proposed expression add I to the inde.v, divide 
by the increased indeW, and by the. differential coefficient ot 
the quantity under the vinculum. 

Ex. i. jC(rf* + .r")«- 

1 he differential coefficient of the quantity under the vinculum, 
is >, which bears a constant ratio to the quantity 
without the vinculum, 1 ^ 

••• f,(a m + .v”y-'r-' = » 

n . mai m ~ l m n V' +J ) • 

Ex. «. £(« + h.ryr-' . ( " + 

q t /* 

\(« + A.r»)t + I . 

nb(p + qy } 

Ex. s. /,( 2 x’ + 3**) V + «) = + •*) 

5 • f>(x* + .r) 

~ (2*» + 3**)*. 
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E '-‘ /,„ v lu) -- £ "-" ( “ + ‘“ r " 

d,u.{a + bu)- n+l m “ 1 

- (« - l) bd x ii (« - lj 6 (a + bu)— 1 


Ex. 


C b + 2c.v _ (b + 2 cr)(a + A,i> + c.r 2 ) " M 

J, (a + bx + c^y = - (» - 1)(6 + 2c,r) 


,i - i ■ 


n - 1 (a + A# + <?«•*) 

» fa 4 - .r , )*3.r’ 9,4 

Ex. 6. Jt (a 4 - .r 4 ) 4 3.r 5 --------- - ~ = (« " *')*• 

- (- 4 > t ") 


ra(,r — b) 


- M -" +1 


J r 

*(.»• - A)" - n + 1 a « - l (.r - A)" -1 * 


r (i t H 

Ex. 8. f r u~id,u = 2 v w, or / = 2 v w; 

^ — .r \ / 7/ 


■r \/ 77 


that is, i/ aw expression be of the form of the differential 
coefficient of a function of x, divided by the square root of 
that function, its integral is equal to twice the square root 
of that function . Hence 


f- = k f . = k, - 2 v / a 2 + /tr = \/ 

J, V« + •'*’ >V»+ ar “ 


+ ,r‘\ 


f a - ,r rd,(2ax - <r 2 ) .... 

n * so ’ / // » “A J *v 2^-/; 

— j - ^ J * v Sax — 


and f y J = -\/ a + £77 


2 , 


13. Expressions which do not appear under the proper 
form for the immediate application of the rule in the preceding 
article, may often be reduced to it. 
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. * Ex. 1. j£ (a - x) s/b - x = f t (o - b + b - ») \/b - <r 
» («- b)J t y/ b - x + f t (b - »)* - - (o - b) | (6 - *)• - $ (6 - .r)*. 

E « 2 i(r+-h)i ' + '>)■• 

(aw-* + fe)-4 
‘ (-2a« _3 d # «) * 


-(aw -8 + 6)~4 

* « v / a + fttt* 


Hence f — 1 . 

J* (a* ± J ,j )4 o* «* ± j? 

Similarly, jT ^ “ * . • 

(a" + cT") ■ n H (a n + ,r")" 

Ex. 3. f 7 J.=:t--#= f 

x\/ •iax - ai* J xtfy/ So#- 1 - 1 

a?“ 8 [fiax ~ 1 — l)i \/ c Zax- x - J 


^or 9 (2aar l - l)~^ 


^(-2«ar 8 ) a 


or 


/• L 

J* xx/zax — i v * 


\Z%ax - .r* 






9 c + 7 (fc t r Ji -|-a-(z) 

CJM-e/r 3 6 


CJM-e.ir 6 / rt<?\ a* 

Lx. 5. Ua = m I ■■■ a= C 1 

(a + bo?)* ( o + bw *)• \ b )(a + b^y 


e .. r ae ~ & c 1 

+ b (a + bafjri ; ■’* = 2^(« - I) ‘ (u + bx?)'- 1 


e 1 

“ 2 6“ (n^2) ‘ (a + 6 jr*)" 8 * 

Several of the preceding examples are particular cases of 
an integral of frequent occurrence, which may be transformed 
so as to fall under the rule of Art. 12, as we shall now shew. 

• 2 
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t 

14. Expressions of the form (a + baf , ) q ai m ~ i are itnme*' 

diately integrable if — be a positive integer, or — + — t 

w n g 

negative integer, 

t 2 

For (a 4- bx 1t ) q x m ' 1 ■> x*" 1 (a 4- ba n ) q a? m ~ n 

t ".I 

= b * af-'la + baf') q (a + bx n -a) n ; 


if, therefore, ^ be a positive integer, ( a + bat* — a) n ' maj 

be expanded according to powers of a + bx n > in a limitcc 
number of terms, and each term being multiplied by 

$ 

x n ~ l (a 4- baF)q 

will be of the form cu r d 9 u , and can be immediately integrated , 

v *P 

Also (a 4- bx n ) V" 1 = {ax~* 4 + 

= x~ n ~ l (ax‘ n 4 -by x q +ra+n 


-+f-n 


mi (aa- u + by {ax-' + b-b) 


-(!+"-) 


, p m _ . 

if, therefore, - 4- — be a negative integer, 
q n 

(ax-'+b -6) ^ » ; 

may be expanded according to powers of ( ax~ n 4- 6), in * 
limited number of terms ; and each term being multiplied b^ 

x~ M - l (ax~ n + by is immediately integrable. 

I \ 

15, Hence an expression of the form (a 4- bx*) q x m ~ K 
being proposed for integration, if the index of x without 
the vinculum increased by 1 be a multiple of the index of 
under the vinculum, we see that by the former trans-* 
formation its integral can always be found in a series of 
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powers of a + bx* ; but if — + - be a negative integer, then 

n q 

by the latter transformation the integral can be obtained in a 
series of powers of ax~ 9 + b. 

Ex. 1. a + a; here — — « 3 , a positive integer ; 

.\ oi l \/ a + 

= y/ a + x { (o + at) 2 - 2 a {a + w) + a 2 } 

— (a + ar)S- 2a (a + #)* + a 2 (a + «)■ 

•\ a + x = ^ (a + + #)*+—(« + 

3+1 

Ex. 2. j^.r® (a + 6®*)* ; here 2 ; 

•\ .v 3 (a + ft#®)* = ^ (a + &;»*)> (a + - a) 

= ^(a + fc^)5-^(ffi + 6.v s )S; 

••• /»**(« + ft® 8 )* - ^ (ffl + fc^) 5 -~(o + 6-v*) 5 . 


Ex. 3 


J r x m 1 r(a + bx — a)" 

» (a + bx) 9 b m J z (a + bx) 9 

■ y* | (a + bx) m ~ 9 — ma (a + 

•f — ^ — — a* (a + bx) m ~ 9 ~* - &c.| 

1 (( a + 6 j>)’”~" +1 ma(a + bx) m ~ 

h" + , \ m — ?i + l 


m-n 


+ &c 


4 


Ex - *' »•)! ~ lo (a ’ * (6 *‘ ~ 9,1 

Ex. 5. ' / “ T F'(66V-8«»x- + ,6«-). 

■'»* 15 » 6 ® 
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Other expressions of frequent occurrence which may be 

• • 11 . , 0* f+1 

similarly integrated, are -7= — , . 

a + bx 

The following are instances of the second transformation. 

Ex - f~ 7 ' -.'l ~ <•’ + *’)'•: 

' a? (o’ + 


-2 + 1 5 


Te ^ 3 - 2, a negative integer; 

. . a?"-* (o' + ar 3 )-! « x -t ( a » a -s + i)-f 
= 77 (aV~ 3 +1-1) + i)-| 

Ex ' 7 ' 

x~*(2 a - *)-s = at - 1 j 4 

-s(?-"o‘( , T-r 




\i x~* (2a 

\{ »-« 


\-i 

4a* 1 

l a? 

) + 2fl*(* 

) 

(t- 1 

) * 




_ S7’ (s “’"- , ' ! -n. >)i. 


Ex ». f . 1 . /• « 

•' 1 »*(a+6»)" J x (aat~ i + ft)* 

_ l r x~ 2 (a x~ l + ft - ft 

~ «• + »-- J r (ai-'+b)* 
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s J C®~* { (a«‘ , + fe)""*-(»»+«-2)6(o®“ , +6)"~ s +&c.} 

1 ( (a* -1 + 6) (o#‘ l +4)*** ) 

! «+,-i { ~ , +(m+«-2)fci — &c.} 

a* + * 1 l i»-l ' m— 2 J 


f 1 - 1 

•o 

CM 

»-s 

1 

* a + bx : 

L SaaP ' 3a*x) 


Other expressions which may be similarly integrated, are 

(a* + ®") f+ ; aP T \/ ds a? 

1 /• 1 

16. Since d s log at = - , It - = log .v + C. 

X jg X 


a? wl+l 


£6 

If in the equation J a x m = , (Art. 11.) we make m«- ], 


m+1 

/ j 

- = oo ; hence the rule for finding f ®" is said to 

_at 

fail when m = - 1 ; the reason of which is, that the equation 

J Z 1 r j 

f - = loga? 3 supposes the function of x denoted by / -to 

9 w J a x 

x m ^ 

vanish when x = 1, whilst the equation f 9 x m ■ supposes 

vn + 1 rr 

to vanish when at = 0 ; if however we introduce the same 
supposition into the latter equation as is made in the former, 
the results will agree; for in that case, by introducing the 
constant, wo have (Art. C.) 


ftrf* - 


at' 


,m + l 


- 1 


m+l 


and if m = — l, the second member assumes the form to 

0 

obtain the true value, let m - - 1 + h 9 h being very small, so 
that for x h we may use its expansion in powers of h ; 

«" +1 - 1 A* (log at)* . 

'• »7i i--j(i + *iog«+ — + &c. - 1) 

■ log .r + h - (log xy + 8rc. 

2 



14 


Now let h « 0, or m « - 1, .*. /*— ■» log a?. 

d u 

17. Generally, since d a (log u) as , 


••Xv-i°*“ +Ci - jF?-# 


md M u 


rdju 


= m logw + C ta log , making C =* - mlogc. 

Hence £Ae integral of apy fraction whose numerator is 
the differential coefficient of the denominator , or Aeara a ron-> 
aftml ralio to it, is the Naperian logarithm of the denominator^ 
or bears that same ratio to it. 

Ex. 1. (-- « b « 61og(* ± a) . 

J x x & a Jr x a 

r a a r b a rd T (a + bx) 

Ex. 2. J ta+ = j J* a + frj* a + 

a ~ 

: - log (a + bx) = log (a + 6®) s ; 

b 


and f - W — = 7 log (o + 6 m). 
y.o + 6u 6 

„ /* «■“ 1 rnx , ~ l . , 

Ex. 3. / , - - / — — - - log(o" + 

J o* + x n n J» a? + x* 


x*) n 


Ex. 4. f - 6 4 ~“j “ lo g(° + bx + c«*), 

«/«a + 6® + car 

and f 2 — ~ l - 1 - log (1 -® + «*). 

./# 1 — x + ar 

/• d.M r M"*d,M 1. , 

Ex. 5. / -~-7 - / — ZT — r - - - log («« + *)• 

J*an + bu* J.au 1 + b a 



•_yp 


IS 


_ . + r - mx~ m ~ l - nar " -1 

*’ ’ X«* +l + «" +I * J M + «"* 

- log(ar" + 

El - 7 - f.g riVai ■ sl ° g(1 + 

18. Hence we are enabled to integrate all rational integral 
idgebraic functions of a?; for the most general form of such 
^unctions is a a?" + 6a?" + cat' + ... + e ; the integral of which is 

oa? w+1 6a?" +I 

•+...+ ew + C. 

to + 1 w + 1 


It is not necessary that tn 9 n, r, &c. should be positive 
integers ; they may be negative or fractional, and the integral 
Will be the same, except in the case in which any of the terms 
£ 

; pre of the form the integral of which is g log a?. 


! * We are, also enabled to integrate the integral parts of all 
^rational fractions the dimension of whose numerator exceeds 
^hat of the denominator ; which integral part must be obtained 
by division. 


j _ 6a? fi - 3a? 5 + Sar’ + 4a? - 2 _ + 

Ex. 1. wo — r j: o Sar + - - 

2a; 4 - a? 3 2a? 4 - ar* 

, 2 
= 3a 2 + ^ 4- 

2a? - 1 w 4 

.*. f T u o a? + flog (2a? - l) - 1. 


Ex. 2, 


• s: 


’ - 6a? 4 + Asa? 2 - a6a? + c 
a* + aw 


= /(a?-6+— ' - ) 
•/A <v + aw J 


~Ta lt>g ^ + aaf ~ 3 )- 


We shall next proceed to establish a formula for changing 
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the hypothesis of integration, corresponding to the one in the 
Differentia] Calculus for changing the independant variable. 

19. To prove that f,{f(x)d w x\ «= /,/(»), where * denotes 
a function of x, and /(*) a function of x. 

Let y = j £{/(*)<*.#}» ••• <t*y =f(*)d x x, 

^~ “/(*)> * /(*), ••• y - /*/(*). 

Hence, equating these two values of y, 

jci/(*K*i = ;/(*)• 

This is a formula of great use; for in finding f g u , one 
method of most extensive application is that of substitution , 
which consists in assuming some relation between x and z so 
as tb obtain a value of u in the form f(z)d g z 7 where f(z) is a 
rational function of *, or an expression more easy to integrate 
than ja; then 

/* M = IAf(x) d *x} - /«/(*)• 

This likewise affords a means of generalizing all our result^ ; 
for if, in any case, we find f x f(x) = F («r), then it follows that 
f x f(z)d 0 z *■ F (#), where * is any function of w. 


20. The formula of the preceding article may also be 
put under the form 

f t u = f z u d,x, 

u being a function of .r, and .r a function of x ; 

for let y = Lu ; /. d g y e w; ~ = m ; 

a 2 <r 


or d,y = /. y « f g ud 9 a>; f g u = f g ud 9 .v. 

Hence in cases where it is more convenient to obtain ud 9 x in 
the form/(*)» than to obtain w in the form /(*) d,ar, we may 
prepare the integral f g u for substitution, by writing it Jg u d x x. 
Also it appears that when we have any expression to be in- 
tegrated with respect to #, by multiplying it by d x x we may 
transform the integral into one with respect to z. 
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21. Integration of the elementary logarithmic forms . 

These are certain expressions which do not appear under 

the fundamental form \ bilt may be made to assume it. 

u 

I r d x u r d s u n + \/ u % 

•4%/ v? a 2 w u* ± a* u + ± a* 

rud x ti (n* ± a*)“i + d a u 

*4 y/ u* =t « a -f , 

= ; hence (Art. 17 -) 


r_J 

*/* \ / H 


d.ii 


y/ u* =*= < 1 * 


\/ i? ± a 8 + 7^ 
log (w. + y/u l ± a*) *+■ C. 


Suppose we have given that the value of the integral 

J f- 7 ^ , corresponding to u ^ a, is 0, 

*V ?4 8 — a 3 

0 = log (<x) + C 9 or C = - log a. 

f -/ - f- - log (« + V^« 2 - a*) - log a, 

J t y/ u -a 

II f d * v L^ = _1 r 

Ku\/ a* ± w 2 « * 4 \/ (att " 1 ) 8 ± 1 

1 - 

“”0 l°g j^w" 1 + v (aw -1 ) 2 ilj, by the preceding case; 

1 /(i + y/ a? ± 


r . 1 /rc + v® 

*4 f4 v/o 5 ± t4 8 a °® \ 74 / 

--kgf ) + C. 

a \o + \/^ 8 * tW 


3 
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III. 


r d 

J r a* - « 


c . 2a 
Since -s ; 


2a 


1 1 
+ 


a 2 _ u % {a - «) (a + u) a + u a - u 
d x u 1 / d x n - d x u\ 
a 2 - u 2 2 a\a + u a -u) 

-log(— ) + C. 

2 a \a - uj 


IV, 


/• a s u 
J m u 2 - a 


Here 

d x n 


2 a 

u 2 - a* u - a n + a 


jf i lo g ( M - «) “ lo S (“ + «)}• 

1 . (n- a\ 

= — log ( ) + C. 

2 a \u + a) 

The integral may also be derived from the preceding om 

by changing the constant into log (- 1) - C. 

2 a 


22. Integration of the elementary circular forms . 

By reversing the rules for finding the differential coefficients 
of the inverse circular functions, we obtain the following 
results : 
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Also, since sin" 1 - - ^ -cos -1 -, we have 
a 2 a 

/ - d,u , u _ 

- 7 = = 5 = cos" 1 - + C, 

(including - in the constant, and changing the signs,) at 
2 

which we might arrive immediately by observing that 

d r COS 1 - = — - 

a \/ a* -v? 


II. Since d^sec ” 1 


4 U 

d u 




d g u 

u\/ u* - a? 


L: 


1 1 u _ 

- sec “ 1 - + C. 


s\/V - a* « « 


III. Since d-tan " 1 


in w 2 + a 8 ’ 


r d x u 1 _ . U 

I -- : - ~ tan — + C. 

J w vr + or a a 


IV. Since d, versin “ 1 - 


a \a) 


'Zau-u 2 


f = versin 1 — + C. 

*VZau~u 2 a 


These four formulae, which are called circular forms, 
together with the four logarithmic forms investigated in the 
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preceding article, must be carefully recollected. Joined with 
the expressions 

r mi W ’ B + 1 J r m <t x u _ 

L u m d A u = , and / - = m log u 9 

they constitute fundamental formulae, to one or more of which 
it is the object of almost every process in the elementary, 
portion of the Integral Calculus to reduce the integrals ofj 
proposed expressions. 


23. The following integrals are also of very frequent 
occurrence; they furnish examples of integration b) parts. 
Art. 9, being by that ineuns rdduced to the preceding forms. 


I. f x \/u A + a* d u u. 

in the formula f x Ud T V ■» UV - f g Vd x U 9 


vd x u 


make V = u, and U = ' u* + a , . . d x U = — , — 3 

V/ u * + a 1 

y nd r u 

*. L v ?r + a 1 d r n = u v uf + a 1 - f v u — 

V v* + a* 

P (?d + a° — a-) 

^uy/u+a*- / y 

y/u + or 

y r d 7 u 

= u v u l + a 4 - tv + <r <7^6 -f o 2 / 7 „ 

+ff' 

.\ 2 fx \/ u* + « 8 d*w ^vy/u + cr' + at 2 log (76 + \/ ^ + <0* 
by first logarithmic form, Art. 21 ; or 


X v/V + «= ~ \/w ,i + a 2 + — log (t6 + \/ + a 2 ). 

** 2 


a\ 


Similarly, 

jf V «* ~ rfdjV — —\/ u* — cP — — log (u + \/ u 2 - o 2 ), 
writing - a\ instead of n* 
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II. j t\/a*-u*d,u. 

Integrating by parts, 

, - ud„u 

f x V a * - u*d r u m u y/ a* - u* - J,u ^7===^ 

r a“ - n“ — a" , 

* « v a* — u* - / — 7 — — — y 
■'* V a- - u * 

= m \/ a 2 — w 2 — L\/ a 1 -u 1 d x u + a 2 f ~~ F===i , 

V a — m 

jC\/« a “ = - v/a* - M 2 + y sin -1 - , 

)y first circular form, Art. 22. 

III. +%aud x u 

= X \/(« + «)'* ~ a 2 d» ( M + a ) 

M + a \/« 2 + 2a« - log (w + a + 'x/w 2 + Saw), 
)y formula I, a being cither positive or negative. 

• 4) 

* IV. f x *S c 2 au - u‘d,n 

= vV - (« - a) 2 d*(w - a) 

= - — - v/ 2ait - w* + — sin -1 — — - , by formula II. 
2 2 a J 


r d,« r u~ 3 d„u _ 1 1 

« « (aw" 8 + 6) 2 2 a J„u * \a m~* 



1 / 2 1 

Is \w ' aw“* + 6 + 


/ 


\ 

a + 6« s / 


1 « l r d„ (Am) 

2 aa + bu* 2 a J, ob + (bu)* 
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VI. f„ (a + 6m')* d„u = u(a + b m')* -8 f,bu* (a + bit*) 1 d # » 
=m (a+6w®)*-3 f„(a-¥bu*-a) (a+6« 8 )ld,»; 
•\ 4 f, (a+bu*)id„u m u (a + b m')1 + 3af„(a + bu*)i d x u. 

The two latter integrals may be completed by the pre- 
ceding forms. 


24. Although we have given separate investigations of 
the circular and logarithmic forms, it is possible to deduce 
one from the other. Take for instance the form 


f ~TT === l~ lo S ( 4 ’ + \A' 8 - «') + C, (Art. 21. making u = <i)> 

* * t. 

and in order that the integral may vanish when x = a, make 
C = - log a , « 

^ 0 - " v/r * 


—v^"i , suppose ; therefore - + 




.\ ^ ^ e = cos#. 


£ = cos* 1 - , or 
a 


- 1 


cos -1 - . 


a 


25. We shall now proceed to shew the use of the circular 
and logarithmic forms in integrating a variety of expressions, 
which either are of the proper form for the immediate applica- 
tion of them, or can be reduced to that form. 

If in Articles 21, 22, and 23, wc suppose the function of 
x denoted by w, to be = x , and therefore d B u = 1, we obtain 
the following results: 

XvTO ■ bg ( * + 
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f - ^ = - log f 7 =A- 

| -'xtey/ a 8 ± 3? a \o + v® 8js ®*' 


f— 

1 

a — log 
2 a e 

/a + w\ 


-a* 

\a - x) 

f- 

1 

1 . 

__ 1 r\rr 1 

(x - a^ 

i.tf 

-a 2 

■E — “ 1U{£ 1 

2a B 

\x + a) 


«* a 


/■ 1 . 

! /— 7 ====== sin 

v< ®* — ** a 

/ — 7 = 3 = 1 = -sec -1 

J I .vvar-ar a a 

X I l a? 

_ o a + a? 2 a t3n o 

1 

' ■ = = versin ~ 1 - . 

»V 2 aw — x* a 

J \/ r 2 =*> « 2 ^ — - log (x + v /'®' 2 =*= a 2 ). 

f \/ a 2 - x* = - \/« 2 — + — sin " 1 - . 

2 v 2 a 


x +2ax= 


-y/x 2 + 2ax- — log (#+«+ \/ # 2 + 2a/i 
2 


r y S X - a /- a* . .v - a 

/ y/ c 2ax - .v = V 2aa? — ar H — sm~ l 

^ 2 2 a 

T 1 1 w 1 [ 1 

(a 2 ± a? 8 ) 2 2a 8 * a 2 ± < r 2 + 2 a*J w a 2 ± x* \ 

J (a 2 ± a? 8 )* * ^ (a 2 i #*)• + ^- f \Za > 2 * a?® . 

It may be useful to observe that each of the above results 
is homogeneous in or and a, and of a dimension greater by 
unity than the differential coefficient (also homogenous in 
x and a) of whiqh it is the integral. 
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^r.W£-:s==r- 

the proper form. 

1 r b 

h LaTh? = i.abTVtf “ la b + bV 

1 „ _,*V^ 

= -7= tan —7^ • 

v/ aft V a 

' *■ f.r&‘ ).'*>' ibU * h ‘ 

• -tan-' + A log (« + *•'>• 


*7S“ ^ 24 


f 1 _ 1 fZ- a -^- - - - log (a® -1 + &)• 

3 - i»^Tft^“ aLax'' + b a 

*■ l^Tbb^ " 2 

. x 2 2 c® + 6 

1 . d, (2 c® + ft) _ . _==tan - ’ , « 

- ■ 7*-* ' Am -‘ 

it «>J, by third circular form. Art B. . 

i -iVjL ±5 

Since tan -1 »* s ec "' '/ 1 + !!!i = cot * * 


making 1 


, _• - cos- 7-J^r vmto " ■ TTW : ‘ 

v/l + ** V 1+ * 

2 2C® + ft u 

T^TTft* = ft, the expression - tan " 1 j may 


replaced by 


i *- 1 1 + 


® + !>)* 2 _j 2 ^ m/a + ft® + c®*; 


s 7 SCC 7 

ft * 


. 2c® + ft f „ r „ in ftnv ot her of the abort 

similarly, suhrtitutmg -7- f« 
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formulas, we may obtain different expressions for the integral ; 
and it is obvious that every integral expressed by the circular 
measure of an angle will admit of similar transformations. 

If 4 ac<b 2 , the value obtained above for the integral 
becomes imaginary ; in that case, by the fourth logarithmic 
form. Art. 21, we have 

r 1 ^ g r rf,( 2 c«v + 6) 

J x a + bx + a v* (2cx + b )* - (6 2 - 4oc) 

, 2c.r 4- 6 — \/ b z — 4 ac 
y/b 2 - 4 ac 2 cx + b + y/tf _ 4ac 

5 r i = i r( 1 i \ 

X (.r + o) (a? + ft) a - b Js \x + b w + a) 

1 , x + b 

- log 

a - 6 .v + a 


r p + qx 1 r2pc + q (b + 2e.v -b) 

Jx a + bx + cx 1 2c J x a + bx + ex 2 

log (a 4- 4* CcT? 8 ) 4- — — — — f -* 

J* a + bar + c 


2c 


r a + bx ra + Oa + 0 (x - 

J* x 2 — 2 ax + a 2 + (¥ (v — a) 2 4- / 3 5 

« 4- ba _ — a f y 

0— tan-' --- -- + - log {(a? - a)" + (¥}. 


2c Jx a + bar + car 2 
a + ba + h (or - a) 


r 1 — a? cos a r sin 8 a 4- cos* a - x cos a 

I — 2x cos a 4- a? J x sin 8 a4 -(/p- cos a) 2 

J f _ sin 2 a r x — cos a 

x sin 2 a+(® - cos a) 2 a J 9 sin 2 a 4- {x - cos a) 2 

„ a?- cos a cos a. . MX 

= sin a tan — log (1 - 2x cos a -t- or). 

sin a 2 



Jj aar +bar +c a J* jr + zpar + q m 
suppose, changing the constants. 

First let p > q and p* - q 2 = n*; then 
a/* + 2 px* + (f = (a? 2 + p) 2 - n 2 = (a? 2 + p + w) (a? 2 + p - w) : 

aa? 2 + j8 1 f a (ft + p) - /3 a (ft - p) + /3l 
a* 4 + 2par + q l 2n\ a* + p + n a? 2 + p - ft J 

Next let p < q and 2 (</ - p) = m 2 ; then 

a? 4 + 2pa? 2 + (a? 2 + q) 2 - fftV 

= (<r a + /wo? + g) (a? 3 - ma? + q) ; 

aa? + fi 1 ffi^v + m)- aqx fi(x-m)-aqic 

a? + 2par + g 2 2mq\ a? 2 + 7/2 a/ + (/ a? — m,v + q 

The proposed integral falls under No. V. Art. 23 when 
p = <7, henqe in every case it is reduced to a form immediately 
integrable. The mode of effecting such transformations as the 
above, will be fully explained when wc come to the Section 
on Rational Fractions; but the example is introduced here, 
because it is the form to which several integrals, that will 
present themselves in this Section, are reducible. In the 
next article it will be observed what extensive use is made 
of the artifice of taking away the second term of a trinomial, 
such as a + bx + ex 2 either by writing it 

{(* + ^) °r by putting* » + 

27. The following are instances of irrational expressions 
which may be transformed so as to fall under the elementary 
forms : 
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/ it? 1 rbx — ^ a + ^ a 

y/ax - ba? y/b y/ abx - 6 8 al* 


- ^ \/W- 6^ + 26t versin 


3 . • m l. f- - 

J*y/a + bx + ex 1 \/c J*y/ 4c(a + ; 6*i? + c«t?*j 

1 /. d x (2cx + 6) 

y/cJ x \/ (2cx + 6) 8 + 4ac - fr 9 

" ^=Iog{2ca7 + & + v / 4c(a’+ bx'+ cj)}. 


But if c be negative, 


*. f - 1 — _ l r _ , a «__ 

4\/< ® + “ C#* \/c^a\/ 4c(fl + bx - C/W') 

1 r d x (2cx — 6) 1 . . 2cx - 6 

— 7 - / — 4 sin“ l y . 

V c J *\/ \ac + b* - ( 26 ** 1 ? - by y/ c y/ 4> ac + 6* 


1 . t 24 ;# - 6 

-7= Sin ' 1 


r 1 _ _ 2 r dvy/a + b 

J*y/ {a + bx) (c 4- ea •) VebJ. /be 

V a + a 

e 

= l°g|\/« « + Aj? + y/ b - (c + ed?)j* 


g C ^ _ 2 _ /" d» Vo 4- A.t? 

* \/( a + bx)(c - ex) y/ eb j r A c 

V' — + a - (a + Aa?) 

- -*L sin- 1 */*&+?•)' 

V eb be + ac 

7 /*_ P + 9® = 1 [PC + q(cx + ^b) -)}bq 

»\/ ® + Ad? + Cd?* ® •> \/a + Ad? + c.v* 
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8 pc — bq 


= ^\Za + bar + c«* + 2c 

B. f 1 . - J 

J»aiy/ a + bat + cap J * 


f 

J *\/ a + 6 


y/ a + bx + ca? 


x 


i—2 


v y/ a + bx 

m _ _L f. 

4 / ft. Js 4 


y/ ax~* + 6#~* + 
d x (ax~ l + ^6) 


y/ a J* y/(ax~ l + i 6) 8 + ac - £6* 

T“ logjam" 1 + ^ 6 + y/ii(ax ~ a + fear 1 + c)}. 

V A 

0 r i _ _£_ r ±Vjjf^+ 1 

J *' v y/\a+bx)(c+ea:) v/ ac y, fae 

\f 6 + aa?” 1 + j 

. = - ^°g{\/ aor 1 + 6 + \/ ^ (c«r“ l + c)|- 

f 1 r X~ 2 

» + e,v ) y/ cix + bx 2 J* (fix 1 + e) ax “ 1 + 

2 r d*y/ ax ~ 1 + 6 

a J x 


10 


e + — (aa? - " 1 + 6-6) 
<& 


_ 2 r d,\/ aa?- 1 +6 

Jane — 6c + c^r^ 1 + 6) 


tan- 

V (oe - 6e)c or (ae — ftc) 


v/ a* -3 


° + + car Jm a“,u -z + aba>~ 1 + ac 

- 1 /•(a ar 1 4+6 -+ 6) ^(a^~* + ^ 6) 

a * J* v/ (a® -1 + +6)“ + ac - £ 6® 

“ v / (aa?“ , +^6) s +ac- £6* 

h 

+ + 4 fr + V / (o.»- 1 + ^6)* + ac-£6 s }. 
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, la. f 1 m f <*«» 

J*(p+qx)^/ a+bx+ca? -' rSS \/aq*+bq(s:—p)+c(«—py 

-/— - 1 , 

J * K V a<f - bpq + cp * + ( bq - Hep) « + car* 

making p + qx = ss, which may be integrated by Ex. 8. 

Similarly, if we have (p + gar) 3 in the denominator. 

13 . r 1 1 r p+gar-ga? 

J (p,v+qaj*)y/ a+bx+cx * = pJs(P*+q‘ir‘)\/a+bx+ca? 

1 r 1 9 f i 

pj.xs/i a + ftar + car* pJ*(p + qa>)\/er+ bx + cx*' 

imilarly, if instead of par + qw** we have (ar + p) (ar + q). 


14. u i 


11. M =3 — — - ■ 

(a? + c) \/ (*r + o) (ar + 6) 

2 ar + 6 1./ cT +~b b-a 

b — a x + c ’ 2 a? + a (ar + ft) 3 

= 2 jV + 6 \ / '* + n 

(x + ft) (r - aj - (x + a) (c - ft) ar + ft' 

... f u m _____ 1 lo? - o)(« + A j + \/(c - ft)(ar + a) 

■'* v/(«- «)(«"*) v/(c - a) (,p + ft) - v/(c - 6) (a? + «) ' 


Similarly w = 


(a? + c) \/ (,i? - a) (ft - .i?) 

2 (ft - ar) j ~ ° 

(ft - d?) (« + (?) -f (# - «) (ft + (?) ft - # ’ 




X v/(a + c) (6 + c) 

f X — = _A[ 

^(c + ew)>/'a + bar bj g 




* a + c b - .r 

d, v/a + ft# 

c + ^ (a + ft a? - a) 
b 


? [ d T \/a\bw ^2 ^ 

Jxbc - ae + e(a + bar) ^e(bc — cze)* an 


^ (a + ft a?) 
ftc - ae 
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f be < ae, the integral falls under the fourth logarithmic form, 
\rt. 81. 

lg r a + 0x _ 1 f/'q + ftr ^ a-/3 e\ 1 

J* (c 2 — a 2 ) \/a+bx 2 cJ*\c — x c + x)y/a+bx 

flrhich falls under Ex. 15. 


r a 4* (&oc ^ r {ba+ ($(bx+a-a)}<Ly/ a+bx 

Jx (c*+a^) <7+ 6a? 6V + (a + 6o? - a)* 4 * 

rQ far 2 - a) 4- 6a . ✓ — 

which is integrable by Ex. 9 / Art. 2d. 

r 1 r 1 

(c + ex)y/ 1 « + 6.x* J*c + ex \/ae*+ b{c + ev- c )* 


+ 


exy/ ae~ + 6c 2 — 26c (r + 1 ) + 6 (c + ev) J 


ae° + be 2 _ ^ c\/ ae 1 + be y/ a + bx* 

c + ex 


} 


1 . f ae 0 + be 2 

as 7 lOff < be 

\/ ae* + 6c 2 [ r t ex 

by Ex. 8. 


19 . r 1 _= r *‘ 3 _ 

J* (r + 7 * 0 ^) \/ a + 6 x 2 ^ (ca?- 14 + r) \/aa + 6 
f d T \/aa * + b 

a Jxc 

- {ax' 2 + 6 - 6) + e 
a 

= - , !_ tan~'V r ^ +T <) . 

V c{ae-bc) v*(ae-bc) 

If bc>ae , the integral falls under a logarithmic form; 
c ct 

and if - ■* it falU under Ex. 2, Art. 18. 
e 6 
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r * _ „ l f drx/a 

*'»(c + e®’) y/ a + baP b J» e, t 


a + 6a?* 


f — 

Jtbc-c 


c + - (6 a? 8 + a - a) 

rf »\/ a + b ar i ^ tan - 1 A ^/e (a + b<e r ) 

-ae + e(a + bn 2 ) \/(bc-ae)e be - ae 


«. f ~ 

^ (c+ea? 2 ) v ah- fca? 8 v c(ae-bc) 


f — tail" 1 \/ c(<l - + 
r* — 6r) a?*(ae—bc) 


+ | 0 \/tf (ff + 6 r*) - a/*** “ 6c 

2 \/ c(«c-6c) y/ e {a + 6a? 4 ) + >/<*** - 6c 

jy Examples 19 and 20. g 

a + -(e/ + r-r) 

22 . +?** = f — - — — — 

J* c + ea? Jx (0 + ex*) \/ a + 6a? 8 

= 6 r _ 1 _ (--a\ [- - 1 

e Jr y/ a + b.v* \ 0 / •'* (c + ea? 8 ) \/ a + 6a? 8 

/*<r \/ a + bx £ 

23 . / — — 

c + eat 1 

b r x l bc\ r x^ 

e Jt a + bx 2 \ r / J* (c + p r 2 ) %/ « + 6a 


(p + 70*) v/ff + 6,r' 


c + e.r 


6 /• p + f/r 


cJ* \/ a + bx i 


5 . f 

Jxfr}—. 


+ <yr / 6e\ r p + 7 a? 

: + bx 2 V e 1 (c + ea? 8 ) \/ a + 6,i? s 

(/> + 7® s ) 1 rlji-qc 8 p+qr 2 \ 1 


(c 4 -® 4 )\/ a+6®* 


i rip-qc + p+q n _i_ 

2c */» \c 4 + iP^ c — ®’ / y/ a+bx? 


26. = f,\/a + b>v + cap <* ^y- !* V^c (« + A® + c® 4 ) 

= ^ /, 20 ^ [ 2 c® + 6) 4 - ( 6 2 - 1 -ffc) 
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= — |(2c* + b ) 2 du - (6® - 4oc) log (2c* + b + 2c! »)}. 

27. /, v/(<» - *0 (* - c) = jT \/ 

- i j \/(a -*)(*- c) + ^ (“*2~) s " r1 ~a 

28. f*(p + #*) \/a + bat + c* s 

= ~~fx {2cp + q(2ca> + b - b)\ \/a + bat + car 1 

= ^ (a + bat + c*®)i + f x y/a + bat + c** . 

2.9- jC (p* _ ® + q,v~ ')y/a + bat + cat* 

r ( p*~® + £*-') (a + fc* + c*®) 

•'» y/a + bat + ca? 

r rpaar* + (pb + qa)ar' + pc + ^qb 

= q V a + A* + c* 2 + J 7 • 

J * y/ a + bat + car 

.SO. jr (at* +a)v / ^ + b = f x (*® + b)i + (a - b) f iy /tf + h 
■= - (*® + + (a - 1 6) f,y/ at* + b. 


31. f = 8 c! f - 

(a + 6iT + Cti?*)® ^ ( 


(a + bw + cm? 2 )! J « (4ac + 4&ca? + 4c 2 a? 2 ^ 

y- f d x (2c.v + b) 2 (2c* +6) 

4 v c /. J 4ac _ 6* + (6 + 2c^*(i - (4ac - 6®) y/a + fe® +~ c *® 


52 , f * „ f 

J, (a + 6* + c**)l (a* - * + ft* -1 + e)* 

m - 4 -y/a f <■(»”- •»■*) 

X + 6) 2 + 4ac - 6 2 }$ 

2(2a + fta-’) 

(4ac — ft") y/a + b.v + ow* 
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S3. fx \/- — - - fr\a -(«“»)} *y~~ v 

J M a — x a — x 

- a(x -c) . 

- -*> <*- c) 

y/ w(a + c) - ac — or J 

= — a y/ (a — a/) (w — c) 4- ^ f — y^=z=^^ ===^ ===== 

2 Jx y/(a — w) (x — c ) 

- /. >/ (a - *) c* - c). 

1t_l 

^ j ^ cf/^' _ 2 - d a \/bw 

J*wy/aw n ±b J* \/ a±bw~ n n\/bJ u y/a ^bx~ n 

o 

= log (y/bw~ n + \/ a + ft#”") with 4- sign. 


w \/ft 


with - sign. 


r v «i2?" =t & i* ft- w n i ft 

Jx X j T 00 y/ fZ ± ft 

y/ ax n ± b ± b f 7 ==^— ~~ . 

w *' T ® v ««» =*» ft 


„ r 1 — car 1 r & —c 

36. / — = / 

*'a , I + co? 2 \/ l 4- a or 4- c 2 *# 1 Jxw“ l 4- co? 

r - d x (a?' 1 4- ca) 

4- cw) \/ (a“ 1 4* cwY + a - 


cPaP + x^ + a 


- d x (x “ 1 4- ca) 

4- cw) y/ (<r“ 1 4* 4- a — 2c 

. ir \/« - 2r; 4 - v/l 4 - <z«r 2 4- c 2 # 1 


\/a — 2c 


1 4- car 


— I , 1 + ca? 8 

or sec* 1 

V 2c — a a? v 2c — « 
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37. 


1 + C«P 8 


f~ 

Jx 1 - 


38. 


car* \/ \ + aa? 2 + cV 

log V^ 0 + 2c + V^ 1 + «#* + c 2 #' 


a + 2c 1 - ca? 

p + qar + pc 2 .?? 4 
y/j 1 + a.?? 2 + & OB* 

1 - cos 2 


f~ i ~ 

Jxl - ( 

1 rl - CO? 2 I 

= — (2pc - o) / — ? =-=-—- ■■ — — 

4 (? Jx 1 + C/tf 2 y/ ] 4. « 4 e 2 0? 4 

1 , r\ +CX 2 1 

+ — ( 2 pc + q) / — 7 -= 

J* h“* 0® v 1 + a«t ? 2 4 c 2 a A 


•1 + <?o? 2 

VO! 4 

q - 2pc , 1 4 car 

sec — r~— 

4c — a ocy/zc-a 


4 loo- 2c + a + \/ 1 + cur 4 c 2 # 4 

4c*\/ 2c + a ° 1 - ca? 2 


Art. 28. We shall now give examples of the rules for 
integration thus far established ; which will furnish instances 
of most of the common artifices by which an expression is re- 
duced to known forms, such as splitting it into others of which 
it is the sum or difference, or multiplying its numerator and 
denominator by the same quantity. 


1 * J>v/ a + ® = f x (a + a;-a)\/ «+«r = “(a+a?)^-^(a+, 2 ?)*. 

*3 3 

*. /- 1 

Jx y v + a + v w 

s. £(«-*)(&-«)• 


+ a-\/ & 2 , , v . 

= — 

a 3a 5 


~r m (« -*>)(*>- *) ■ H + 1 - —V 0 - *)" 

«» + » m + 2n 


4. 


+ o) v'V + 4a » 1 so (a? + 4a)t. 
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5 . U = 


(1 + x)y/ l-a? s (1 + at) y/2(l + x) - (1 + x) 9 

1 -d,2(l +*)-' 

5 v/2(l + 1 ’ 


J t u = - \/2(l + ar) -1 - 1 = - 

^ r * _ i / 1 -jv 2 

• / *(l + aJ > ') \/ i — x* ‘ 1 + .»■* 

7 - J?-5£^-jCk*+ l )«+' / i—'r 


n 


m 


(x + y / 1 + .**)" • 


«. (a* + x n y> = ji*'' - ' (a" + •*" - «") («” + •v a y 


tl+s 

g (a" + x")q qa n (a" + /»")? 
« (/> + 29) «-(p + ?) 

2a? - l 


r z — *a? r »<xr — 1 , , „ 

1 . / - = - 2 / . = — 2 log (a? 4 — x — 2). 

Jx/t? — <V — 2 JxW — X — 2 


10 . 


r5 + 2 a? 3 

1*547'* + 2 , 1 ? 

L 47 + 47* 

Jx ,r” 5 + 

raf* + bw 

r[ (b - aW 

/ {•* + a 

x a? + a 


/•a?” r( „ a 4 .!?* \ x' a* rf 1 1 \ 

12 ' Jxx*-a* J»\ + x i -a 4 ) 3 + 2 ^ va^ + a^a^-av 


. tv 1 * , w — r» 


= — + — tan ~ 1 — h log - 

3 2 a 4 x + a 
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1 

[(. 

.27 £7 ^ 

2a 4 

JA 

4 - o 4 a? 4 + a 4 / 

1 

log 

/i? 2 — a 2 1 

— — . - tan" 

So" 

a- -r- a* 4 a 6 


J f* 00 1 r d x 00 A 

xy/ a* — at* 2 J* >/ a* — 

.5. f ‘ 

* / *V (1 - »)(» + 2) 3 — (a? + 2) 3 

x f d r y/ a? — a 1 

V(* - = X^/6* _ «* - (** - «■) 


(* 2 ) 


2 2 


tf 2 


1 . _1 ^ 
- sm - 


£ 


= sin -1 


or — a* 
fiTI a 2 

„-3 


17. /" — ___ = _L f — — 

Jtax/lrf ~ <> 2 W ~ x 2 ) a h v/(a- 2 - ar 2 )(ar- 2 - fe" 2 ) 

1 r d„y/ a -2 -a.' -2 1 . b /ai® — a 2 

k — / - — — i sin ~ 1 — \/ 

ahJxy/a,-* -ft" 2 _(a- 2 -“r" 2 ) a* •» 6 2 - a* 

18 . = f J 

•'» (1 + «)\/l + * — ®* ^(l +a')\/n-#— (1 +#— l) 2 

_ r 

J*\Zs (1 + a?) -1 - (1 + a?) -2 - 1 

. /-^M f-P- 1 -* )-'} _ dn . _!+.?' 

(l+®)v/5 

2 dj oo *4“ 


^ r * rQd x x/ 

J* (oo + 6) \A? + a J x oo + a 


+ 6 — A 


y/b — a 


A /a? + a 

tan 1 \/ 


ft — « 
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f 1 ^ f J__ ( _I i \ _» 

^ *4 (# + fe)(a? + <z)i "*' J* a — b \& + b a? + a) y/ x + a 

2 . _ Im + « 2 1 

/7 ^i tan V; — r+T— I “ 7 = 


(6 - a) l 


b - a a — 


r 1 y- r ‘V s -« a r( ® Q 8 \ 

Jxx** V a J*,v \Z.r 2 ~-a l *4 \\/ri~-a 2 Mx/aP—a 2 ' 

^ .r 

- V'P 2 — a~ — a sec'’ 1 ~ 

„ rv/ ^ = r 

Jx ,T 2 J * . V 2 \/ ( 1 ? =t .v 2 

= - y/ arx ~ 2 + l + log (a? + \/ a* + x 2 ) with + sign* 

it? 

= - y/tf.v-* - \ - sin -1 - with - sign. 

T ft 

23 f — — - — = fv/ «* + *“ + - -• 

J* \/ 1 « a + a? 2 — \/ ffl" — a; 8 " 2a? 2 

, r\/a 2 + x 2 r \/ a 2 - a? 

= 2 / 2 - — + o / T 

•'* ,ir ~ a ?* 4 

24. / V— = « sin- £ - \/<F~—~aP. 

J* a — a? ® 

J r 1 /a? 4- a y a* 

” = log (a? + \/^ — «*) + sec” 1 - • 

v & x — a <i 

* / » V^* - | «in- ? - („ + f)v^TT»«. 

■'» a - a? 2 «\ 2/ 
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^ 

\/ 1 — 2wac + 1 — 2 xac~ x + o s c-* 

= - i log (v/r - 2 asac + «V -fe -\/c*^-2®oc + a*). 

28. / - ^ „ -L log y /r ^>_* , 

'0 +®" \/ 2 v/l - ar 


8. /■ = — -p: log 

Jx (i _ a*) 1 + .y /2 

2.9* f- = — v_ tan “ 1 

^(l + a? 2 ) v 1 - 


(1 + a? 8 ) \/l - «* \/ 2 \/ ] _ ,f 2 ‘ 

v/ •’ 


30. f—1 L_ = 2 bg 

V« 'y/a + y/a+v 

r\/ a + bar' l 2y/7i. , — y 

31. J log (y/ a,v ~ 3 + v 6 + 

4- S. y/ a + 5/l?\ 

^2 f 1 + l1?J r ,v ~ 2 + 1 

J' r (1 — <i? 2 ) v/ 1 -f O? 4 Jr (.^ _1 ~ <??) v/^ 2 + 'V” 2 

r - d, (a? -1 - »r) 1 tr\/ 2 + \/V 4- j 

•4 (a?~ 1 — tv ) \/(® — *y + 2 \/2 ° 1 - .t? a 

33. / = - —7= sec" 1 — . (See E 

(1 + «r‘ J ) v 1 + a? 1 v 2 wy/ c 2 

36, Art. 27.) 

rl - /.ft*"- 1 ?±! 

34. j - (a + ftcr”) 1 =b j — ■ n (a + boo' 1 ) 4 (a + bat n ) “3 

4 rx m +*d x X 4 / — 

= - / , making * - \/ « + 6 t r\ 

W /r - a 

35. f- (a* 4- 6 a?*)* = - f— - 

J x oo n J* x 4 — a 1 
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2 rf a* a* \ 

nJ'V + «* - ~ ** + «V 

4> / ff . Si ~ (l , <v , 

= — 2* + - log — -a tan * 1 - . 
7i \ *2 n # + fl a/ 

% f 1 b r 

J»w (a 4 + Aa ,n )i* n Jzx x - a* 

r 1 /• 1 r ** 

X (a 4 "# 4 + 6)1 XcV (a 1 + bx~*)i J M a x — #' 


(1 + *')* /-lvV + *' 


/•l i + art* r-\ 
38. / ~ = / — 

*/.r 1 — .3? •/* X 


L u 


X~ — Of - 

- (a? - a.'- 3 ) .r 8 + a? - * 

- xrd..« 


/* — -- - - , putting («* + a >- *)4 = x. 
J T % 1 — 4 


3.9. f 


\/l +,V+\/T-.V _ r 1 /• 

?— ar* •'* (c+x^x/.v—ar* J* 


1 


* (c*+a?)\/ ,r- 


(c + x)\/~x^ai i (r + x)\/^x + ai * 

2 . /c-cac 


. A /c + 6 *.r 2 , /c 

-/= — n~ ] 'V tan -1 \/ - 

v c — I <V — C tV yf C + 0 s 


40. 


x/l + aa f + c 2 /r 4 x/^c - a 


rv i + «ar + 

Jr "V-* 1 


a? -+• CtV 

1 + ca ? 2 

sec " 1 — -p-~ . - 

4c flfv/ 2 r-« 




x/sc+ra. «rx/ 2 c + a + \/l 
+ : lo g 


+ aw" 4- cU v l 


f ~ 

j,i- 


4 /.* 

This Integral, as well as 

and 


1 — cx d 


1 + c 2 x* 


(?X K y/ 1 + + c’.r 1 


/. 1 - <r\i 


x/T+ aa»* + c* .r* * 


are particular cases of Ex. 38, Art. 27 , when <7 = pa, when 
9 = s 0 , and when p = 0 , respectively. 
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41. / , — 7r=; assume i /a-w-\/b+a>~* 
''•va-tv-yb+s 

and the transformed integral is 

r % /> • a + b 

*4 \/ 2 (a + b) - ** *4 ar\/2(a +6) — ** 

42. 


(l + a? 3 ")' 3 ' 1 " 1 f ar 2n_1 (af s *+ l)*" 

”i - J /7 rr 

l-a?*(l +**") » - y l - (ar** + i) >• 

I 

= sin - 1 (<ar 2,l + 1) 8 \ 

Art. 29. Before terminating this Section, wc may remark 
that the principle of differentiating or integrating with respect 
to constants is capable of some useful applications ; which is, 
that in the equation j x u = v we may differentiate or integrate 
v with respect to any quantity a in it which is independent of 
andijwe shall obtain the value of the integral with respect 
to of the same differential coefficient or integral of u with 
respect to a; i.e. 

Im» = /,(/» = je>. 

For since f x u = v, we have u = d x v, 

/. d> = d" a {d x v), f*u = f*(d T v ) ; 
but since a is independent of .v, d”(d x v) = d x (d”v), f”(d x v) 
- d t (f”v ) ; 

.*. d> m d x (d n a v), f a n u = d x (f*v ) ; 

,. f x (d>‘u) = d>, /,(/»=/;«; 

which may be both included under the first formula, if we 
consider d~ l to be equivalent to f x . 



/o+* fc )\/i 


(1 + *”•)»-** 
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SECTION II. 

RATIONAL FRACTIONS. 


Art. 30. In pursuing our object of finding f x ti 9 we next 
come to the case in which n is a rational but fractional function 
of «t ; its most general form will be 

Ax»~ l + Ba>*-*+... + T U 
I v n + A\v n - l + r ~ V 9 

the dimension of the numerator being at least less by 1, than 
that of the denominator; for if not, the expression, as was 
observed (Art. 18), may be reduced to the sum of an integral 
function, and a fraction of the above form, by division. Its 
integration is effected by decomposing it into fractions with 
simpler* denominators, which are called partial fractions ; the 
possibility of which, in every case, we proceed to demonstrate. 

Every rational fraction may be resolved into partial frac- 
tions, each of which is of one of the forms, 

N M Kx + L Rx + S 

x ~-~a ’ (ST-Ap (a~aj' r + i 3*’ {(x - a)* + P*}™' 

Suppose the equation x n + A’x n ~ l + ... T = 0 to have one 
real root equal to a 9 (r) real roots each e*qual to b, one pair of 
imaginary roots equal t oa± /3\/ - 1, and (m) pairs of imaginary 
roots each equal to a ± >/ — 1, which comprizes every case 

that can occur in the composition of the denominator ; 

V = (x-a) (x - b) r (x 2 - 2 ax + a 9 + /3 C ) ( x s -2ax + a 2 + /S' 2 )", 

and n = 1 + r + 2 + 2wi, since the dimension of each member 
must be the same, and V is of n dimensions. 

6 
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Then — may be resolved into the sum of the following 
fractions (all the quantities N, M t , M 2 , &c. being constants), 
N M x M, • M r Kx + L 

x - a + (x- by " r (« -by-' + + x-b + a^-2a» + a" + /3» 

ifi a? 4- A i 7jt 2 «2? 4- 

(^-2a.® + a'* + /3'T + (a 2 - 2 a'® + a'T/ST" 

4“ / v 

d? 2 — 2 e/tf 4- a 2 4- /J' 2 

For suppose these fractions were reduced to a common 
denominator and added together. The common denominator 
would be of (w) dimensions and equal to V ; and the sum of 
the numerators would be of ( n - l) dimensions, for the nume- 
rators of highest dimension would evidently be those of the 
fractions whose denominators were originally of lowest di- 
mension, and would be of n - 1 dimensions, since these deno- 
minators are but of one dimension. Now U is of not more 
than n - 1 dimensions, and may therefore be assumed equal 
to the sum of the numerators; and since this equality subsists 
for all values of the coefficients of like powers in both 
members must be equal, and if any term in one member has 
no corresponding term in the other, its coefficient must be 
put =0; this will give n equations; but the number of un- 
known quantities is = l4-r4-24- 2w = n ; hence the unknown 
quantities are the same in number as the equations, and enter 
these equations only in the first degree, consequently their 
values will be real, and may always be assigned. 

If the denominator, instead of one, contain several factors 
of each of the above classes, then for each such factor a partial 
fraction, or a group of partial fractions must be introduced, 
similar to that belonging to the corresponding factor in the 
above example, and it may be shewn in the same manner that 
all the unknown constants can be determined. Hence it is 
demonstrated that, whatever be the proposed fraction, the 
resolution into partial fractions of the forms indicated above 
can be effected. 
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31. Hence it appears that, in the resolution of a fraction 
into partial fractions, (l) for every simple factor that occurs 
only once in the denominator, there will be one partial frac- 
tion having that factor for its denominator, and a constant 
•numerator; (2) for ever/ simple factor occurring (r) times, 
there will be a group of (r) fractions having the powers of 
that factor from 1 to r for denominators, and constant nume- 
rators; (3) for every irreducible quadratic factor that occurs 
only once, there will be one fraction having that factor for 
denominator, and a numerator of the form Ax + B; and (4) 
for every irreducible quadratic factor that occurs (m) times, 
there will be a group of (m) fractions having the powers of 
that factor from 1 to m for denominators, and numerators of 
the form Rat + S. The integration, therefore, of every rational 
fraction is reduced to that of the four forms 

N M Kx + L Rw + S 

at -a' (at -b) r 9 x 2 - 2aX + a a + jS a * (x 2 - 2 a X + a 1 8 + j3*) w * 

the three first of these have been already integrated, Arts. 12, 
17» 2(i; and by making x - a = s, the integral of the fourth 
becomes 


rR (z + a) +_S R r _2x _ , r 1 

J, («* + py 2 J: + py K ' J. (z* + py 
2 (w ~i) {x-Tpr- 1 + ^ Ra + f x (rn zr pT z 2w+J ’ 

this last integral may be obtained by Art. 9 ; for it equals 


— w + l 


(i + (Z' 2 z~*y m 

(2 m - 2) (i' <z 


v -2 m+3 


2 m - 3 


(2»~8) p* (?T + (2 m - 2) ^ l (z* + py~' ’ 

from which formula, by changing m successively into m - 1, 
m- 2, &c. we shall make 

LpTPpy t,epend on f z *?P p* “ P tan "' P ‘ 
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32. The determination of all the constants iV, M 9 &c. 
by the method just explained, is often laborious ; the relations 
however among the constants which result from equating the 
coefficients of the highest power of x 9 and those terms which 
are independent of at (i. e. from pitting x = co , a? — 0), as* 
they can be obtained by inspection, may be generally employed 
with advantage. We shall now shew how, for each of the 
four classes of factors which can compose the denominator of 
any fraction, the above may be combined with other methods, 
so as to lead to great simplifications ; and it will be seen that the 
labour of any of the direct methods may be often evaded by 
particular artifices. 

We shall shew that the fraction corresponding to any factor 
x — a or (a? — a) 2 + /3 2 , or the group of fractions corresponding 
to (a?-6) r or {(.r - a') 2 + can be separately determined ; 

preparatory to which we may observe that if in equation (l) ' 
Art. 30 , all the fractions except the first were added together, 


wc should have — = — — - + — , P representing an integral 

function of x y and Q the quotient of V divided by x - a. 
Similarly we should have 


U Kx + L P 
V ~ (tf-a) 9 + /3 2+ Q’ 


— representing the sum of all the other partial fractions; 

® IT 

and it is manifest that we may assume — equal to the sum 


of any group of partial fractions which we wish to determine, 
P 

and a fraction — ; P representing an unknown integral func- 

W, 

tion of x 9 and Q the product of all the factors of V not 
involved in the partial fractions under consideration. 


33. To determine the partial fractions corresponding to 
the simple factors , each of which occurs only once in the 
denominator. 


Let these be x - a 2y ... x - a ny therefore the 

denominator (x - a,) (x - a z ) ... (x - a H ).Q 9 Q being an 
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integral function of ,v which does not vanish when a? equals any 
one of the quantities a 19 ... a H , 


Assume ^ 

V as - af 


A\ ^ A a 


A u P / v 

• + + JZ » ( 0 * 

—■ (7jt tV ■“ 


y/,, ... -4* being constants, and P an integral function of a?; 

A x (as - o 2 ) ... (i v - a w ) 4 A a (a? - Oj) ... (v - o fl ) 4 &c. 

Mt 


+ -4, (a? - a,) ... (a? - a n _ x ) + ~ (a? - <*0 (a* - a a ) ... (a? - a„). 


Now this equation subsist^ for all values of a?, and therefore 
is true when a* = a 19 > &c. Let these substitutions be made 

successively, and let ( — ■ ) denote the value assumed 
\Q ' r-n ( 

when in it, a, is written for ,v ; then we have 



(— ] = ^(a, - a t ) ... (a, - a„) which gives A x 
\Q / .1=^ 

(77) 53 A a {a 2 — &i) ... (a 2 — a n) A a 

\W.f .r=a<, 


&c. = &c. 



= A n (a n - a x ) ... (a n - a Mmml ) 

u=a 9 


•A n 


Hence A j, ^< 2J ... being known, i* becomes the only 
unknown quantity in equation (1), and may therefore be 
found. 


Ex. 1 . 


f * . 

Jxar* 4 6a? 4 8 ’ 


the roots of a? 2 4 6a7 4 8 « 0, are - 2, and - 4, 
.\ a 7 2 4 6 # 4 8 = (a? 4 2) (a? 4 4) ; 

let X A B 

(as 4 2) (a? 4 4) a? 4 2 + «r 4 4 5 
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. . a = A (a + 4) -f B (a + 2), 
let a = - 2, - 2 = -4.2, or A = - 1 ; 

again let a = - 4, - 4 « B (- 2), or B = 2 ; 


a - 1* 2 

(a? + 2) (a + 4) A + 2 + a + 4 * 


- • f * . 7 “ /. = - log ( x + 2) + 2 log (a* -f 4) = log — + ~ . 

J*aP + 6a + 8 b 7 6V y a + 2 

Fx ° f ’ 2 ' 2 f lV * 

J * a 3 + 6a 2 + 1 1 a + 6 J.V (a + 1) (a + 2) (a + 3) 

.logV— ' 

(•* + 2 )’ 

34. The above method requires Q to be known ; in cases 
where Q is unknown, the following method is convenient. 

Consider only one simple factor, a - a,, and let 
V={w r a ,).S. 

Make l l = U = A X S + - a,), (£) = 

v, 5 1 \<Wx=«, 

Hut dj.. V - d x S.(j> - n,) + S ; 

hence, if d I=ll V, S z=lli , represent respectively the values of 
d, F and S when a ■ = a, , we have S r=a> = d t=((| F, 

; similarly , &c. 

d F J d V 

X~a x £-0-2 

Hence the fraction corresponding to any one simple factor, 
is obtained without dividing V by that factor; and the decom- 
position of the proposed fraction may be thus represented, 

.?.£ =l. 1 t u ~. 1 ... + fU , 1 

v d r =a x v x ~ «i «-«*’* ^.= #|i F /v - a n Q 

Hence all the coefficients are known, and P becomes the 
only unknown quantity ; Q being obtained from V by dividing 
it by (a - n x ) (a - n 2 ) ... (a - a n ). 



Ex. l. 


. *7 


r,V + 3 

J„ ? - 1 5 

at + 3 A B 

let = + 

.if* — 1 x Jf 1 x - I 

-1+3 


here d x V * 4>r\ A = 


- 4 


Cx + D 

“**+7 ; 

Z? = — - 3 = l; 
2 4 


also, making 0, a? = oo , we get - 3 =.4 - B+D , 0 -A + B + C , 
which give D = - C = - ^ ; 


x + 3 j 1 1 i ( ,v ** 

,r‘ - l ~ 8 « + 1 + # - 1 8 \«* + 1 + a* + 1 


r x + 3 » - 1 „ . 

L-i- , 06 (JTT)H?T7>r8“ '*■ 


Ex. 2. 


b + ex A B + Cx 

tl » + a* ~ x + a - aao + « a ’ 


b + cx = A (a? 8 - a r + a?) + (# + Cff) (w + a) ; 
making <v = - a, 0, and « successively, we get 
6 - ac = 3-4 a 8 , /> = A a* + 0 = + C; 

ft + cao b-ac 2ba + ca* - (b -ac).v 
ai* + o Tl ” 3 a 2 (,p + a) + 3 a 8 («* - a# + «*) 



6 + fM? 
«zr* + a 3 


b-ac - f x b-ac 

log (tf + a) - ---—log (a? 2 - aat + a?) 


3 a 4 


6 a? 

b + ac 


tan 


- a 


, — sail /— • 

a*v3 av3 


Ex. 3. To resolve — into partial fractions, 

iV* - q o - r 

where the roots of x z - qx - r ^0 are all real but incommen- 
surable. 


the three values of x are 


r(3 \ $ 

if cos . 
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t - «- \A™ , - a \A«» (--*)< 

V 3 s 3 V 3 ! 3 \ 3 } 


let these be denoted by a„ b , c, and let 


1 


+ + t 

t v* — qje-r w - a w — ft ,r - c 
1 1 1 






47 sin ^ (w + <£) sin £ (it - <jb) ’ 

/ 7rN ^ « 

since £ ss fcos — J . Similarly, changing successively into 

7 r + <p, and -it - </>, we obtain the values of 5 and C. 

35. To determine the partial fractions corresponding to 
the simple factors which occur more than once in the de- 
nominator. 

Let x - a occur (») times, and, therefore, V = Q (x - a)", 
Q being an integral function of x which does not vanish when 
x « a. 

a UA X A 2 A n P 

Assume — = ; — + / , ••• + — - - + 7; » 

V (x - a) n (x - a)" 1 x - a Q 

.\ U=*A } Q + A 2 Q(x - «) ... + A n Q(x - a )*" 1 + P(x - //)"; 
make x = a> 

\ Q / jTssrt 


substitute for A, its value, and let 


x - a 


£7, , which is 


necessarily an integral function, because the equation 

17 - A, Q « 0, or (x- a) ... + P (x - a)" = 0, 
is satisfied by x = a ; 

Ut * -d»Q ... + A,Q (x - a)-* + P (® - a)- 1 ; 
fff,\ . . .l\-A t Q TT . /£M 

- («V" 4,! «g« ,n kt-- (a). 


i 



49 


proceeding in this manner to form successively the subsidiary 
•functions U 3 , ... U K , dividing them by Q, and then 

making a m a, we shall determine all the other quantities, 
viz. 

{%),:/•’ &c - "“ 1 u - mP - 


C Sar - 1 

l{T-~Ty(?Tiy 


j 3«* — i a n p 

(•»• - 1 )“ (•** + i) _ (■'• -,i) s + i + (a 8 +*i) * 

3a? -I = A (a* + l) + J? (a - l) (a? + 1 ) + />(«- l) 8 , 

let a = l , % = 2 A, or A « t ; 

••• (3a* - 1) - (a? + 1) =3 2 (,v s - 1) = /i(a - i) (a? + 1) + /’(a — 1 )*, 
or, dividing by a’ — 1 , 

2 (a + 1) = J3(a* + 1) + P(w - 1), 

let a = 1, 4 = 2 B, or B - 2 ; 

.\ 2(a + 1) - 2(.v* + 1) = - 2 a (a — l ) = P(a - 1), or P = - 2a, 

3a ? - l 2a 

* ’ (a - J) 8 (a* + 1) (a - 1) a "** a - 1 or + 1 * 



3. v a — 1 

(a - 1)" (a* + 1) 



+ log 


(•-J)* 

a* + l ’ 


_ ' r a? + a? + 2 _ a + 3 

J * (a + l)*(a - l)*a . 2(a 8 - J) 

, ^ 

^ Jy (a + l) 8 (a - 1)* 

1 (a + «) -”- * 

X ' 3 ‘ (a + w)" (a + 6)" / 6 - «\" 

\ a + a/ 


7 
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. / b — a\ 

( b - a)" + -* ( 1 + ) 

' V • x + a) 

-1 d,«(w - 1)" + * -2 

(ft - «) 


w+n-1 


which is immediately integrable. 


Ex. 4. 


(< ,v 5 - w y 
1 2 • 


{ tV x 2 1 2 

x £ - 1 + + 1 x] 


2 4 

+ • 


(.r*- l) a - I (** + 1)* **+ 1 ,r 5 


36. The above method, in order to determine any single 
fraction in the group, requires the computation of all the 
preceding ones; by the following method we can find any 
single fraction directly. Since 

y = A x + Az (x-a)+A 3 (x-ay+&c.+A n (x-a) n -'+X x (.v-a)\ 

p 

where X x = — , we have, by successive differentiations, 

d x =At+2A a (x- a) + &c. + (« - 1 )A„(&—a)” ~ t +JT i (,v-a ) n ~ 1 ; 

d* = 2^ s + &c. + (»- 1 ) (n -2)if, (vr-e)" -3 + (.« - a)" -5 ; 

&c. = &c. 

= (n-l)(»-2)...2. lA n +X a (?-a); 


X a , X 39 .. m X n representing functions of x that do not become 
infinite when x *= a. Now make x = a in the above equations, 

A ' " («)^* ssrf ” B [ q ] * A *~ iTs'** (i) * &c ‘ = &c - 
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Hence the general expression for any partial fraction in the 
group is 



1 

’ (a- 


For every factor of the same form found in the denominator 
F, a process similar either to this or the one in the preceding 
article must be gone through, to determine the partial frac- 
tions belonging to it. 


Ex x A H Cx + D 

a? 1 — 4# +3 Q(.r-l)* (ar — l) a+ .r-I + a^+!2a?+3 ’ 

(r - l) 2 being evidently a facto* of the denominator, as both 
it and its differential coefficient vanish when «t? = 1. 


A 


11 

=s - , and B 



l 

r> ; 


also equating coefficients of a? :> , 0 


II + C , C = and making 


■r 


o, - = A — B -h — , D 

3 3 


1 

r> ; 


iF — *4* 3 


0* (ar - l) 3 


11 1 3 + 'i.r 

+ ~ y 

<J.v- 1 18 ^ + 2.* + 3 


r 1 1 1 1 . . . 

/ ; log (,V - l) 

.r* — 4® + 3 ft .if - 1 !) 

vTvTs ta " " ‘ ^ log ( *“ + - » + ■'J ) . 


37. To determine the partial fraction corresponding to 
a quadratic factor which cannot be resolved into two real 
simple factors, and which occurs only once in the denominator. 


Let a? 9 - a x + b be the quadratic factor, and a 2 < 4 b 9 then 
the roots of the equation a? 2 - a a? + 6 « 0 are imaginary ; also 
the denominator V ** (a? - a a + b) . Q, where Q is an integral 
function. 



, U Ax + B P 

Assume ~ « — i + — , 

V to* - ax + b Q 

A and B being constants, and P an integral function of x ; 

U-{Ax + B)<l = P(#-ax + b) (l) ; 

or, separating in the first member the odd and even powers 
of x, 

R (a? 8 ) + xR' {a?) ~ P (a*- aw + 6), 

R (.r s ), R' (a? 2 ), denoting integral functions of w *, into which A 
and B enter only in the first degree. 

In this equation tnakc # w* - ax + b = 0, that is, write 
ax -b for then the second member vanishes, and the first 
may be reduced to the same form as before, R x (.r 8 ) 4- x n; o**), 
the dimension of each function being diminished one half, 
and A and B still entering only in the first degree. By re- 
peated substitutions of ax — b for . 2 ?*, we shall at last arrive 
at a result of the form M + Nx , which put equal to zero, 
as it must be satisfied by two values of x 9 furnishes two 
equations M *= 0 , N «= 0 , for finding A and B ; and then we 

get P « ^ ^ 2 » an * nte g ra l f unct i° n of x 9 by putting 

for A and B their values, and performing the division. 

E r 3 + 7a? 

Jjc(x* - 2x + 5)‘(.v* + w + 1) ’ 

j 3 + lx Ax + B Ax + B' 

(ar - 2.7? + 5) (.tr + x + 1) X 4 - 2cC 4- 5 "** x 2 4- X 4- 1 9 

* 

3 + lx ■= {Ax + B) 4- x 4- 1) 4* {Ax 4- B') {x* -2x + 5) ; 
hence A + A « 0, 3 » B 4* 5 ]?'. 

Make .r c = 2d* — 5, 

3 4- 7.v = {Ax + B) (3x -4 )=* A{3 x* - 4a?) 4- B {3x - 4) ; 
or, substituting again for x 9 > 

3 + 7x = A {2x - 15) 4 B {3x - 4) ; 
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therefore, equating coefficients, 

s = -UA-4B, 7 « 2 ^ + s/f; -4 - -1, 5-3; 
and consequently A' - 1, S' — 0; 


3 + 7a> 


(.»* — 2or + 5) (.i’* + a> + 1) x' 1 — 2x + 5 ar* + a* + I 

2 _ , Tf ~* * ,r + ^ i ^ 

(a? — 1)* + 4 it* — 2ar + 5 ai* + a? + 1 * (.» + -^)* + J 

J r 3 + 7a? . a? - 1 , , , „ _ . 

I — — tan -1 — k log (ar® — 2ar + 5) 

,(ar'-2ar + 5)(.tr* + ar + l) 2 5 


+ a *°S ( ,vS + » + 1) ■» ~ 't-~ tan* 1 

V 3 

2 ‘ IwTT) (.r ; Tl) ; 


2,r + 1 


Ex. 2. 


1 Xr + 5 + 5, C 

Ct (> + 0 (^ +1) “ ar* -“a-~l + ’ V+ 1 + «*+ i ’ 

1 - (Ax + B ) (a?* + 1) (x + 1) + (At x + B x ) (ar* + 1) 

+ C (ar* + 1) (ar* - x + 1) ; 
hence 0 = A + A t + C, 1 — B + B\ + C. 

Make a?- — 1, 1— <5C; 

make ar + 1 = 0, or a?* = - 1, 1 = (A v v + //,) (-x + l) 

« At (- ar* + ar) + B t (- X + l) - A, (1 + x) + B t (-x+ l), 

••• At - b, - ^ ; 

consequently A - — B - 

* ‘ (ar* + 1 j (.V* + l) * * x" - X + I + * ’<»* + 1 + B ’ X + 1 ’ 


c. ■ ■ . , . log (<^±i>:<i±in + i 

+ !)(»■ + 0 b V («* — « + j)i ; J 

2(ar* +l) ar 1 + 1 ar 1 + 1 5ar - 1 3x - I 

*’ 3 ‘ (ar* + 3) (a?’ -f 5) ™ ar 1 + 3 a?* + 5 ” ar* + 5 .»' + 3 
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38- In the above method, the division of Vby a? - ax + 6, 
in order to find Q, will sometimes be a tedious process and may 
be avoided in the following manner. 

Since V = (a? 2 - aa? + b) Q, 

d* V = d, Q . (a? 2 - «o? + ft) + <i - (2 a? - a) ; 

hence when ax - 6 is substituted for a? 2 , d x F and Q. (2 a? - a) 
have the same value; and therefore when Q is unknown, 
A and B may be more conveniently obtained from reducing, 
by repeated substitutions, 

(2 a? - a) . U - (Xr + 2?) d,F to the form M + Ni r, 

than, in the usual way, by’ruducing U - (Ax + B) Q. 


Ex. In the resolution of M - - - J -- , into partial 

or + a?' - a? 1 - a; 3 1 

fractions, to find that whose denominator is or + 1. 

The quantity to be reduced by successive substitutions of 
- 1 for a? 2 , is 

2a? - (A at + B) (8a? 7 + 7a? fI - 4a? 5 - 3 a* 2 ), which becomes 
2a?-(^a?+2?){-(8a?+7)+4a?+3}*2a?+4(^.r+5)+l(-J+J? ( r); 
2 + 427 + 4-d = 0, -4^+4Z? = 0; J = /?=-] ; 


and the required fraction is - 


i 


a? + 1 

i r + 1 ’ 


39- To determine the partial fractions corresponding to a 
quadratic factor, not capable of being resolved into two real 
simple factors, which occurs in the denominator (n) times. 

Here V «= (a? 9 - ax + b) n Q, where Q is an integral func- 
tion of x. 

U A i a? + i?| A%x + B% 

Assume , x •* / .» 

(or* -flj? + 6)" (or - ax + 6)"” 1 

p 

+ - ax + b Q’ 
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A x , 2? n , being all constants, ami Pan integral func- 

tion of ,r; 


U - (A v v + 1?,) Q m (At# 4* B^ (a?* - ax + b) Q 
... + (A H x + B„) (.r - a# + ft)"’ 1 Q + P (x* - + b)\ 


In this equation, substitute ax - b for *r*; then the second 
member vanishes; and the first, by repeated substitutions of 
aw - h for x\ can be reduced to the form M x + N x x (as shewn 
in article 37 .) which put = 0, gives M x » 0, N x ** 0; and since 
A x , B x enter these equations only in the first degree, they can 
always be determined. Substituting these values of A x and B X9 

. , . - i * * * (A x w + B x ) Q 

and performing the division, we get 


.r* - aw + b 

an integral function. 

.'. #7, « (jLt + B ,) Q + &e. + (A„x + B n ) (nr 
+ P (nr - aw + b ) n ~' ; 


lh 


ax + by^Q 


and substituting for .r 2 , and proceeding as above, we find 
Ma + N? v = 0, which gives A a and /i 2 . 


Similarly, wc can determine A :Xi J? 3 , &c. ; and U H *=P. 

2 a? — /r* t 

Ex. 1. To resolve -» into partial 

(ar l + l)*(.* i + * + l) if 1 

fractions. 


2,r 5 — <t 2 Ax + B A y v+ B x P 

^ (X* + 1 )' (X* + X + l) 2 (.X* 2 + 1) ,J + X* + 1 + (# 2 + x + I) 2 ’ 

x* (fia? - 1) - (Ax + B) (a? + x + 1)* 

= (A y v + B x ) (x* + 1) (x* + x tl) 9 + P (a? 2 + 1)* ; (I), 

let ,r 2 + 1 = 0, .\ <ix + 1 + (Ax + B) - 0> 

* - 2, Z? = - J ; 

substituting these values, dividing both sides by x* + 1, and 
transposing, we get 

2 , 1 ? + (2x + 1) (x + l) ? - (A x x + B x ) (x' + x + 1) ? « P(x*+ 1); 



sa 


let «* + l » o, - 2a? + (2a? + l) 2a? = (A t x + B t ) a?, 
or — 4 = - (A x x 4- J^), 

A\ — 0^ B\ * 4j 


substituting these values, and dividing both sides by a* 2 + 1 , 
we get P = - 4 a 2 - 4a* - 3 ; 

2a* 5 - AT 1 + 2a? 4 4 a 2 + 4a* + 3 

(•** + 1 ) s + .r + 1)' (r* + 7j* + oF+l ~ (a? + x + 1)* 



1 + 2a? 4 

" (.** + 1)» T a^+l 

1 ~ l V n 

■ + 7> tan ~ x 
or + 1 


4 1 

(ar + a? + 1) + (<«■* +. a' + 1)" ’ 

I 

20 2a? + 1 2a? + 1 

— >- tan” 1 - + v . 

3\/3 y/s 3 (a** + A + 1 ) 


Ex Q i i r i ii 2 

(a j 4- fl)" (a* 5 * 4- 6) 2 (« - by 4- b A' a 4 - a] 

(a - 6) 2 {(a* 4- by + (at* + a) 51 } (a - 6)* {a 2 4 * b a* 4- a} * 

It may be here remarked that by resolving y into its 
partial fractions, we are always able to make 

[V i^depedupon (Vil 

J*Vy/a + bx + c oi* ** v a 4* bat + car 


and the value of this latter integral can be readily obtained, 
except when 4 rp> g’. Of the artifice of resolving into partial 
fractions the rational part of ail irrational expression, use has 
been made in the first Section. 


We shall now proceed to the consideration of certain 
other fractions which merit attention, both because they are 
the forms to which many expressions can be reduced, and 
because they can be integrated by elegant particular methods 
more easily than by the general ones just explained. 
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40. To integrate ^ 

Case I. Let (n) be even ; then resolving l - a? into its 
» quadratic factors, we havg (Theory of Equations, p. 25), 


l - a?* =* (1 - or) (1 - 2 w cos — + w*) 

n 

x (1 - 2a? cos — + x v ) (l - 2a?cos — + a?*) ; 

n n 

therefore, taking the logarithms of both sides, and differen- 
tiating, 

• 

27 r 

„ . -2 cos — + 2o? 

— ru r”" 1 - 2,r n 


:* + 


1 - .7?" 1 -,r J 2 tt 

1 - 2.r cos 

n 


47T 

— 2 cos — +2,17 
n 

4tt „ 
1 — 2a? cos — + x~ 
n 


(n — 2 ) 7 r 

-2 cos - 7 + 2.r 

n 

(n - 2) 7r * 

1 - 2 J7 cos — h ar 

n 


Multiply by a?, and subtract each side from n 9 that is, 
the first from w, and each term of the second from 2, since 


the number of terms is - , and divide by n ; then 

2 


l — .r" n 


2 7T 

1 - X cos — 
1 n 

I - a?® + 


, ’ 2?r 

1 — 247 COS — + 4T 
n 


y *ir (n — 2)w 1 

l-®cos— 1 - a? cos ? 1 

n n 

~r« — + — 

1 -2/pcos — + or 1 - 2a? cos 

n 


» 


8 
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Case II. Let n be odd, then the resolution of l -»* 
into factors, gives 

27 T 

2 .v cos 1 - a? 8 ) 

n 

m 

0 4 7T . (w — l) 7T 0v 

- 2 a? cos 1 - or) (l - 2 co cos H a”). 

n n 

Therefore, taking the logarithms of both sides, and differ- 
entiating, 

27 r 

_ - 2 cos h 2 a 

- nt r"“ l - 1 w 

— + ■ ■ ■ ■ + &c. 

l - a" 1 — a? f 2 tt 

1 — 2 a? cos ar 

71 

{n — l) 7r 

- 2 cos f- 2 a’ 

n 

(71 — I) 7T _ 

1 - 2 a cos — + ,tr 

71 


Multiply by a, and subtract each side from ra, that is, 
the first from w, and the first term of the other side from 1, 


n — l 


and each of the remaining terms from 2, then 


1 2 I 1 

— . iI-a + 

1 - <T n n Vi - cc 


i 4t 

1 - cv cos 

n 

4tt „ 
1 — 2a cos — + nr 

71 


1 - CO COS 

71 

2t t 

1 — 2a? cos j- ar 

n 


(n — l) 7r 1 

1 — cT COS — — 1 


n 


(n — J ) 7r 0 
1 - 2a cos + o- 

71 


r 1 

Hence j - — — can be found ; for each of its partial 



m 


I — d? cos a 

fractions is of the form ; , the integral of 

1 — 2 a? cos a + «tr 

which is (Ex. 8. Art. 26.) 

. x - cos a * . y 

sin a - tan~ l - . - A cos o . log (1 - 2 j? cos a + «r). 

sin « * 


Ex. 


/r-v 


7T ” 7T 

1 - x c = (I - x 2 ) (1 - Sit* cos - + ar) (1 - 2,v cos — + ; 

■i 3 

therefore, taking logarithms and differentiating, 


7 r 2 t 

t - 2 cos - + 2a’ • - 2 cos +2 v 

- bV - 2.1? 3 3 

1 - a /* 1 - a?* + 7T „ + 2?r 

1 - 2 , 1 ' cos - + ar l - 2 a? cos — + iV 
3 3 


Multiply both sides by ,r, subtract the first side from 6, 
and each term of the second from 2, and divide by 6 ; 


= X 


1 - a/’ ^ 


7T 

1 - ,r cos - 

1 3 

f-^ + 7T + 


l - a? cos 


i57T 


27T 


1 - 2a? cos - + x* X - 2a? cos 1- x* 

3 3 


7T 

1 - .r cos — 
3 


Now f 1 „ = ilog.| + ' T; ; 

1 - j.-“ x ° 1 - « 


1 — ‘2x cos - -f »!?* 

3 


2 a? *- 1 

tan -1 — -/ 4 log (l - to + .t'), 




1 - 0? COS 


2 7T 


2 7T 

1 - 2«r cos — + a?” 
3 


3 y/s 2* +1 , . 

--tan* 1 —^=- + £ log 0 + * + *)» 
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C0S-=A, sin- 
3 2 s 


v/5 

2 9 


2tt 

cos 

3 



therefore, collecting the results, 




i{i log (H-3 + * log (T 


+ a + &**\ 
- x + or) 


1 

6 


v/5 


. 2.z? + 1 

V5')l 


v/5 


log (.l±5 . </ Ltf.’i.**) 

\X — OS 1 — SB + i T?) 


2 y/s 


tan“ 


at \/ 3 

1 -a?*’ 


41. To integrate 


1 + a? 


Case I. Let n be even; then (Theory of Equations, 
p. 25), 

t r 

1 + a? = (1 - 2a? cos - + or) 
n 

x (1 - 2a? cos — + a? 2 ) fl -2 a.' cos — \ ; 

hence, by the same process as for — 1 - when n is even, we find 

1 — a?" 


1 2 
l + a; H n 


7 r 3 tt 

1 - A’ cos — 1-a? cos — 

n n 


7T „ Sir 

1 — 2a? cos — + or 1 — 2o? cos h it 1 * 

72 « 


1 - iT COS 


(n-l ) 

n 


1 - 2 a? cos 


(n-l)- 
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Case II. Let » be odd ; 


1 + a? •= (1 + x) (1 - 2« cos - + .i ,e ) 

n 

* / 3?r • (n-2)?r , v 

x f 1 ■“ 2iV cos ■ a? )••• •••! 1 2tP cos •■}“ it 1 5 

» n 

and by the same process os for when n is odd, we find 

i 


1 2 

1 + W 


0 7T 

1 - X cos 

n 

3 7T „ 
1 -2a? cos — + ar 
n 


7T 

l - w cos - 
n 


1 + # 7T 

1 - 2j?cos - + or 


n 


1 - a* cos 


(n-2)< 


n 


(n - 2) 7T 

1 - 2a? cos + iV 2 

n 


Hence f 1 can be obtained. 

1 + 

Ex. = -L.kgL+'.V^.t.*' 

*V* l-®v / 2 + ^ 


, * .. _ | ‘V \/ 2 

+ — .-tan 1 v . 
2 v 2 1 - ar* 


42. To integrate 


,r" 

^ £1 


Let .r- - 2a? cos <£ + l = (a? - a) (a 1 - ft) represent any qim- 

/i 

dratic factor of the denominator F, + the fractions 

co -a x -b 

corresponding to it ; 


U a n 

.-.(Art. 34 — -j 
d* - a F na" 1 


a w + l . /y w+! 

— ; similarly U = , 

J T- » 


since a and b arc roots of of ± 1 « 0 ; 
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A B 1 fa 9 * 1 6"+‘\ 

... + — + - 

w — a w — b \a> — a m — b] 

1 fa> (ffl m+1 + 6" +l ) - ab (a" + 6")1 

- 2w ccfc (p + l j ’ 

1 l2,v cos (m + l)0- 2 cos m 01 

^n\ ai* - 2a? cos 0 + 1 J ’ 
since a + b = 2 cos 0, ab « 1. 

This is the general form of the partial fraction, which may 
also be expressed by 

1 (2a* cos(m+l)0-2cos(mrf l)0cos0-2sin (m+l)0sin0) 

■ 7 l\ tip — 2 A’ cos 0 + 1 J* 

if . v J 2 a; - 2 cos 0 

or — {cos (m + 1) 0 2 sin (m + 1)0 

=f n [ T - 2 x cos 0 + 1 v 7 r 

. sin 0 1 

* (, v - cos0) 2 + (sin 0) 2 J ’ 

r tiV m 

Hence the general term of / is 

b J, a?" ± l 

— ~{cos {m + 1) 0. log (a? 2 - 2 a? cos 0+1) 
tw l r 

- 2 sin (m + 1) 0. tan” 1 - -. ■ C0S — 1 . 

r sm 0 J 

Case I. Take the upper sign, then 0 «= — ^ + 3 ) ^ ^ ^ 

representing an integer; and to obtain all the terms, X must be 

taken from o to— — l, when n is even, and to- — -when n 
2 2 

is odd ; the remaining simple factor, a? + 1 , in the latter case 
giving the partial fraction — --i-.- — and consequently, 
( - \) m 

the integral log (a? + l). 

71 
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Case II. Take the lower sign, then <f> =» — — ; and when 

n is even, \ must be taken from 1 to * — I, the remaining qua- 
dratic factor being a* - 1 , which gives the partial fractions 


if 1 , ( - ir* 1 ] 

n - 1 .v + 1 J ’ 


1 ( - 

and, therefore, the integrals - log (# — 1) + - — log (,v + 1). 

n n 

When n is odd, \ must be taken from 1 to - — — , the remain- 

2 

ing factor, x - 1 , giving the partial fraction - . , and, there- 

n x — 1 

fore, the integral ^ log (a? — 1 ). 


43. Hence we can integrate - — ; 

° a + b.iT 

M + l 

biV n f (i\ * 

for, making— — = a" and therefore w m « (--la^dar, we have 


r *v m i (a\ !~t l rz m d x z 1 (a}-- f 

J x a + bw n a\b) J x l+z n a\b) J z l+x n * 

When n is even, and a and b have different signs, we must 
ha ?• 

assume z\ 

a 


44. To integrate 


a?" 1 ” 1 i 
a?" + 1 


Let tv 2 - 2# cos <j) + 1 = (w - a) {.v - b) be any quadratic 
* AH 

factor of the denominator F, + the fractions cor- 

tV - a w — b 

responding to it. 
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Case I. Take the upper sign ; 

, a”' 1 + a*-”' 1 a m - a~ m a m - 6" 


d^V na*~ l 


—n -n 


- a m 

similarly B = — ~ ; 


A B a m — b m 

+ - = 

oa — a oo — b n 


{' — + ~ J 

[ x — a x - b) 


- 1 (a m -b m ) (a- b) 4> a m - b m a -b 1 

n x l - 2xco$(f) + 1 n 2\/^T 2\Z-li x*-2xcos<p + l 

4 X 

= - sin m <t> sin 0 - 7 , , 

n T T or - 2 x cos ([) + 1 

which is the general form of the partial fraction. 

J rX m ~^‘ -f- X 71 “ m *" 1 

r — - is 

«* + 1 

4 . f a? — cos (b , . (2\ + l) 7 r 

- sin m<£ . tan " 1 — ; - > where 0 = : 

n T sin (J> T n 

71 

and to obtain all the terms, X must be taken from 0 to 1 , 

2 

7L 3 

when n is even, and to — -- — when n is odd ; the remaining 
simple factor x + 1 in the latter case giving the partial fraction 


f which vanishes ; 
r.v m ~ l + (D"-” 1-1 4 \ . mir 


J i IV I W 

, x n + 1 


- ^ sin — . tan'* — 

x n + 1 7i \ n 

sm 

3w } 

X - cos 

. 3rmr n 

+ sm .tan" 1 ■■ — ■ + 8cc. > 9 


7T 

a?- cos— 
n 


. 3 ir 
sm - — 

71 
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the number of terms being — or — — , according as n is even 
or odd. 


• Case II. Take the lower sign, then 

„ a" -1 — a" - "- 1 . a m + a~ K + 

, — “ ? 

«a" — n - n 

this must also be the value of B since a , />, are similarly 
involved ; 

A B ^ a m + b m f l 1\ 
a? — a a? — /> \a? — a x — b) 


2 cos 77i 0 / 2.r - 2 cos 0 \ 

- n \a? a - 2a? cos <p + l) 9 

the general form of the partial fraction, the integral of which is 

2 

- — cos m (p . log (sir — 2a? cos (p + 1) ; 



a ?*- 1 - a ?*-*- 1 
sxf 1 + 1 


2 f W7T , . „ 7T . 

{cos * log far - 2a? cos — + 1) 

n \ n B K n 


Smir 0 3 tt v . 1 

+ cos . log fa?’ — 2a? cos — + 1) + &c. } . 

n n J 


The series within the brackets goes on to — terms, if n be even, 

and to ~ — - terms, if odd ; the simple factor, in the latter case, 
2 

« 

o 

giving the additional term (~ l^+' — log (a? + 1). 

n 


f be ob- 

, a?* - 1 

tained, in logarithms only, or circular arcs only, according a; 
the upper or lower sign is taken. 


9 
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46. To integrate ^_ 2cos0ti ,» + 7 

Let ** - 2 ^cos^) + l = (* - a) (» - 6) be any quadratic 
factor of the denominator F, 

... a* = cos 6 + \/ — "l sin 6, b n = cos 0 -y/ - 1 sin0; 

an d let -A- + - B be the corresponding fractions, 
to - a x - ft 

f/ T _ ri _ 

*'• ^ = d x _ a V ~ 2?i (a" - cos0) a n ~ x Zn \/ — 1 sin 0 a n ~ m ~ 1 

»»■» •» -■ ! 

2 «v -lsmo v 

. j 2? ^ f*rr! _ ^" ra ") 

• * at - a + to -l> zn y/ — 1 sin 0 V ® - a to b ) 

l a ”- m _ ft n “ ro — ,t (r/ n-r "" 1 — ft”^ -1 ) 

= Zny/ — T"sin0 J" 1 ** cos $ + 1 

1 sin ( n - wi) (j) - t^sin (n - ffl - Q ^ 

71 sin 0 j? 2 — 2 a? cos (p + 1 

which is the general form of the partial fraction. 

r tT?w 

Hence the general ttfrm of J^ZzcosJaF+l 1S 


j rt? — COS (f> 

{cos (ra - m - 1) <p • tan- 1 — 


sin 0 


- 1 sin (n -m- 1)0. log (a? 8 - S.rcos 0 + 1) + C}, 


vhere d, = 5>JL + .. 0 ; and to obtain all the terms, X must be 
taken from 0 to m — l- 
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47- If in the preceding article we suppose 

„ ✓ v , , cos 0 

C = cos (n - m - 1) 0 . tan -1 — — , 

T sm 0 

cos d> f cos <6 

Y + tan” 1 - — - 

sm 0 


then tan” 


x 


sin < 


= tan" 


,v 

sin c 


1 - 


,V — COS 0 COS 0 


= tan" 1 


x sin 0 
1 — a? cos 0 


sin 0 sin 0 
and therefore the general term of the integral becomes 


1 

n sin 


, • , x sin 0 

- < cos (n — m — 1) <6 . tan” 1 - 

6 L r 1 - a? 


cos 0 


- * sin (n - m - 1) 0 . log (<r 2 - L 2x cos 0 + 0}- 

By this determination of the constant, the integral vanishes 
when a? = 0; here also we arc furnished with an instance of the 
change made in the form of the integral, by the introduction of 
a constant of a particular form. 


48. Hence wc can integrate 




a + bx* + car* 


W‘ + 1 


- c - f(i\ 3 (a\ *"» 

Let - x in = z** 9 x n = f-J # n , and x m = (-J z m d x z, 

i»+ 1 

J r a?" (a\~™ r 

* a + 6a?" + c.® 2 " \c/ J t 


z m d,z 


m+ 1 

sTh 


a(l + - s n + ar") 

v 0C 


-1 /a\ /• 

a ' \c) 1 - 2 cos 0# 1 * ■+• s£ in ’ 

if cos 6 7^- 9 which requires that 4ac be greater than 6 2 . 


But if 4ac be not greater than 6 s , then the values of x* in 
the equation Ci’® 2 * + bx* + a * 0 are real ; let them be denoted 
by / and g , 
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' ’ a + bx" + cx* n c (a?" -f) (x* - g) 

^ c (^— «■) — X 

r X m _ 1 j r X n r X m 1 

J*a + bx n + car*” c(f- g) [J^x * -/ J x x n - g)' 

and is reduced to Art. 42. 

Examples of the integration of rational fractions. 

2a? + 3 


J 


+ — 2a? 

x 2 - 2 


J - x 


‘ | log (a? - l) - llog (a? + 2) log a?. 

' 1 xli C* + 2 ) 3 


4 a?* + 4a? x + 2 
ar* - a? + 1 , , (a? + 1)* 


= £ lo g 


«V a + 1 


4. 


tC 3 + x 2 4- x + 1 

f,jF+Tf(* + *F 


- ^ tan -1 a;. 


la? 1 .a? 1.9 . _i a? 

+ tan 1 a? H tan — . 

18 ar* + 1 72 a? + 4 54 432 2 


I 


3a? 1 + lOar 3 + 9^+ Sx + 4 


3 


(1 — X — A ,Ji — 2 a? 3 ) 2 

- 1 + .V 2 

+ 


l+2 t r 
tan 1 — . 

v/3 


2 (1 - 2a?) 3(1+ a? + x 2 ) 3 y/ 3 

5 a? 3 —1 ^ a? + 1 + v/ 5(a? — l) a? + 1 — v/ 5 (a? — l) 

1+a? 5 a?+i 2(a? fl +l)-a?(\/5+l) 2(a7 S4 +l)+a?(v / 5-l) 

/ I + a? 2 I .x \A 

■ = —p- tan " 1 -- - . 

. 1 + a? 1 ly/g 1 - #“ 

r a? 1 ,a?v/2 1 _ a? 2 — a?%/ 2 + 1 

8. / 7 = — 7- tan -1 — - + — 7= log y= • 

J s 1+a? 2\/i> 1-a? 2 4\/2 or + x\/2 + l 

r x 2 

t/j a * 4 — 2 cos 20 o? s + 1 

1 ^ _ 1 2 a?sin 0 1 1 a ? 2 - 2 a? cos 0 + 1 

“ 4 sin 0 tan 1 - a ? 2 + 8 cos 0 °® x* + 2 a*cos 0 + 1 * 
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SECTION III. 

• RATIONALIZATION. 


Aut. 49. Having proved that f g u can always be found 
when u is a rational function of .r, any proposed function must 
be considered as integrated, when by any transformation it can 
be reduced to the form f s R(z) 9 where li (%) denotes a rational 
function of z 9 or to such an irrational form as admits of being 
rationalized. This transformation can be effected only in par- 
ticular cases depending upon the form of u ; the following are 
among the most useful. 


I. To rationalize f x R {.r r , f a ~-~) , ( a + ~Y 9 &c.}. 

J 1 ’K^ + b^vJ \a x + b x w) 5 

Assume - — where l = the least common multiple of 

a x + b x x 

the denominators of the indices, 


a + bx a* a x z l + b^z 1 or x « 


a y x l - a 
h - b x sf’ 


lz l ~ } (a x b — ab x ) 

• d * x - \b-byy~ - 


/ a + ft® \ " 

f a + bx\ 

U + 6,*) "* ’ 

\o, + 


rational. 

Hence by substituting these values, f t u « f,ud,x becomes 
of the form 

m 2. 

It is manifest that f s R (.r, a?", <m , Sic.) 

m 2 

and j,R {.r, (a + bar)*, (a + k v)i f 8tc.| 
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arc particular cases of the above ; and to rationalize them the 
assumptions arc x = and a + bx « »**•■■, respectively. 

p r 

Also f x x n ~ l R\ x m \ l 7 — - I # r— , kc.i 

J * V«i + b x x n ) \a, + b x x n ) 4 

is immediately reduced to the above form by making x* = z. 

X I “t* "f* fi*# 

— — _ ; let a? = z h 9 .% = 6z\ 

1+ art 

••• jL« 6 ** = division ) 

6j£ ^# 7 + ar 6 - ar* — ar 1 + 2ar* + ar* — 2* - 1 + ~ - + * j 

„/«* ar 7 *® *' ar 4 a 3 s \ 

\8 7 6 5 2 3 bV y 

Ex. 2. /* — n ; let 1 + d? = ar 15 , 

Jr (1 + #)* - (1 + tf)* 

/,« = jf = “(a* 4 + ! *’ + -* + y* 7 + f «® + far 9 ), 

by dividing and integrating. 

II. To rationalize J? (<r, v/^’ ± c»v*). 

Assume fca? =t c/ir = ars* ; 

6 = «rL w f c), or a? ■= ; 

=p c 

t - 2&* / 6# 

= ■ ~ 5 and y 6(3? ^ 012?*' = p . 

( * " *F 0 T 

Hence by substituting these values in £u =» f g ud/a t it is 
reduced to the form jCi? (a). 

III. To rationalize f r It (a, \/ a + bx + ca 1 *). 

When c is positive, make a + bx + ex’ = c (a? + ar) ? , 
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a + bx = c (2 .t* + z% or ,v = 


a - car * 
2c* -6 


* 


d z !C «= - 


2c (csr — 6# + a) 
(2c# - 6)“ 1 


and y/ a + 6«x* + ear =,\/c + *) “ v/fl' 


ear — bx + a 
2 cx — & 


But when c is negative, let 7*, r , be the roots of the equation 
a + bx — ex' = 0, which are necessarily real ; for if they were 

imaginary* ar - - a? - - would be positive, and therefore 
* c c 

\/ a + bx - cx" imaginary, for .every value of x; then 
a + bx - ca? = c (ci? - r) (/ - a?). 


Make y/ c (x - r) (r - x) = (v - »•) cx, „\ r — x = cx 2 (x - r), 

cr^r 4 + r (r - r ) 2cs 

or a? = — * d z v = - ■» - - - , 

c^r- + 1 {cz- + l)** 


and x /a + 6,x? - 


(r - r) cx 
cx 8 + 1 


Hence, in each case, by making these substitutions in f x ud x x, 
it is reduced to the form f g Ii(z). 


Of course \/ rc =fc cx 1 ) is comprehended in this form* 

from which it results in making 6 = 0. Also 

fiX 1 *" 1 . R ( x n , \/ a + 6ft?" + car' 1 ) 

Wb 

is reduced to this case by making x " = ar, provided — be an 

i n 

integer. 


Ex. 


f 


a + fix 1 

+ P*y/a + bto + ca? 


m - 2 



a (2c* - b) + ft (a - car 5 ) 
p*(2c.z - l>y+ (a - c«*)* 
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but if c be negative, so that a + bx - c.v* =* c(x - r)(r'- 
then 


P 2 + 


+ /3a? 


p 2 + aP y/ a + bx — cop 


ra(cz 2 + 1) + (i(cr*? + r) 
2 Jz p 2 (c»* + 1)* + (crar 2 + r )* * 


It will have been observed that the greater part of the 
integrals treated of in the first Section are particular cases of 

a + (ix + yop 2 1 


X a + 
p + 


P P + 9 X + r *** \/« + bx + ca? 2 
The rutional part of this, when its denominator has real simple 

F G 

factors, may be replaced by - + + H, and the value 

* +/ & + g 

of the integral immediately found. In the contrary case, by 
taking away the middle term of the denominator, the integral 
may be reduced to the one we have just rationalized. 

IV. To rationalize f z R(x 9 \/ a + bx 9 \ZaT+ b f x). 

a + bx a - a. xr (ah - ab ) 9x 

L e t - « «*, .% x = , d t x = . . 

a t + b x b a? — b (b z 2 - by 


j zy/ab- ab > — v/«6 y - ab 

V a + bx = ; ^ _ > y/a j + b x m — 7 — . 

y/b t z* - V ' ' y/bz^b 

By substituting these values in f z ud z x , the integral is 
transformed into another of the form f 2 R{z 9 \/bz 2 - 6) which 
can be made rational by Case hi. 

V. To rationalize f 


\/« + ( bx n ) 2 9 bx n ±\/ a + (baf i y\ , 

i w + 1 • 

when ls an integer. 


Let ?>»T n =fc \/a + (&0*) 2 * 1 


\/« + (bx*y 


z 2 + a 
9z 9 


as 2 - a 
9bz 
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1 /#* - a\ <£±1-1 f a\ 

Hence by substituting in f,vd,a>, it is reduced to the form 
JlR (a), provided 21*2 be an integer. 

A particular case of this is 

f x R y/ a + (6®)*, bx ± \/a 4 

which is rationalized by making bx ± \/a 4* (&«»)* « 


v_ 

VI. To rationalize f M x m ~ l (a 4 I? (of). 

If — be a positive or negative integer, assume a 4 bx n » a 7 ; 
n 

but if ^ + — be a positi^te or negative integer, assume ax~ n 

4 6 = z q 9 and the integral is made rational. 

Similarly, the yet more general form 

m 2? 
f x a?”*' 1 . R JaTf ( a 4 6 a?")*} 

tn 

may be rationalized by making a 4 baf 1 * z v 9 if — be a positive 
or negative integer. 


r 1 £ 

Ex. 1. / - (a 4 6 t i? w ) 7 ; let « 4 = # 7 ; 

• 

•\ 6a?* 1 « a? 7 - o ; take logarithms and differentiate, 
nd z w qafl' 1 . r m . f^ +9 “ l 

S , **• In W 3 I — ■ ■ — . 

.v ni 1 —a J n J x z q — a 


r x m ~ l r 1 -- 

Similarly J = J - (a.t> ~ " + b) n 

' (a + ft.r ”) -3 * 

/•a"'" -1 

— - y — — making a# - * + 6 * *\ 


10 
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Ex. 2 f 1 _ r ^±2f}l . 3 f 1 

•'•a(a + ba>) i J, a + bx - a J** 3 - a 
3 , (a + 6«)i-ai a/s . , 2 (a + 6®)i + o* 

-ra 10 * — J ^r 1 *" sij 

E,. 3 . r_i_, . n± <«»- ■■•»)» . . /■_!_ 

/» (o + a® -3 + 6 - ft J z « i ^b 




Ex - 4 - ■ Xr~^ * wherc 1 = *'* 

50. Besides the above, there are many expressions which 
are rationalized by assumptions, for which no rules can be 
given. 

r , v n ~ l 

Ex. 1. J — let a + 2&<tf" «= «" ste , 

* (a + 6a?") (a + 26 jc”) ii» 

2(a + bx n ) = a + take logarithms and differentiate, 
baT-'d'X -2ar s "-* . 2 /• 1 

7 ~ — 5 IjW S3 J z tid x W = — - / — f 

a + fctf* a*#* 11 ' bJ.l+as?* 

r l / t r\ 2 * 

Ex. 2. I ; let a + 2&.® n = (-) » 

* (a + for") (a + 26«r")^ 

. . jAt — 2n , . x- n ~'d x x 


•\ (aat~ n + ft)* m asr 2 " + 6* ; .\ 


a® “+6 az~** -f ft* ’ 


1 # - r 1 

a* (a + ft#") a + 6***** * * •'* W cT+ 6***" # 
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SEpTION IV. 

FORMULA OF REDUCTION. 


51. We next come to the case either where we are unable 
to rationalize or where that would be a disadvantageous 
practical method of effecting the integration ; but where, either 
by integration by parts, or by the method of assumptions, a 
formula is obtained by the application of which to a proposed 
integral, we reduce it to one more simple, and this again, by 
the repetition of the process, to one yet more simple, and so 
on, till it is made to depend upon the simplest of its class. 

, The first form of u to which this method applies, and 
which demands particular attention on account of its frequent 
occurrence in the application of the Integral Calculus, is the 
binomial differential coefficient 

# w *“ l (a + bx n y, or 

as we shall write it, m, n y p 9 being any numbers whatever, 
whole or fractional, positive or negative. Of course 

a?"- 1 {ax r + bx 9 )P 

is included in this, since it may be written 

a?*+pr-'(a + ba?- T y. 

» 

52. It has already been shewn, Art. 14 , that when — is a 

n 

... w . - 

positive integer, or — -}- p a negative integer, (o + bx n y 

ti 

is immediately integrable ; and when cither of these conditions 
is satisfied, this is the easiest method of integration, though it 
does not usually give the result in its simplest form. Also in 
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the cases where — is a negative integer, or — vp p. positive in- 
n n 

teger, we have (Art. 49 ) pointed out the substitutions which 
will transform the integral into f x R(%% where R(%) is a rational 
but not an integral function of # ; consequently the method of 
substitution is of no practical use in the latter cases and must 
be superseded by the one which we are about to explain, ftanded 
upon the following proposition. ™ 

53. It is always possible to make an integral of the form 
X p depend upon another of the same form, in which one 

of the indices is altered; viz. that of os by the addition or 
subtraction of w, and that of X by. the addition or subtraction 
of unity. 

For if we differentiate the expression <v T X q 9 by the formula 
d x (u' n v n ) *=u m - ] v r '- 1 \mvd x u + nud x v \ , 
we find, since d x X = nba*" 1 , 

d,(w r X q ) «= .r r " 1 X q ~ x ( rX + qw . nba?-') ; 

now, first, eliminate X from the quantity within brackets, by 
putting for it its value, a + baf, 

.\ d x (x r X q ) = tf r “‘ X q ~ l \ra + (r + nq) hx"} 

« ra a' r “ l X q ~ } + (r +.wq) baf*"-' X q ~ ] ; (l) 

secondly, eliminate af 1 from the cfhantity within brackets, by 
putting for b,r" its value, X—a 9 

d x (<v r X q ) = ir r “ v X' l ~ l {(r + nq) X -anq\ 

« (r + nq)w r ~ l X q - nqax r ~ x X q “\ (2) 

Upon integrating equations (l) and (2), we find the integrals 
X q ~ { and f x a> r +* % ’ 1 X q ~ x connected, and. the integrals 
j£a? r ~ 1 X q and j£«r r ‘ 1 X q ~ l connected, (so that in each case, one 
is known if the other is)* where the respective indices differ in 
the manner announced. 

54. In the preceding Article, we observe that the quantity 
differentiated, .r r X q 9 is formed by adding unity to each index 
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in the one of lower dimensions of the two expressions whose 
integrals are connected; and that in resolving its differential 
coefficient, we eliminate X, or <*’, from the quantity within 
brackets, according as it is the index of X or x which is to 
Yemain unaltered. * 

55. Hence an integral of the form f,x"~ 1 X f being pro- 
posed, we must first consider whether, in order to reduce it to 
a known form, it must be made to depend upon an integral in 
which the index of a is changed, or upon one in which that of 
X is changed ; i. e. with which of the four integrals 

j r,a*—'X', f t x m+ '- l Xi’, 

it must be connected ; and then drake an assumption according 
to this rule. 

Take the one of lower dimensions of the two expressions 
whose integrals are to he connected , increase the index both of 
x and X by unity , and assume the result = P. 

s 

Then* in all cases d x P can be resolved, (by performing, as 
the case requires, one or other of the eliminations to which the 
attention was called in the last Article) into the sum of the two 
expressions whose integrals are to be connected, each multiplied 
by a constant coefficient ; and upon integrating, the formula of 
reduction is obtained, by the successive applications of which, 
f x jc m ^X p is made to depend either upon a known form, or upon 
the simplest integral of its class. 

The above method of assumption's perfectly general; but 
in many cases Integration by parts is a preferable mode of 
finding a formula of reduction. When the quantity to be in- 
tegrated is of the form , we may altogether dispense with 

the formula of reduction, as will be seen in several of the fol- 
lowing Examples. 

J r w* 

Here wc must diminish the index of w, i. e. connect the integral 
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with jiaj* - * (a* — ®*) “ 4; for since m will be diminished by 2 
by each process, we shall at length arrive at 


/ I ^ w 

7^7' or 


a?' 


(according as m is even or odd) both of which are known forms. 
Also since oc?*~* (a 2 - is the expression of lower dimen- 
sions, increasing each index by unity, the assumption is 4 

P = aT-'y/tf - 
m m ~ a 

d * p = ^ 7 =p {(»~0 («*“«*) -»*} 

* ^5 


(m - 1) a‘ 




-s 


a?” 


-TO — , 

V^o* — y/ a* - a? 


p at'" 

’’w 


af 


m - 1 


a a — TO TO 

which is the formula of reduction. 

Change to into m - 2 , to - 4, &c. 

"** at m ~*JTb to - 3 


a /* ®" -9 

a / — 7= - — ■ 
*'*\/ a* -• «* 


r «"** TO - 3 r at m ~* 

**y/ o* — it* to — 2 to — 2 J, y/ a* — 


f x m ~ i ^ to - 5 , A ,v m ~ e 

J, x 7 d r ^~a* m TO -4 + TO - 4 W ’ 

and we shall at last come cither to 

r-7^= - - W» + y/-7 -2— -£*ATJ + ^sin- 

W*-<t 5 » 'Vo'-* - 


or to 


2a J 


- ^ it* Jlfi - ~ v^a* - or. 
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Hence, collecting the results, we have, when m is even, 

r ■*" fa" -1 m - 1 a s a" -s 

y/ a* - «* “ ~ "’**{» + m m - 2 


(m-l)(ro-3)aV- 5 ’ (m - l)(m — S)...l ] 

+ «C. + ; ; Qr OD 

m{m-2) m-4 iti(m - 2). ..2 I 


(ra-l)(ra-S)...l „ . .# 

-a"sln■ , 

to (to -* 2)...4 . 2 a 


but if m be odd, f — . - 

*'*V a* -a* 



m-laV' 1 


i» m— 2 


+ (w ~ I) K- 3) n 4 ®"-* + Scc + (to - l)(» -»)...« ! 

m(m-2) to - 4 to (to -2).. .3 ° J* 

These results are homogeneous aud of m dimensions in 
a and a, as they ought to be ; for the expression integrated is 
homogeneous and of to - 1 dimensions. 


If m be odd, then ^ (m + 1) is a positive integer ; and, 
as in Art. 14, the expression may be transformed so as to be 
immediately integrable. Also, if m be even, and we multiply 
numerator and denominator by a” -1 , we may resolve the ex- 
pression into a series of terms of the form d.\/u by repe- 
titions of the artifice of adding and subtracting the same 
quantity, always rejecting a power of to from the numerator 
and denominator at each successive step ; as in the following 
ilistance : 

to* a? 1 46a: 7 + Soar* So to* 

<v/«+6a* v/«a?®+6af 46 y/btf+attf ^bto* + ate* 

1 3a / Qba? + ate a \ 

" - b d,Vbo? + aa, _ — i 

J r tv* (a? 3 aat\ So* r l 

»v/« + 6»* '46 86* j ® + 6®*+ 86 * J* Jbap+'a’ 


Ex. 2. f 


(So - tv)~b, which must 
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be connected with f x aP~l(2a - a>)~b. Hence the assumption is 
P = (2 a - ai)i ; 

d,/* « "j-== — 

Vta-« 

«*-l , * 

•= -rrr== } (»» - A) 2<» - «!«} 

. VSa-w ' * ' ’ 


J r d?" 

•\/sax-w*~ 


(2m - 1) a - y- g=— m -^=r=--, 

y Saw — or y Saw— w 

w M ~ l y/saw—c^ , (Sm — l) a r w m ~ l 

tit m " J*y/sax—ip 


In, any particular case the employment of a formula of 
reduction may be avoided, just as in the last example; thus 

aa?-a? 1 Sa, v i -3w i 1 Sa a? 

y/sax-W* 3^20®*-/ 3 ^ ~ a% * 3 \Z2od!’-® 4 

1 a Saa?-Sa? a ! (j?-o + a) 

- i* y/*** - ^ + 5 • 7^--, - -7^*^ 

J r oa® — ®* far aw _\ • w 

f = (— + -- + a J a/ 2 aw -® s -a 3 versin" , “* 

'v/saa?- V 3 3 / a 

Ex - 3 * / "A^ * f* *~ m ( a * + **) ’ -1 ; # 

•''a* y a* + aH 

in this case the index of a must be increased, that is, the 
integral must be made to depend upon f x w~ m+t (d i + a 8 ) ' i ; 
assume therefore P * x~ m * l \/d t + a?, and we find the formula 
of reduction 

r 1 1 v/V+tf 4 m-2 r 1 

J*a> m y/ a* + a? (m-ljd* a)"~‘ (m-l)a*J*w m ~ s y/ a’+a 3 ’ 

r 1 

by this formula, when tn is odd, we arrive at / — 7^ — : 
v Jtwya' + aP 
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a known form; when m is even, we have the integration 
completely effected by it. In the latter case £-(-ro + l) 
— ^ cs — ^ m 9 a negative integer, and the expression might 
be integrated by Art. 14. Any particular case when m is 
odd, may be integrated by the artifice already used ; thus 
or * 

y/ a? + a y/ 

1 4 aaf* + 3<v~ 7 3 1 2aaT a + ar 8 

4a v/oo?“ 8 + or 6 4a 2 a y/aaf~* + 


- _ — — . 

8®* x y/ q ■+ a? 

1 y—k f 1 3 \ 

a + .r* v V *ax* 8a»W , 

+ Ha a y/a log (^?7F + v'j) 


Ex. 4. f x (a 2 - iv 2 ) 2 (w, being odd). 
Integrating by parts we get 


Jt (a 2 - - * (a 2 - + nf,a* (a 2 - a 2 ) 2 _1 

= v (a 2 — at' 2 )* - ft fjg (a 2 - tF 2 — a 2 ) (a 2 - a? 2 ) 2 


. r f „2 » v 

** M ,r) - + -») 


a *-2 
2 


Hence, making successively n = 5, n = 3, 

'5a* 

6.4 


1 C/jSI 

£ («■ - - 6 * (“■ - O' + Pi » (»’ - V)! 


+ 


5.3a 1 

6.4.2 


® (a* - .■»*)£ + Vsin -1 
7 6.4.2 


dJ 

a 


_ r 1 /* 

Ex. 5. — - be f — - a?" 8 * +8 . 

•/» (®* + ■i’)' 1 Ji {a*,v~* + lj* 

11 
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Integrating by parts, as in Art. 31 , the formula of re- 
duction is 


r (a 2 + a? 2 )"” 1 {2n 


till at last we come to 
r 1 wX’ 1 1 


xX~ 

n+1 

2 n 

-3 

1 

r 1 

( 2 n - 

2) a* 



& 7 Z 

— 2 ' 

V. 

h (a* + a*)* -1 ’ 

5 w successively into 

w - 

1 , M - 2 , &C. 

,r^r 

-»+2 

2 n 

-5 

1 

r 1 „ . 

(2m - 

I)® 3 

1 

2 n 

■^4 

’ a 2 

4 (a* + a? s )“~ a ’ 

xX- 

■B +3 

2 n 

-7 

1 

f 1 

(2M - 

~ 6 )a- 

j 

2 n 

-6 

a 2 . 

^ (a 2 + a*-)"” 3 ’ 


r 1 wX~ l ^ f 1 _xX~ l 1 jt r 

Jg (« a + a? 2 ) 2 2 a* + 2 J r dr + or 2 a 2 ^2a 3 * an a’ 

r 1 wX~ n + x 2 n — 3 xX"' 1 ** 

J x (a 2 + a? 2 )" (2n - 2) or * 2 n - 2 ’ (2 w - 4) a 4 


(Sfi— 3)(2fi— 5) &c + (2w-3)(2w-5)...3 arJT* 1 

+ (2»-2)(2n-4) *(2»-6 )o 6 C (2w-2j(27i-4)...4 2a 2n " 2 

(2n- 3) (271 -5). ..3.1 1 a? 

+ ~ ; — : tan” 1 -. 

(2 n - 2) (2 n - 4). ,.4 . 2 a**” 1 a 

« 

It may be observed that since 


r «1 1 , 

/ = — ^ tan” 1 - - , 

Jx<V + C y/ c V C 

differentiating relative to c (Art. 29) we get 

r ~ 1 __ _1 _i x I a? 

J* + c)“ ” 2cS tan y/c “ ic 4!* + C ’ 

or, changing c into a*, 

r 1 1 a? I a? 

/ 7~5 , tan' 1 - + —5 — : . as above. 

J s («* + o-)- So’ a 2a- ® a + a a 


, x lx 
\/c 2 caP + c’ 
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• r 1 s 

Similarly we may find J - — ^ ~ ; and in general we have 


We may reduce the more general integral f 

J 6 * J T (a + b*v+cd' y 

to the above form as we have seen in Art. 31. 


Also 


f- J — = . 

+ & ,v Yy/ a + hw 


2fc n “ l r 1 

Ha r +~^y ’ 


making * =• y/ a + bx. 


and 


/& - «/r 


Ex. (5. To make 

IcX 7 *- 1 (a + 6#")*' depend upon f x v m - n '' 1 (<z + 6 t r ,, ) p . 
Assume P = ,v m ~ n X p+x 9 

d x P = x n ~ n -'X p \ (rn - n) X + (p + l) x.nbiv n ~'} 
t= ap-*~ } X p \(m -n) (a + baf 1 ) + ( np + n ) bx n \ 
= (m - n) a,v m ~ n ~ 1 A rp + (/« + 7ip) bx m ~ x X p \ 


■\ f x X'*-'X P m 


x *-»X p + 1 

(fM + M/>) 6 


’j ■*. 

(w + rap) 6 


Similarly, to make # 

jT a?” 1 ~ 1 (a + 6,i? n ) p depend upon f v x m+n ~ } ( a + bx n ) p > 
the assumption is P = a m X p+x , and the *rcsult 


f x x m ~ 1 X p 


w ’"X p+l (m + n + np ) ft 


ma 






Ex. 7. To make 

JT®" -1 (a + depend upon jr®*” 1 (a + b.v*) r ~'. 
Assume P = oc m X r ’ i 
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d,P = x m ~' i X I '~ l {mX + px . nbsd*~ x \ 

«= x m ~ l X r ~ l \mX+np.(X-a)\ 

■» (to + »p) x m ~*X r - npaap-'At " 1 ; 


f x X n ~ l X P 


aTX p 


npa 


m + np to + np 


f,x”-'X p -'. 


Similarly, to make 

f x w " -1 ( a + bx”) p depend upon f t x rn ~ i {a + bx") p+1 , 
the assumption is P = x m X p+ \ and the result 
x m X p+l rn + n + np 


S x ar- X x p =- 


(p + l)«p (p + l)na 


f x x m ~ 1 X p+ K 


66. The preceding formula; fail when any of the coeffi- 
cients become infinite. By inspecting the results in Examples 
6 and 7, we see that this will happen (1) when p = — ], or the 
index of X is - 1 , (2) when to = 0, or the index of <c is - 1 , 

and (3) when to + np = 0, or p = - — . 


The first case 
already integrated. 


of failure is 


r a ?*”- 1 

J z a + bat " ’ 


a rational fraction 


/ I % . J} 

-(« + /> x n y , (changing p into - , as the 

index must be fractional), the mode of integrating which, is 
explained in Art. 4.9. 


r a ?” 1 ” 1 r 

The third is / = f 


(a + 6#")" '»(aaf" + 6)» 

the same as the second. 


57* We can also make f x x m ~ J (a + bx n ) p depend upon 
an integral of the same form in which both the indices are 
altered; namely, that of tv by the addition or subtraction 
of «, and that of X by the subtraction or addition of unity. 
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For this, the simple application of the formula for integration 
by parts is sufficient. 

Thus, commencing the integration with the factor ar --1 , 

i*-- (a + bary - — . (a + baT) f - — (a + 6 

m m 

When we commence the integration with the other factor, 
it will be necessary to prepare the expression by writing it 

f x tf n - l (a + bx'y 

(a+bx n ) p + l m-n p , . „ . 

= a'"- - . \ -L— - - » (a + 6,r"f +1 . 

(p + 1) nb (p + 1 )nh J J 

We observe that these formula? fail when m = 0, orp=— 1, 
both which cases have already been considered. 


Ex. 1. 


-(a + />,r s )" + * 


. i • i f (® + b<v 2 )"~& 

This must be connected with / — ; 


therefore, commencing the integration with the factor — , 

,v m 

r(a + bafy+b (a + b& fi y + & 2n -f 1 r(a + ba?)”~b 

Jx x m (in - l)cr m " 1 + m — 1 Jx w m 


/•(« + 6ti? 2 )i (a + bxry 3b r(a + 
enCC X 2 or ' + 2 1 a? 


r (a+ bar *) * ; 
•/» a? 


the latter integral has been already found, p. 37* 

_ r a? m 

2 X(TT?r- 

^m-2 

This must be connected with f 5— ; therefore 

J*( 1 + W ) 
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we must commence the integration with the factor - — — -r— , 

° (l +«*)■’ 


and consequently write the expression, a? 


i-i 


a* * 


(i + ary 


772 — 1 p 00 


J r iV m tV m * 

[vT^y “ " (272 - 2) (1 + a*)"- 1 ' 2W 
Hence making «= 4, w =* 5, 8cc., 

r w* 1 a? t 3 r oo~ 

J, (i + tfy = " i (TT^j 4 + s J x (TT a?y ’ 

J p CO* 1 W 1 r 1 

, (i + ’*)' “ “5 (TT^T + 6 1 (i + ; 

. r 1 1 or 3 co 3 

and / = — + H — tan -1 #. 

Ml + X 1 ) 3 4 (1 + a>y 8 1+^8 

by Ex. 5. Art. 55. 

r os* . 

Hence, collecting tile results, J — — is obtained 


$8. The method of assumptions is also applicable to the 
more general expression 

f T .v m - 1 (a + b.v H + ctf'Y, 

but in this case the integrals of three similar functions are 
connected. 

For, putting a + fca?* + cco in « X 9 we have d x (oo r X q ) 
s=a? r "‘ 1 J I?" 1 \r X + qoo (nba?- 1 + 

= x r ~ l X q ~ l \r(a + bo? + car*) + q(?ibx n + QncaP*)] 

= rax r ~ l X g ~ l + (r + nq)bos r + H ’ l X q ~ l + (r + 2nq) cx r+,£n “ l X q “ l ; 

hence, upon integrating, we have an integral of the form 
J x x* t ' m ‘ l X p connected with two others in which the index of w 
is increased or diminished, (that of X remaining unchanged) 
according as we consider f x x r -'X q ~ l or f x x r+Snm ’ 1 X qmml to be 
the proposed integral. 



Ex. l. To make J t <v m ~ i X p depend upon J t x m ~' , ~'X p and 

£ar- u -'XK 

Assume P m a*~ H X p + 1 t 

m v’ n ~ tH ~ i X p being the one qf lowest dimensions of the functions 
whose integrals are to be connected ; 

d,P=a! m ~ M ~ l X p \ (m-2ri) X+ (p + 1 )a>(nba/ , ~ x + 2»c«** -1 ) }, 
{ (m-2n) (ff,+6.r"+ c®*")+(wp+n) (6.r*+2ca?**) } , 
= (m - 2n)ax m ~ in ~ l X p + (m-n + n p) b,v m X X P 
+ (#» + 2 np)cx m ~'X p ; 

jA-aiwi+i 

therefore, integrating, Lv m ~'X p = " 

• (m + 2 np) c 

(m + 2 np) c (#» + 2«p) c J 

Ex. 2. To make p iP~ x X p depend upon f x x m +"~ l X p and 
f,ar+ u ~'X p . 

Assume P = x m X p+l , and the formula of reduction is 

jo— (iift.-rt v-'^' 

ma mfl 

_ (w+g» + «»p)c r v *^-i X p . 

in a 


The formulae of the two preceding examples will always 
enable us to reduce f x iv m ( a + b<v + copy to f x (a + hat + car) p y 
when m is a positive or negative integer 


Ex. 3 . 


L 


*\/a + b.v + cm* 

* ^pW“i5 

, and f —p =- , by 

»V v 

assuming P = .r’ ,1 ~ 1 \/ AT, and the formula of reduction is 


y/ X m - \ a r aT~ l 2m — lb r> 
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Let m = 3, then we may employ the same artifice as in 
Ex. 1. Art. 55; thus 

®* 1 2c®* + ^S6®* + ax 1 ^Sbtv + a 

\/a + ba> + c®* 2c x/a«* + bat 4- ca>* \/a + bai + cat 


r ®* ® ^ 36 / ct 36*\ /• 

Jx \/~X ~ 2c 4c* \2c 8«v J t 


/It' 

1 

x/J' 


Ex. 4. 


X; 


*x m \/ a + 6ar + ca? 2 ’ 

e 

to make this depend upon f — -7-=, and f —r~ 3 

r J*ai n -WX J *af*-*^/X 

assume P = ®"" +1 x/^f, and the formula of reduction is 


x/at 

2m - 3 b 

r 1 

(tw - 1) a#'"" 1 

2m -2a. 

JxX M - l y/X 

m-2c r 

1 


m — 1 a •'xx m “ 

V* 



Let m = 3, then employing the usual transformation, 

af 


\/ a + 6a? + car \/ + 6a?” 8 + cx~* 


1 + ex' 


1 2aa?~ 5 + 1.36a?“ 4 + car 3 l 
2® \/ ax~* + 6ar s «f car 3 2a \Zax~* + b&7 1 +c 

— d t (®-» v/^) - — # * ■ 

4«a* aar 3 + 6a?" 1 -j- c 
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r * \/X Sb\/X /Sir _r_\ r 1 

*■* \/X 2rt.r* + 4 o*.r 4 2a/ J X 'v"y/x 

r. •*" . 

•'» (a + />,t? + c,r s )i ’ 


Ex. 5. 


to make this depend upon and f '—r, assume 

•'a* A 0 Jjr AT* 

P z ! m ~ { and the formula of reduction is 


lx 


,v‘ 


(m - 2) n\/ X 


But 


m — 1 a r,v m ~ 2 

2 ?>? — .1 ft 

rff*-' 

m - 2 r J r Xi 

2 in — 4 r J 

r Xi ■ 

■vi ‘in 

/* /r 3ft /• 

itr 

e \/ X c * 

l r ~X* “ 2C Js 

xi" 

ft.r) 1 - 1 

(1 r 1 ft 

r .V 

~ I’rVX 

~cJ x Xl~e 

JrXi ; 


r .r* * /2tf 3ft*\ r \ v :\h r 1 Sab r 1 

' l x * ” <l/x ~ \T ~ 2 ? ) J, x* ~ 07 1 J r y/x + '^JrXV 

r 1 _ 2 (2e.r + h) /• .r 2 (2a + h 

J* X~ l ~ k y/X a " l Xi " " “ k~?x 


f. 


VA r k \S X 

(p. 32) making <lac — h fi = k; hence, substituting, we get 

<r - 3ft 2 2a + biT 

XI - cs/x + ~ r : ic l/x 

3ab c 2c,v + b 3b r .1 

*«* \XjC'~ 

We may remark, that differentiation relative to constants 
(Art. 29) may be sometimes usefully employed for integrals 
of thi§* sort ; thus, differentiating relative to c the result 
(Ex. 10. Art. 27.) 

r (c + exi)~' - 2 /a i(aec~ l - ft) 

/ n — = - _ ^ — t \/ - — , we get 

J *\/ ax + brf v ( ae - be) c a + b,v 

12 
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(c + ex)' 


/ + ex 

y/ aw + 


e \/ aw + bar 


bx 1 c ( ae ~ ^ c ) c + #a* 


ae-2.bc , A / c (a + bx) 


j (ae - 6c) c(«i **” v t r (ae - 6c) 

j /* ^C -J- g,jj) 

f —7 - — may be obtained. 

1 ‘V| 3 +F + TV* 

59- We can also make f x w m ~ x {a + 6 a*" + cw 2n ) p depend 
upon integrals in which both the indices are altered, viz., that 
of X diminished, and that of w increased, by integrating by 
parts, which gives 

X> = *- r - l m ( nba f-' + 2nc.r tn ') 


aT X T pnh 


f r w m+ "~' X*~' - ZpnC X *-' ; 

m 


m 


m 


or, since the integral in the second member 


P - f,a'"XP-Xb,v*-'+2(%v 1!n -') = ‘ > ^ f I .v m - , X’ , -'(2X-2a-hx”), 


np 
m 

the above formula may be replaced by 

. w m X p 2pna 

U*-'X* - + - l ~ Jx w m - ] X p ~' 

in + i 2np m + 2np 

+ P . nh X P -'. 

m 4- 2np 


GO. In the case where the index of X is to be increased, 
if we assume 

jCtf - 1 X p = (A.r m + B.v m+ ")X p * 1 +f r (C'V m -' + Dx m+n -') X p+ \ 

differentiate, and divide by w” 1 " 1 X p , the result will be of 
the form 0 = « 4 - /J r" 4 - ya? n + hx? n ; hence, equating to zero 
the coefficients of the powers of «*, we shall have four simple 
equations for finding the four constants A , /?, C, D ; their 
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values will be found to be fractions whose numerators are 
respectively 

2 -fee, (ttp+w)(5 3 -4«c)-w(2ae-& v ), ( 2p?i+3n+m)bc , 
•and common denominator «(«p + w) ( b 2 - 4ac) a. 


CiX. / — -- - ; 

X (a + ftjp 3 + cjp*y 

r \ Ax + *C + ZXr 3 . . 

assuming jf ^ = jr> -'~ + J, X>‘ ' * d,ftercntlatln g» 

and equating coefficients of like powers of .r to determine the 
constants, wc get, making k = Ir - 4r/e, 



fie.* 3 + (fi 3 - Sec) ft* (4p - 5) fic r a* 3 

2 ah{p— \)X J, ~ 1 + 2ak(p - 1 ) J*X v ~ x 


+ 


2/c (p - !) + 2r/c - fi a /• 1 

2«Ar(/> - 1) J*X p - 1 ' 


J r i 

f can 
* X p 

be reduced to an integral of the form 

J r («0 + «1 r + a u x* + ... + *•<'-") -i , 


and, therefore, falls under Art. 48. 


61. It may be ’shewn, exactly as in Art. 58, that the 
general integral # 

f x x w ‘ l (a + fi.r n + ctf 8 * + ... + or / r «v m ” 1 X* 

can be made to depend upon k other integrals of the same 
form in which the index of jo is increased or diminished by w, 
2w, &c. that of X remaining unchanged; the quantity to be 
differentiated in each case, ,v m X p +\ or x m ~ hn X r *\ being 
formed by taking the one of lowest dimensions of the ex- 
pressions whose integrals are to be connected and increasing 
each index by unity. Also by integrating by parts as in 
Art. 59, we can simultaneously diminish the index of X and 
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increase that of x. Wheh the index of X is to be increased, 
we must assume 

X p m (A + B* + 6V n + ... + T^ k ~ l)n ) a?" X p + l 

+ f x (J' + B''V*+C\v* n + ... + Tx( k -» n )x m - l X p+ \ 

and proceeding as in the last Art. we shall have 2 k simple 
equations to determine the 2/c constants A, B, Sec. 

62. The formula fo# integration by parts in its simple 
form, has been largely applied in this section; but it may 
be here proper to direct the reader’s attention to certain 
other forms which it may be made to assume, and which 
are convenient for the integration of several expressions that 
will present themselves in the next two sections. We have 

f t (uv) = It f x v - f x (d x n . f x i>) = H j, 0 - d x u . j/v + f. ( d' s u . f* v) 
= u fsO-dj.it fj'o + <lj it . j x v - Sec. 

+ (- 1)- 1 dr'u . j;o + (- 1)” fMiu.fs-v) (i). 

As this series may be continued to an infinite number of 
terms, separating the symbols of operation from those of 
quantity, and observing that d x affects only one of the quan- 
tities u 9 whilst f x affects the other v only, we may write it 

f,(no) = (l - d x f x + d' x fi - &c.) J' x uu = (l + d x f x )-' f x uv. 

If we deveiope to n terms the operation denoted by 
(1 + d x and add the remainder, we#get (1 + d x f x ) “ 1 « 

and therefore (I + d,J,) 1 f x u v = 

} I + ... + '\f.no+ (— 1)*(I +d x f x )-' f x (dJ T ) m uv, 

a form which exactly corresponds to the form (1). 

If we consider J r to he equivalent to (using <5, to 
signify that it affects e only, whilst d T affects u only), we get. 

f x (uc) - (d x + c x )~ ] ui\ 
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which shews that (d, + denotes an operation upon uv 
the same as that denoted by f r - 

Hence 

• (uv) = (d x + S s ) “ 1 { (tf r + 3,) *" 1 uv} = (d s + $ Jt )~*UVi 
and generally 

jC («» ; ) « (d, + K)~* uv > 

agreeably to Leibnitz 1 Theorem in the Differential Calculus, 
d x9 affecting only n and v respectively; and d~ r u 9 8~ r v, 
being, in the expansion of the second member, replaced every- 
where by //«, fjv. 
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SECTION V. 

EXPONENTIAL AND LOGARITHMIC FUNCTIONS. 


Art. 63. We next come to the consideration of f x u, 
where u involves exponential functions of x; the number of 
cases in which this integration can be completely effected is 
very limited. 

Since d x (a u ) = logaa"^^, the fundamental formula is 

a* i 

La u d x n = - + C, or rather f x e ru d x u = ~e cu + C, 

log a c 

putting c = logo.. 

a mr 1 

Hence f x a mx = , Le vx = - e cx , and / r V x = c~ n e cx . 

m log a v 

If n = f(a T ) be an algebraic function of a x , and if f x u 
cannot be transformed so as to be immediately integrable, by 
any of the common artifices, then 

making a' — and .*. d~x = - , 

h tflog« 

we have f x f(a x ) = 1 , 

log a Jz z 

which is algebraic with respect to z. 


Ex. i. 




2 _ r d r a * 
1 ogaJty/! 


Ex. 2 & 3 . 



loga log( ° 2 + v/l + «-')• 
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Ex. 4 . f- ' m f 

J *Va,e* + be?* Jl \/ne~“ 


+ b~~^ /a * Z ' + h - 


64. The expression e rt u can be integrated, whenever u 
s P* ,t: ^ nt0 t * le sum* of two quantities, the differential 
coefficient of one of which, is c times the other; for it is mani- 
fest that 


f t e rT (cy + d x y) m fry 


Ex. 


.1. = f e r( 1 _ J_. 

•" (1 + *)* -■» \l+.r (I + .r) 2 l + 

Ex. 2. f . /> ./l-.r 2-, r* 

^ (1 - <*) \/« - .r s V i + ,r ' (i _ .,)« 

- /V v/ 1 ~ a 'f l+ ' v , 1 I . . . /I + •* 


65. To integrate a*?/, « being an algebraic function of 
<*■; or, which is the same thing, e' T u, putting c -•= log a. 

1 he formula for integration by parts as given in Art. (i2, 
may be applied here ; viz. 

f r nv = nf s v - rf,« / r 2 v + din fj>* - &c. 

+ (-l)-'d,» '» /,*» + (- 1 

for it will enable us to integrate the product of a rational 
function of .r, and any function whose successive integrals can 
be obtained ; thus let v = e VT ; 


••• I?/ ~-d x u +*'- d;u - &c. 

C ( r r‘ 

+ (- + (-!)" Ij^erdlu). 

If u == f r™, this becomes 

- i «•* (*■ - + - sc. 

c l c c 

c»-' c" / 
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Again, making u = e'% we get 

f x (ix ?*) = *• {f t v -cf*v + c* f?v - &c. 

+ (- l)»-' e"- 1 + (- 1) # • c* /*(«** /•"«)> 

* » 

and putting ® * ar", 


jK«”0 , + 


U^' t /£-' 

J Yl — 1 •/* X 


+!ec rt 


The latter integral can only be obtained in a series ; thus 


r e CT r 1 / - — 

/ — = / — 1 + Ctf + + - + &c. 

Jx *F JxOD \ 1 • 2 | J 

1>U' , cV , c 

log a? + — +A +* — „ „ + Sic* 

1 2 1 .2 3 l .2.3 

66. The above results may be put under a different 
form, which is worthy of notice. 

Since f x (uv) = (1 + d x f x )~'f x uv, where d x affects u only 

and f x affects v only ; if v m e cx , so that f x v = - e Cx , we get 

c \ r / 

or if « = e rT , so that d,n = c<f T , we get 

f x (ve‘f) = e rx (l + rf x )~' f x v. 

Hence J x a?e rx = - e far ^1 + a?", 

, re'’ 1 -er f 1 
J* ,r” n - 1 J ' «•-’ 


67* If ** be independent of c and we have 

/,«”« = tT x v ; 
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then differentiating, or integrating, n times relative to c , we 
get 

■» e c# (a? + d c )*e, 

n being any positive or negative integer. 

I-Ience since f x e r * = - e r ' T , we have 

r 

which agrees with the former results. 


68. We next come to the case of f x u> where u involves 
logarithmic functions of the variable* 

Ex. 1. /■-!(„+(, log*)' . (“Jt 6 . 1 ”?'*)" ‘ . 

Jx x ' ° (u + 1) b 

Ex. 2 & 3. 

f • = log (log ,r). f 1 I--.-- . l . - . 

J* x log x J* >v (log x) n n — I (loir .rV* 1 


Expressions of the form n log v ( u and « being algebraic 
functions of ,v) may sometimes be integrated by parts ; thus 

[ , , c rd,v.f t u 

/,« log <> - log « . f,u - £ — - - - . 

Ex - 4 - X\7«^ " v/ ° a + •* lo s % ~ Ltv ‘ ■ / °“ + ■*’ 

v/.« + >io* (;) - ( - + --?;r + v) • 

Ex. 


(-#3 ‘ r*( ,±s v'-9 +i.jb£. 


13 


fa + v/a*-*^ «•* 


• ,7? 
sm~ I 

a 
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A® 2 — 6 2 \ (x* — b*\ 

Ex. 6. a*+®* -log 6 » J " i («*+«*)* log (— jjr* j 

- § (cV «* + ® 8 + 4- (o' + ®*)* + cMog — ^====—1 
l ‘ c + v ®* + o*J 

(making c 8 = o s + 6*). 

69. To integrate u (log ®)", u denoting an algebraic 
function of x. 

_ ~ F U\ F 

Let Lu = «„ / — = t< 2 , / — = « 3 , &c. ; 

•/* 07 J* a? 

JXlog®)" = (lbg®)"tt, - « £ (log <*)"-' 
f — (log «)*"' = (log®)" -1 *** -(»“!) ^(log «)"“* . — , &c. ; 

J, .17 <17 

f t u (log a?)" = (log <r)"w, - ra (log®)* _I M 8 
+ n (n - 1) (log®)"~ 8 w 3 - &c. + (- l)"[n», +1 . 

Ex. 1. f r a ?"(log®)*; 


x m+l 

here «, = , u 3 


r> &c. 


TO 4 1 ’ "** (TO + l) 2 ’ *** (TO + 1) : 

OqUi + 1 f 

.-. f t x m (log a)" = ——{(log®)" - —■ -• (log®)"-’ 

+ t—ttS (i°g®)” -s - &c. + (- 1)» . l£. } . 

(*» + U (to + l)"J 

Ex. 2. /»®" l+ "‘ r ; 

this can be found only in an infinite series by expanding 
and it then falls under the present case. 

f x x m . a?"* = f g x m 1 1 + nx log x + ^ 1- 8cc. > 

2 3 

- ^®"+«jC®” +, log® + -^-J>” ,+s (log®) e + ^j>" +3 (log®) s + &c. 

1.2 |f 
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„ „ v *" + ' /. l \ 

(b. Ex. l.) - — + — ; (l«g» - — s ) 

n* * m+s (, . 2 log® 2.1 1 

. + r* m + 8 ( ” SV7 + (m + 8)*J 

((log.*)' - S - (lo ?"i' + - Jil + i«. 

[3» + 4| 6 m + 4 (m + 4) 2 (w* + 4) 3 / 

f 1 nx n*aP n ) 

= a? w+l i -7 + ■ — &c. > 

\m + 1 (?» + 2) J («» + 3) 3 J 

»a?* +2 logff j 1 nx n*x* ) 

+ 1 {m + 2 (m + 3) a + (wi + 4) 3 C J 

*V««(log*)» f_I_ _ + nV _ &c j + &c 

1.2 )m + 3 (m + 4)* (m + 5) - * / 


70. To integrate u (log*) - ". 

Let d x ( nx ) m d x (w,*) = «*, d, (ft**) = « 5 , &c. ; 
jf>(log*)- = /,«* . ^ (log*)- 

W 

|i J 

= - — - dog*)— + n - j>, dog*)-, 

/r«i (log*)-" +1 = - (log*)' n+2 + ~~ /,M 2 (log^)-" + ‘, &c.; 

g „ «* „ v . . ft,*(log«)-* + * 

/.“flog*)-- -- — 1 flog*)"*'.- (»- 

« 8 *( log*)— +* 1 /•«»_, 


— 2)(n — 3) I » — 1 Jx lotr * 


(n - l)(r* - 2)(« - 3) \n — 1 J* log x 

Ex. l. f s x m (log#)*"; in this case nx^a***, 

■\ w, = (r/i+ l)#" 1 , ?/ 2 = (w» + l) a /P w , &c. + ; 

•. +1 f( lo f?*)“ +l , (f» + 1) (log*)— 


/*-flog*)-—”'{S^ 

[ W*r 1 


(|» + l) s (log*)—- ^ 
(w - 1) (n - 2) (» - ; 


(n - 1) (n - 2) 

. lV-» - .*» 


>- +:1 \ (m + l)- 1 r * w 

n - 8) + C ) + |» - 1 J*\og * 
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Ex. 2. 


f-- f 

loe X J* 


7m+l)log j? 


Ex. 3. 


J a log X J* x log X 

/i{i^ +( ” t,)+ ^ tog * +I,c } 

log (log x) + (m + 1) log x + ( m + 0* 0°g x ) + & c - 
fX m (log <J?) r 

The general term of this integral, found by differentiating 
r x m 

f — ? and i ts general term, r times with respect to m 9 is 

— -I cos \m(p + 0 + J ric\ log ( x 2 - 2#cos0 + l) 
f w [ 

v ** cos cb l 

- 2 sin (?n(p + 0 + L r .„-) tan" 1 | , (Art. 42.) 

a formula which is also true when r is a negative integer, 
obtained by integrating r times relative to m. 

Similarly the general term of 

r (log.r)^- , M-l)^"- m - l i 
J* x n ± 1 

may be found: r being any integer + or - ; (Art. 44). 

_ r x m (log ,v) r . . , 

Ex. 4. / — — . has for its general term 

J x x i9 - 2 cos 9 <v H + 1 b 

(-0) f f r, v . , s , x - cos 0 

— {cos Un - m ~ 1) 0 + A r7ri tan" 1 — — -r- 2 ' 
w sm 0 ( ' t * ) sm 0 

- ^ sin {(w - m - l) 0 + ^ rTr} log (# 2 - 2# cos 0 + l)j 

where 0 = - (2 Xtt + 0), and \ is to be taken from 0 to 
n - I ; r being any positive or negative integer, (Art. 46.) 
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SECTION VI. 

CIBCfCJLAH FUNCTIONS. 

71. We proceed next to the integration of differential 
coefficients involving circular functions of the variable. 

Since d x sin u = cos nd x u , d x cos u = — sin ud x u, 
d x tan u «= (sec tif d,w, d x cot u - - (cosec u)* d x u, 
d x sec u = see u tan ud x u, d ^ cosec n « — cosec u cot ud m u ; 
integrating, we have the fundamental formulae, 
f x cosud x u = sin w, 
f, sin ud x n = - cos 7/, 

L (cosec w ) 2 d^w = f = - cot w, 

J x (sm ?i)~ 

r r sin nd u 

L sec 7^ tan ud t u= x . = sec w, 

(C 0 S 7 /) J 

r cos nd n 

L cosec 7/ cot u d u = / , . - 0 = - cosec?/. 

J* (sin u) 2 

72 . Hence, changing u in tlfe preceding formula? into 
.r, fra.r, m<r + a,‘we find 

f T cos ,v = sin a?, jT sin a? = - 71s a?, jT (sec a?) 2 = tan a/ ; 

I cos ma? = — JT cos 7W.r . d_ (th#) = — sin wa? ; 
m " m 

f sin(mw + a) = — f x sin(mar -fa) .d x (m/p 4-a) « - --- cos(m.v + a). 

• m 

jT r cos (m,i? 4 a) = m~ r cos (tnx 4* a - ^ r7r), 
j* r sin (m cf 4- a) * w“ r sin (rw.r 4 « - \ rn)- 
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73. The following are cases of frequent occurrence, which 
are immediately reducible to logarithmic, or other known 
forms. 


r d x u r a x u 
Jx COS U Jx COS U 


d x u sec u + tan u r d x u (sec 8 u + sec u tan u ) 
:os u ' sec u + tan u J x tan u + sec u 

= log (tan u + sec u) = log tan ^ ~ j . 

J r d T u r d x u cosec u + cot u r d x u (cosec 2 u + cosec u cot u) 

*sinw ^sin u ’ cosec ?/ + cot w J K cot u + cosec u 

- - log (cot u + cosec u } = log tan \u. 

I — — = log tan (-+-), f -- 1 - = log (tan-) . 

J x cos x b W 2/ Jxsmx B \ 2/ 

r d x cos * 

L tan x = - / - log (cos x). 

J Jx COS X 

f x (tan x)~ = £{(sec x)‘ - 1 } = tan x - x. 

, rd x sin a? , , . 

f 

Jx sin x cos x Jx tan x 

f x sin 8 x . cos 8 x fx {(cos x ) 8 + (sin #) 8 } ta °° 

r cos x 1. . 

/ r^— = rlog (a + 6 sm a?). 

J, a + b sin ,r b 7 

f sin" 1 # . d x (sin" 1 #) = A (sin" 1 a?) 8 , 

*'•* v 1 - or 

rtan“ 1 x 

/ (om rj* * 1 1 + ( tan ,T ) 2 } • dr tan x = tan x + ^ (tan a?) 3 . 
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f — \ — » f- - — = f (cosec X xY d r (A .r) * - cot A x. 
J, versing J * y * 3 ,rVi ' * 


(sin ,t?)" cos x * 


(sin a?)" 


Jt {(tan a?)"" 1 + (tan a>)" +1 } = f x tan"* 1 a? . d, tan a? = - tan" x. 
f x sin"" 1 x sin (ft V 1) x = Jjj. sin"" 1 x (sin w<r cos x + cos nx sin x ). 
= f s [&mnx^d x (m\x) n + (sinx) n -d x (sinnx)\ » isin«j?(sin«r)". 


sin"" 1 a? cos (n + 1) # = -cos (sin a 1 )". 

• n 

f x sin"" 1 (<r + o) sin {(w + l ) x + 

— - sin" (a? + a) sin (nx + /3 - a). 


74. The expression 

(cos x) n (sin a?) 1 " 

is immediately integrable, if either m or n be a positive odd 
integer, or if the sum of m and n be a negative even integer. 

Let n = 2r + 1 ; 

JT (cos a?) 2f+l (sin <r) w * / r { 1 - (sin xf \ r . (sin a) 1 " • d, sin x . 
Let m * 2r + 1 ; 

j£(cos«r) w (sina?) 2r+1 b= - f x (cosx) n , { 1 - (cos a?) 2 J r . d, cos «r. 
Let m + r> « - 2r ; 

f x (cos a) B (sin a) w = f x (tan x) m (cos x) m + n « f x (tan .r) w (sec x) 2r 

= jT (tan « 2 ?) w . (sec a) 8r ' 2 . d x t*m # 

« f 9 (tan x) m (1 + tan 8 x) r ^d x tan x. 

It is manifest that in each of these cases, upon expanding, 
the integration can be performed. 
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This, of course, includes the integrals 

£(«-.)»*■, /.<“»•)”"' f.whr’ Ifshr- 

Ex. 1. jksin 2 a?cos 5 . 2 ? = ^(sina?) 8 {l -(sina?)*} 2 .d,sin# 

* f x { (sin at)* - 2 (sin x) 4 + (sin a?) 6 } . d, sin x 

1 2 1 , _ 

tss - (sin xf — (sin xf + - (sin a?) 7 . 

.*5 5 7 

„ r sin :i a? . 1 9 

Ex. 2. / = -log cos a? + -cos*<v. 

/r cos a? 2 

r 1 

^ jX ‘ **’ */, (sin #) 6 (cos#y 

f (■“*)"_ r(* eC *y- d ' tanX - fO** 2 )' tan 


= ri^T-^L, making tan *=*, 

Jj, (tan a') r ' J t (tan *) •/, *" 

= X (*“' + ^ar 4 + h’*“ 2 + 4 + K 2 ) 

1 4* 1 

= — (tan «t?)“ 5 — (tan a?)“ 3 - 6 (tan a?)' 1 + 4 tan a? + - (tan a/) 3 . • 
5 3 3 

J r £ w 

f - (making tana? = z) 

* str + 1 

= f g (x m ~‘ J - s ro “' 1 + s ?n “ 6 - &c.), by division ; 

. (tan#) 1 " -1 (tan.??)'" -3 (tan ,v) m “ 5 

Utmx)” 1 = V - } - - V — + V J - &c., 

*" v 7 tw — l m - 3 m - 5 


the last term being (- l) 2 . ,r (m even), 

tit~i 

or (- 1) 2 . log (sec a?), (m odd). 

75. When none of the conditions of the last Article are 
satisfied, the reduction of the integral 

f x (sin x) m (cos a?) B , 

may be effected by integration by parts. Or it may be effected 



in the same manner as that of (a + bai n ) p , of which it 

is a particular case ; for, by making sin .r = 3, it becomes 

jC^(l-s*)V. 

Now this last integral can be made to depend upon another, 
in which the index of 3 or sin ,r is altered by 2, and the index 
of (I — 3 ) by 1 , and therefore that of \/ 1 - r 4 or cos ,v by 2 . 
Hence the proposed integral can be made to depend upon 
another of the same form, in which one of the indices is altered 
by 2; and the quantity to be differentiated will be of the form 
(sin/r)' (cos.r) 7 , obtained by taking the one of lower dimensions 
of the two expressions whose integrals are to be connected, 
and increasing each index by unity. If we bad begun by 
substituting 3 for cos.r, the reasoning would have been pre- 
cisely the same. • 


Ex. 1. /, (sin . 1 :)*, m being an even integer. 

Integrating by parts, we get 

/* (sin j?)" = - f, (sin .p )" -1 djeox .».) 

= - (sin.r) w ~’ cos.r -f (m - I) / tl .(sin.r) m "cos ’a* 

= - (sin .r)' ,4 “ l cos.r + (///-!) / r (sin a i (l -siiv . 1 ) ; 

r . . cos ,v (sill /// - 1 , . Xtf . 

.•./(sin,?/)'"--- ----- - + t(sm a) 

m w 

Hence to find { x (sin a*) 1 , making m -- 4, 2, 
r , . V1 cos tV (sin tv\'* . . . 

J, («n .p) 1 = - - 7 + l J, •*)*. 


. cos .r sin .«? 

= - + 7 *, X 

, . . cos ,r (sin .r) 3 3 cos .v sin ,r 

■\ / (snnr) 1 = - v J - - - + - . 

J 4 8 8 

Ex. 2. £(sin#) w (cos.r)”, yi and r* being even integers. 

To make this depend upon f T (sin <r) m (cos a?)" 2 , 
assume P = (sin.r) m + 1 (cos a?)”" 1 ; 


14 
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d M P •= (sin a?)" (cos®)* -2 \(m + l) (cos a?) 1 -(«-!) (sin®)*} 
= (sin ®) m (cos®)” -2 { (m + n) (cos®) 2 — (» — 1)} 

9 

= (m + ri) (sin x) m (cos x) n - (n - 1) (sin x) m (cos <r)"~ 2 ; 

f x (sin w) m *(cos a?)" 

(sin tv) m+l (cos a?)"- 1 n - 1 

- — - — h /l(sintf) (cos#)" -2 . 

m + n m + n J 

Hence changing n into n - 2, n - 4, &c. 

f x (sin #)”* (cos#)*" 2 

(sin x) m+l (cos a?)*“ 3 »-!J 4 c 

. L (sin a?) (cos a?) n “ S &c. ; 

m + n — 2 m »f n — 2 J 

till at last, since n is even, wc come>to 

r . . v . „ (sin ai) m + 1 cos ns 1 . , . 

f x (sin ®)™ (cos ®) 2 = -- 2 - + - + 2 J. (*" *>" ^ 

therefore, collecting the results, 

- , . v , . (sin ,r) m+1 . (n - 1) (cos/r) n ” s 

L (sm x) m (cos xY = j (cos x) n “ 1 + v 

J rvn l /va ' 


m + n 
(n - l) (?/ - 3) 

(ra + n - 2) (m + n - 4) 
(n - 1) (rc - 3). ..3. l 


w* + n - 2 
(cos x) n ~* + &c. | 


■ fx (sin ®)" 1 ; 


(to + u ) (to + » - 2) ... (to + 2) 

and f x (sin <r) m is known from Ex. l. 

< 

Ex. 3. J ^ ^ , n being an odd integer. 

To make this depend upon f x (cos®) -n+s , 
assume P — sin ® (cos®)“" +1 , and we find 

r 1 . f(cos®)“" +1 (n - 2) (cos®) - ** 3 . 1 

J* (cos®)" ( n - 1 , (n - 1) (n — s) J 

(» - 2) (n — 4).. .3 . 1 ( 7 r ®^ 

+ (^r. ) (i---i)7.X- 2 - l08 { t * n U + ij)‘ 
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76. We can also make f, (sin w) m (cos a?)" depend upon an 
integral of the same form in which both the indices are altered. 
For, integrating by parts, ♦ 


f 0 (sin w) m (cos a?) n = 

(sin .i*) w+ 1 (cos a?)"” 1 
m + l 


J x (sin a?)" (cos a?) ft ~ l d x sin a* 

+ U 1 f x (sin a?Y" +fi (cos a?)" -2 . 
m + 1 J ' 


Ex. l. 


1 (cos a?) 5 

3 (sin a) 3 + 


r (cos a?) 6 
Jx (sin a) 1 
5 (cos a?) 3 


3 sin a? 


5 

- cos a? sin a? + 
2 


5 

-a?. 


/•cos”(VSin(» + l)<v 1 . /•cos* , '" I a?sin*»«r 

Ex. 2. / — , = -cos"# sin wa?+ / ; 

sin a* w Jx sin a? 


= - cos" a? sin ».r + cos” “ 1 w sin (/i - 1 ) a? 
n n- 1 


+ - — cos" 2 a? sin (n - 2) ,r + &c. to n + 1 terms. 
n- 2 v 


77- The integrals / P (cos <r)”, / r (sin a?)”, may also be 
obtained by substituting for the powers of cos a* and sin a*, 
their values in terms of the simple dimensions of sines or 
cosines of multiple angles. Thus, {Trigonometry , Art. 13[).) 

, 71 {n " l) , v o 

2 1 “ 1 (cos a?) n = cos n x + n cos {n - 2) x + — — - — cos (//, - 4*) ,v + &c. 

r , . 1 (sin n,v n sin ( n - 2) .v 

X( cos 


n (w - 1) sin (n - 4) a? 


+ &c.| ; 


1.2 n- 4 

the last term being, according as n is even or odd, 


1 1 . 3.5...(» - 1) 
- 1.3.3...^* 


a?, or 


1 w {n - 1)...^ (n + 3) 

2 Tr ' ~r. 2.3.”y(^ ”- i) 


sin a?. 


92 
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Similarly, may y, (si na?)* be found from the series 

n — l) 

(— l) a 2 B “ , (sin«r)T=cosw t r — wcos(w — 2)# + - - cos (n — 4) x 

1 • 2 

(- 1)» n(« - + 1) , . 

+ &c. + — - — - - , , (n even) ; 

2 1.2.3...1« 

arid (-1) 2 2“ -1 (sin.w)"=sin«.r-Msin(7i— 2)-v+ 1 ^ ^sin(«— 4)a> 

1 • 2 

— n (n - l)...,V (» + .'0 . . ... 

+ &c. + (-i) ■ ' T v. 3.;. j- ( „_ <• «“)• 

. 4 1 . 1 . 3 

Ex. 1. L (cos x) = — sin 4<r + - sin + - ,i\ 

J v J 32 4 8 

1 . 

Ex. ‘2. / f (sin a?) 1 = — sin sin c 2x + - .r. 

* ' 32 4 8 


7H. To integrate 

sin mu ; . cos ?ia\ sin mx . sin w.r, cos wj? . cos war. 

Since sin »w.r cos = J, {sin (w + n) x + sin (m - w) 

, (cos (nt + 7/ht; cos (m-tt)x] 

L sin /// ,v cos = - i < — — + > + C ; 

- ( m -f w ?// - n J 

and £ sin tn x cos m;v = - - - cos 2m. v + C. 

4 m 

Also, sin mx sin ?ix - {cos {m - n) x - cos (rn -r w) a? { , 

, (sin (m - n) x sin (m + n) <vl _ 
/. sin mx sin nx = J { UC. 

' ^ l 7u - n m + n ) 

.. _ . 1 fsin (m -f n).v sin(/w-w).r) 

Similarly, /, cos m x cos n x — A < + - > ; 

4 ^ ( m + n m - 7i J 

•and £ sin 2 mx ~ £ (x - 1 sin 2mx), 
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f x cos 5 mat = * (.v + — - sin 2m at), 

4 a m 

sin (m - n)cV « 

because, when m = -- = v. 

m - n 

• 

In the same manner, may the product of any number 
of the sines and cosines of multiples of an angle be in- 
tegrated. 

79. The integrals of expressions like the above may also 
be obtained by a double integration by parts ; and the result 
so obtained appears under a somewhat simpler form. Thus, 
in the general formula for integration by parts, make 

f r = cos (na: 4 - 0), d r V = cos (mw + a) ; 

. \ f e cos (m,r + a) cos (w.r 4- ft) = — sin (m.r + a) cos (not 4- ft) 


4* — / sin (ma 1 4- a) sin (n.v + /3) ; 
w 

similarly, f sin (m.c+a) sin (n <v+ft) = - — cos (mv+a) sin (no? +ft) 

+ — L cos (m,v 4 - a) cos (n.v 4- ft) ; 
m 

Hence, substituting and transposing, 

(l - ~--j f T cos (m<v 4- a) cos (nx + ft) 

= — sin (m v 4- a) cos (n ,v + ft) - cos (m.v + a) sin (n;v 4 - ft), 
in m~ 

or f cos (? nx + a) cos ( n.v 4 - ft) 

m sin (m.r + «) cos (?i,r 4- 0) - n cos (m e + a) sin ( n.v 4* ft) 


and f x cos (mat 4 - a) cos (rn.v + ft) 

1 SD 

= sin (2mtv + a + /3) + - cos (a - ft) 
4-w 2 
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80 . To integrate 

a + b cos x 


This — - 1 

a (cos’ x + sin 8 x) + b (cos 8 J x - sin 2 ^ a?) 

sec 2 -1 . 2 ? 2rf r (tanl.r) 

a + h + (a - b) tan 8 £ j? a + b + (a - b) tan 8 ^ «r ’ 

f 1 = L---: — tan -1 ( \f a ~^tan A a?) , if a > b. 

J,r a + b cos x \ a + b / 

] \{b + a)4 + (ft - «)J tan £a?l 

“ v//>- _ ° S 1(6 + tt)i - (b - a)l tan ^4’ Ia< 

81. To integrate — . 

a + b sin x 

This is reduced to the preceding by changing x into 
,r + x ; or it 

■1 

a (cos 8 J x + sin 2 * x) + 2b sin 1- tV C os J x 

a sec 9 * x 2d r (a tan ^ x + b) 

ar + (f tail 8 * x + 2 ah tan A x a~ - Ir 4- (a tan £ x + by ’ 

... J -.1 . = - ■ —tan- 1 (” ^ 'j— -- fc ) , if n>b. 

Jx ft + b sin x \/ a 1 — b~ * v ®" — />" / 

B»t if .<*, f ■ ' /•— 

/ r a + f t sin a* - r (a tan £ &• 4. - (// - a 8 ) 

l ta tan J .r + l> - \/ V — a~\ 

\Zb 3 - a ? °° U tan I a? + b + v /V~ a 2 1 " 


Also f — r— . f i , 

J x a + b cos x + c sin x J*a + e cos (x - a) 

^if e = V b J + (r and tan a = ^ and therefore falls under the 


preceding form. 
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82. To integrate — . 

6 (a + ft cos ; v )■ 

If we make a + ft cos a? = z 9 the proposed integral is trans- 
- 1 

“formed into — I - ~ -- - --- , a formula of reduction 

v 7 ft* - + 2a# - 

for which can be obtained (Art. 58.) by differentiating 
z~ H+] y / fjr _ (* - a} i or sin . 1 ? (a + ft cos #)" M *. 

Hence, replacing z by X 9 

d x (sin ,rX ’ w+1 ) = A 7 "" { X cos w + (w - 1) ft (sin a?)®} 

X~ n 

= j [Afft cos a! + (n - 1) { ft 3 - (ft cos < v) 4I | ] ; 

and eliminating 5 cos .i? from the quantity within brackets by 
the equation ft cos x = X — a, we find 

c?,(sin,r.V-" + ')=' A /) ' |A(A- a) + (n-\)b*-(ri- l)(A'- a)‘\ 

= \ - { -(»-2)P+(2»-ii)flJir-(«- 1)(« 8 -^)} ; 

ft 

therefore, integrating and transposing, 
r 1 -ft sin .r 

J,X*~(»--l){a*-P)X' 1 

( In - 3) c/ r \ n - a r l 

+ („ -7) («* - ft 2 ) J. X"~ l ~ (»- l) (a 2 - ft 2 ) X A”“ 8 ' 

When is a positive integer, by means of this formula of 
reduction, the integral may be made to depend upon the 

known form f — -- — . 

Js a + ft cos x » 


r l 

Ex. / . . 

Jjr (a + ft cos a?) 2 

sm <v 

Here the quantity to bt differentiated is 1 ; and we find 

• -A 

r 1 if - ft sin .r * / /a -ft .rij 

/--- = „ + - tan' 1 f - - tan- >. 

J, AT 2 o“ - ft' l« + ft cos .r y/ a ~ - ft 2 \ '/ + ft 2 / J 
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This result might have been obtained by differentiating 
with respect to a, the value of f x (a + ft cos#)” 1 in Art. 80; 
and it is obvious that 

f x (a + b cos ,v)~* = \f x (« + ft cos .r)"' } , 

\M — 1 

x ( : ; f 3 - i • 


83. Hence also we can find 


J f 4- cos r + 6, sin x 

a- (a + ft cos «?•)■ ’ ^ n< J r (a + ft cos a?)" 


Vo 


r «i + 6, COS X 

Jr ( a + ft cos ,r)“ 



ft) " ftl , . 

i + - (« + ft cos j ) 
ft ft 

(a + ft cos t r) M 


ha x - r/ftj 
ft’ 


*/i ■ (Vi + 


ft. 


- r 


ft cos ir) M ft ^ (r/ + ft cos a?)* ' 



+ ft, sin.?? /• ft^sin.r /• 1 

(tf. + ft cos .r) w J,. (a 4- ft cos .r)" 1 X (« -f ft cos a)* 

fti 1 r 1 

(w - 1 ) ft (V/ + ft cos a 1 )" ” 1 + ° l J x (a + ft cos <r)” ’ 


84. To integrate e"J sin m .r, e a r cos w»r, .v n e"* sin (m a? 4- a). 

This is easily effected by a double integration by parts ; 
thus 

/-//»■• 1 . w* - 

ft e sin »*«t? = - c' z r sm m.v l r e" ' cos mw 

a a 


1 . m f 1 

= ~tr r sin tm v 1 - eP x 

a a \a 


m 


cos i + — Le ax sin m r 
a 


')» 


sin m.v = r* 


. (i sm m.v — w cos m.v 
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°r f T e a * sin mx =■ e a 


. a sm mw - m cos mx 
ro* + a* 

. a cos mx + m sin war 


Similarly, cos war * e ft 

rr» t «* 

• • 

Hence j^e^sin (mar + a) « e^a^cosOsin (war + a - 0), 

where tan 0 = — ; 

a 

.\ f/ e 1 * sin (m a? + a) = e"* a ~ r cos* 3 sin (war + a - r9) ; 
ji®* e" sin (w* + a) = (/, - f* d x + / c s cfi- &c.),x*' , c <M 'sin(wta? + a) 

= e ar {a?" C ° ^ sin (war + a - 0) 
f a 

m . /COS0\ 3 . , A . 

- rcar"- 1 I — j sin (mat + a - 20) + &c.} to n + l terms. 

Hence also we can integrate 
e ix sin in a? cos nx » . 1 { sin (w + n) a? + sin (m - w) ar} , 


85. To integrate e" r (sin.r)", c a '(cosa?)\ 

The integrals of these may be made to depend upon 
jke™ (sin ar) M_2 , and f M ^(c os a?)"" 2 , 
by integration by parts; thus, 

ft** (sin a?)* = - e" (sin ar) n - - f x e kt (sin a?)" -1 cos a? ; 

(i a 

e nx 

but f x e m (sin x)"' 1 cos x = — (sin «)*" 1 cos ,r 

a • 

- - J&e“ {(» - l) (sin x) n ~ 2 (cos a?) 2 - (sin a?)*} , 
a 

g w j 

= — (sin *)"' 1 cos x - - /,e“ { (n - 1 ) (sin m)*' 1 -n (sin ,®)*( ; 
J,e a * (sin a?)" - - c" (sin x) K - — e" (sin ,b )" _1 cos x 

ft or 

+ — ^ f r c“ (sin *)"-*- “ f r e" (sin ,r)% 

a a 


15 
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or f t e" (sin w) n * e" (sin *)' 


(o sin x — n cos sc) 


»(«-!) . 


+ a* 


fe?* (sin w) n 


.. , , .» «, ... (acosaf + nsina) 

Similarly, f, e (cos a>) =» e (cos «)■ 1 — 


+ ~~T — iT jk®"* (cosar)* - *. 

+ a* J 

86 . The two integrals of the preceding article may also 
be obtained, by substituting for (cos®)” and (sin#)", their 
developments in sines and cosines of multiple angles, according 
to the formulae of Art. 77 . 

Hence the general term of fae™ (cos #)", is 


1 ra(w - I) ... (n - r + 1 ) 


1 . 2.3 r 


- f T e** cos {n - 2 r) #, 


which 


1 n(n ~ 1 ) ... (» - r + 1 ) 


1 . 2 . 3 . 


M a cos (« - 2 r) oc + (» -2 r) sin (n - 2 r) m 
6 a 2 + (w - 2rj 2 

and to obtain all the terms, r must be taken from 0 to * n, 
when n is even, and to ( n - 1 ), when n is odd. 

87- It may be observed that all functions of sin on and 
cos#, may be converted into exponential functions, by putting 
for those quantities their exponential values, viz. 

— 7 = - e-^~) y and A (e*^ + e 

2 v'-l 

By this transformation, some expressions may be readily 
integrated. 

Ex. sin mw = — f x («(»+»V r T)« — 

2 v — 1 

1 ✓ g(«+w\/^T|r e( n-TO N /'TT)x \ 

2 \/“l a-m - 1 / 
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a + to 1 


(“• 


eW- 1 + e-~v rr i\ 


- to . 


2 v/— ”i 
f" (a sin to a? — m cos m.r) 
a' + m 2 " 


__ . _ (a sin mat - m cos to a?\ 

Hence, since <T a -- - I 

\ a 2 + m* / 


2 y/ 




*\! -\ 


-1 


m 


\/ - 1 a - m \/ 




iy f m 

— - rt n-r cos r+1 9 . sin 1 m a? - (r + 1 ) 9 } , where tan 9 ■ — , 

«" +l a 

/• w. ,«* v. /« sin to - to cos maA 

•. L x n e sin mw = e (a? + a )* - — - I 

J V, or + m* / 


£ 

= __ J(a«'p)"cos0sin (m® - 0 ) - w (o.v)*" 1 cos 2 0 sin (wa? — 20 ) 
& 

+ n(n - l) (fl.r)" -2 cos !, 0sin (mar -3 9) - &c. to(n + l) terms}. 


Similarly, 


since 



a cos to. v + to sin m.v 
to 2 + o 2 



x cos {ma? + (r + 1)0}, we may find f x ,v n c a ‘ con m<v; and also 
f x .v p e n * (cos.*)", by differentiating with respect to a the general 
term of f x e ax (cos®)" in Art. 86. These results agree with 
Art. 84. 


88. To obtain the integral of c“* (sin .*)" (cos.*)", we 
must endeavour to express (sin a?)" (cos .*)", by Simple dimen- 
sions of cosines or sines of multiples of .*. 

Ex. f x c* (sin a?) 4 (cos a?)* ; 
let 2 cos a? *■ * + 

.-. (2 y/ - 1 sin a?) 5 (2 cos a>) 2 = (x - z~ *)* (» + *“')* 

« (ar - *-')* (** “ » -! T = (*’ ~ *~ 7 ) - 5 (a* - ar s ) 

+ (*® - *" s ) + 5 # (« - ST 1 )* 

2* (sin a?)’ (cos .*)* * sin 7a? - 3 sin 5® + sin 3 at + 5 sin a ; 
and the proposed expression is transformed into 
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— (sin7® - 3sin5® + sin3® + 5 sin®), 

each term of which is integrable by Art. 84. _ j 

89. All such expressions a& j,u sin"'v, f,u tan v , , &c. 
where uande represent functions of ®, must be integrates y 

P" 1 " f f f,n.d, V 

Ex. l. Ji«8in" 1 » = sw»' ,,, /* W "X V /^'J^‘*' 

c sin"’ ® ® sin" 1 « r j . 

HencC /.(T-"®*)» = - ^ l g ^ ’ 

®" +l . i r a;n+ \ 

and /.®* sin" 1 ® - ' r - * 

/«W r ®* 'y/lF^a* __ 

/,sin'‘ V ^ " * 8in " ^ ft* -n>* + J* (ft* -«*) \/o* - ** 

l®v/£-«*' 


: tP sm 


-» a/- "^- v / & f -« 5 ® n * , i- 6tan 

^ ft* - ® 2 8 

. r rf.u.dtV 

Ex. 2. f,utan-'v = tan" » J,« - J t ~ 


l +t>® 


/•® a tan -1 ® , ... fjL _ f(-±- f — i) 

Hence jT — — = tan 1 J, i + ** L \1 + ®* J* 1 + *W 

= tan'* ® (® - tan' 1 ®) - £ j ^ 0* ” tan " 1 

. tan' 1 ® (® - tan" 1 ®) - log V' + «^_+ 2 ( tan '' *)" 

=, tan" 1 ® (® - ^ tan -1 ®) - logv^+ **•_ 

Also /, tan' 1 \/- - (® + «) tan' 1 \/ *- - y/ ax. 

ft. 


a 
. a? 


Ex. 3. /, versin' 1 ^ *= - /*d*( a " v ) ver8in * 0 

X r Q> — 
= versin' 1 - + 


_ (o - ®1 versin' 1 - + ^/‘2ax - ® J . 

V 7 (l 
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90, In like manner the expressions n cos (mat -f a), 
u sin (mat + a), must be integrated by parts, u being a ra- 
tional function of at. 

# Thus, by formula of # Art. 02, 

Lit cos (mot -fa)*— (1 - Ld s + £* d! - &c.) u sin (mat + a) 

* — {asin (i»/r-fa)+— cos(mir+a)d <P w--^sin(nM?+a)dJi*-&c.}; 

m m nr 

the last term being ~ - cos (mat + a + ^ nir) provided u 

be an integral function of n dimensions. If we change a into 
a - wc get a formula for f r u sin ( mat + a). 

Ex. 1. f r jt* cos at = a? sin at - 2 f M at sin at 

= or sin a* - 2 (- at cos at + sin J?) * of sin«r + 2# cos# - 2 sin .r. 

And generally 

fjOt* cos at * sin a? {.x*" - n (n - l) af~* + n...(n - 3) - &c. \ 

4 * cos at \nat*~ x -n(n- 1) (»- 2) a?"“ 3 + «...(» - 4) &c.|. 

Ex. 2. /,ar* sin#* - ar'cos.i? + sin<v + 6tfcosff-6sintf. 

And generally 

f t i r"sin«i?= -cosjr{.r M - - l)af~* + w...(» - 3)af~ 4 - &c.( 

+ sin a* - n(n - l) (» - 2) a /"“Vf n...(w - fcc.J, 

the last terms of the scries within the brackets being 
® 2 

(- 1)* [n, and - (- I)* | n .at, n even ; 

«-l W-l 

and (- 1) * .|n®, and (-1) 8 .[», « odd. 

If u be fractional, we have 

f r ucos(m,v + a) = 0 - f t d, + f* <P X - &c.) cos (m,v + a)f t u 
- cos (rax + a)j,u + msin(m® + a)ffu - fn 8 cos (true + a)j£*tt- &c. 
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Ex. 3. f s <v- n *inw 


#“ n+ ’ sin # #"*’*‘ 8 cos w 

n - l (» - l) (» - 2) 


„-«+3 


sm # 


+ &c. 


' (»-l)(»-2)fy-8) 

. , . i . r sin & r cos # . . t . 

the last term involving / , or / , which can be 

Jx # J x # 

integrated only in infinite series by expanding sin # and cos #. 


91. The following integrals may be reduced to those in 
the preceding article. 

1. fg (sin -1 #)*, by making sin” 1 #***; for it becomes 

X (sin" 1 #)" d,# m f a *" cos *. 

2. ^^(cos#)", and f x aP(amx) m , by substituting for 
(cos #) m and (sin #) ro their developments in simple dimensions 
of the sines and cosines of multiples of #; for then each term 
will be of the form, a a? cos r#, or a#" sin r#. 

Ex. J>’(cos*y-iX .t® (cos 3® + 3 cos a?) 


— X (S^) 2 COS 3 (3a>) + | X .«* cos * 
108 


108 


{ (3#) a sin 3# + 2 . 3# . cos 3# — 2 sin 3#} 


+ |[ (#* sin # + 2# cos # - 2 sin #). 

*#* sin" 1 # 

\/l - 

comes X sin” 1 .rd, (sin vl #) = f g (sin »)* . *, and so is reduced 
to the preceding case. 


r 


, by making sin" 1 #**; for it then be- 


92. The following integrals, involving circular functions, 
deserve notice, as several of them occur in the application of 
Mathematics to Natural Philosophy. 


1 . 


/ 


a (cos i) s + b (sin ®)* 


/ d, tan .v 1 / /b\ 

_a + b (tan »)* “ Un V*” * ^ a) ‘ 
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J r 1 1 . -a sin a? + 6cos® 

* a + b tan a ~ a* + 6* * ' * a cos ® + b sin a ' 

« - ■ { b log (o cos ® + 6 sin ®) + a®} , 

<r+“ • 

S * I x a + b (sin ®)* 

r — d x cot a* 1 _j /cot tey/a\ 

J*a + b + a (cot ®) 2 a* + ab * \ \/ a + ft / 

r sin ® (cos ®) 2 1 r sin ® j 1 + c* (cos «r)* - 1 } 

*' J x 1 + c* (cos .i) 2 c* J a I + c® (cos ®) 2 

1 r( • rf, cos® 1 cos® 1 , . 

5. X cos at y/ \ - c® sin* ® *= - X d, (c sin ®) . y/ X - (r; sin ®) 2 

J c 

«= i sin ® v/l — c® sin® ® + — sin -1 (c sin ®). 

8 2c 

6. j£ sin®\/ 1 -c*siii*® = - - f M d x (cco»oo)y / 1 -c*+ (ccos®) 2 

C • 

1 — C 2 / 

- icos®\/l - c® sin® ® log (c cos ® + v X - c 1 sin®®). 

* 2C 

7. f t sina> (1-c® sin 2 ®)* * *- -£<f r (ccos®)(J-c 2 +c 2 cos 2 ®)< 

c 

s 

— £cos«r (1 - c^sin 8 #)^ + — - — “ f x sinw\/ 1 - c*sin 2 a\ 


8. L sin 3 a (1-c? 2 sin 8 tr)i * (l - c* sin*#)! 
J 4C 

Sc 2 + I , . y~ j-r-j— 

+ — ~£ — J* sm ^ v l -c 8 siir#. 
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r (cos#) 3 1 /»cos ftji - l + fl» (cos <r) g } 

J* 1 - <r (cos a?) 2 c 8 ^ I — c 2 (cos »)* 

1 /•( d*sinff 1 

{l - c* + C 2 (sin a ?) 2 “ C ° 8 * J 
1 Y f csin to \ sinar 

<? v/ 1 - c 8 \v/ 1 - c 8 / 

/• tan# r sin a? 

10. / y ^ ==.^ =a=r- = 

•'* V a + b (tan a?) 2 *• y/ a (cos to) 2 + b (sin a?) 8 

L f~d € {y/ b~-a . cos to) 

\/b~— a J* y/b - (b - «) (cos a ?) 2 

1 r . /-x/fe - a cos «r\ 

= 76-V 08 ~ v 7* /’ 


7& - a 


r l * r n + ( Rin w ) 

11. / . V 1 a + ft (sin a?) 8 = / ' — 7» 

J* sm to v v Jr sm to \/ <i + b (sin w) 2 

r( a d T cot to bd r cos to 1 

J* l \/a + 6 + a (cot to) 2 \/ a + b - 6 (cos J 

= - ai log cot a? + \/ a (cosec to) 2 + b] + b$ cos" 1 ■ 


J r 1 r XV 

x a+2bco&to+cco&2to X2ac+4i>ccosa?+2c 8 (2cos a ,tf--l) 

„ r 2c «//■ ... J r .) 

Jx (SCCOSA’+A) 8 -® 2 , C (/* 2CC0S,2? + />-C ^r2cCOSa?+6 + Cj ’ 

where e 1 s - 2c (a - c). 

93. The following are miscellaneous Examples of the 
processes of integration described in this Section. 

1. j£ a?e* r cos to * 1 ,t?e r (cos to + sin to) - ^ e* sin a?. 

r sin In cot" 1 to) sin (n - 1) * sin*" 1 #, , 

2. / -- «- - -t — , where 

(H-O 5 

» « cot" 1 a?. 
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3. f j£(acos* + 6 sin #) cos #*•“ V' 

putting * = tan” 1 a?. 

• - \ . l . „ l . 1 . l 

4. Jlcostf cos2a? cos 3 a? * — sm 6a?+--sin4aM— sin2a?+-a?. 

24 16 8 a 

5 _ ^ 2 bd T \/a+b sin a? 2bd g u 

cosa? \/ a + 6 sina? &*- (<t + 6 sin# — of V — (m* - a) 8 

k d x M 

u* + b - a + At + /> - u* * 

X I /• rf r sin.r 

\/a + 6 tan*«r J* \/a"- (a - b) sin 8 a? 

1 . _i /sin my/ a - 

y/a-h \ y/ a ) 

b sec 2 a? + a — b 

7* y/a +b tan 8 a? = -7—- 

yo + 6 tan 2 a? 

fcd, tan m (a - 6) d x sin x 

\/ a + b tan 8 # y/ a - {a — b) sin 8 # 

8. sec 8 a? \/ » + b sec 8 a? = d r tan x . \/a 4- b + 6 tan 8 a?. 

9. / x/cot^a - cot 8 a? - 7 — cos- 1 — ♦sm” 1 — - 1 . 

«/* sin cl \cosa/ \cot 0/ 

/- 1 /- see 2 #* 

J* a + b cos 8 a? J* a + b + a tan 2 ar 

" t __ 

1 , fy/ a tan x\ 

= - : ■■■ — -r- — tan" 1 J . 

\/<x (« + &)* + 

/•I 1 ’ /tana?- v/?^ 

7. 1 - c» co8*.r = 2 v/? ^ 1 ° g Vtan ® + v/?- 1 ' 


16 
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SECTION VII. 

INTEGRATION BETWEEN LIMITS* AND BY INFINITE SERIES. 


Art. 94. When a proposed function cannot be integrated 
by any of the preceding methods, it must be developed in an 
infinite series, and each term separately integrated. Integration 
by series is of great importance, because the integrals which 
arise in the application of mathematics to the different branches 
of Natural Philosophy can/rcquently be obtained only by this 
process. Moreover they are usually required not in the state 
in which we have hitherto obtained them, where the variable 
and constant remain undetermined, but between limits : that 
is, the value of f r u is required when x ■ b f under the condition 
that its value, corresponding to x = a, shall be 0, or a given 
quantity; in other words it is the difference of the values 
assumed by the integral, when for the variable two particular 
values are successively substituted, that is generally wanted ; 
in taking this difference the arbitrary constant disappears, and 
a result is obtained in which no part is undetermined. 


95. Hence, it will first be necessary to explain the method 
of correcting integrals, and of finding the values of definite 
integrals or integrals taken between given limits. 


It has already be?n stated that an arbitrary constant must 
be added to every integral to make it complete; and it is 
often convenient to give the constant the same form, as the 
expression to which it is annexed, by which means the result is 
simplified; thus 


y** e n logo? - fi logc * n log- = 

J f tan’“ 1 «*+ tan~ l c= tan" 

# X + X* 



J X + c 
1 - xc 
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It was also shewn how the value of the annexed constant 
might be determined, when corresponding values of the integral, 
and of the variable x f were known. This may be made clearer 
by the following illustration. 

If A represent the area of a curve, contained by the arc, 
the ordinates at its extremities, and the intercepted portion of 
the axis of x 9 it is proved ‘in the Differential Calculus that 
d x A m y, 

A = f,y ■ 

Now let y = f(x) be the equation to the curve J?Q, Fig. 1. 
where AM = x, MQ = y, 

.*. the area — j£/(a?) m 04^) + C, suppose. 

But if the area PNMQ be required, commencing with the 
fixed ordinate PN for which AN = a, then when x = AN** a, 
QM coincides with PN, and the area vanishes, 

0 = 0 (a) + C, or C - - 0 (a) ; 
area PNMQ = 0 (a?) - 0 («) ; 
and if AS = b 9 area PNSR « 0 (b) - 0 (a). 

The expression for the area PNMQ is a corrected integral, 
that for the area PNSR a definite integral, and the expression 
0a? + C an indefinite or general integral. 

96. The quantity we have expressed by 0(«) may other- 
wise be expressed by and this is the notation we shall 

employ. ^ # 

Hence f x=a u denotes what the integral of u with respect 
to x becomes, when in it a is substituted for x ; and 

£=»«-£=.«> °r 7> 

(as we shall in future write it) denotes the value /(«, b) 
assumed by f x u 9 when in it b is substituted for x 9 the condition 
that it vanishes when x = a , having been previously introduced 
in determining the constant; it is called the definite integral 
of u between the limits x ^ a 9 x si; and a and b are called 
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respectively the inferior and superior limits. Since every 
function of x may be supposed to represent the ordinate of a 
curve, the problem of finding f x u between the limits x ■ a, 
x = b 9 amounts to nothing more, than to find the area of such a 
curve included between the ordiaates corresponding to w =<z, 
x = b. 

The sign of definite integration employed by Fourier 
r b 

and other writers is j a , the superior limit being placed 
uppermost. 

97* On account of its great importance, we shall illustrate 
this matter still more particularly, by supposing the curve 
in Art. 95 to be a circle, and the origin of the co-ordinates in 
its center ; 

CN = x 9 PN = y, CB = o, Fig. 2. ; .% y = y/ a 2 - a ? ; 

.\ area = j£ v/a* - — 5 \/ a 2 - a? 2 + ^sin -1 “ + C. 

Now if the area of the portion BCNP be required, that is, if 
the integral vanishes when x = 0, since the quantity 


x 


2 2 a 

also vanishes in that case, the above equation becomes 
0 0 + Cj C = 0 j 

•\ area BCNP = - </* a* — 0 * + - sin” 1 - . 

2 2a, 

Hence, making x « a, the area of the quadrant BCA 


a e . 

« —sin" 


1 2 2 


_ 

4 


that is, the definite integral of — between the limits 


i 0, .r a, or °f* \/a 3 - .** = 
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Hence we see the difference between a definite, and a cor- 


7Td 


rected integral ; for from the expression — - , it is impossible 


to discover fully how at entered into the function from which 
•it was deduced; and, as # we shall see , it might have arisen 
from integrating several other functions; whereas the inde- 
finite, but corrected integral, 


x 71 — 2 a i * 
- y/ar - a* 2 + — sm 1 - 

2 a 


by differentiation re-produces the differential coefficient 

\/ a* — a? 2 , and by its form merely implies that x « o is its 

orign, and is still available to find the expression for any area 

contained betw^pn parallel ordinates of which BC is one ; thus, 

•r a 

if wc suppose x s= - , 

2 

a a \/ 3 a 2 7r d* [3 \/ 3 \ 

area + — — = — I - + 7r|. 

4. 2 2 0 12 V 2 ) 


98. When the general value of an integral can be ob- 
tained, its value between any required limits can of course be 
deduced. But there are many integrals whose values between 
particular limits can be obtained in finite terms, although not 
their general values by any known method. We shall first 
give some instances of deducing the value of the definite in- 
tegral from the indefinite one, and afterwards exemplify the 
other case. 

Wc may here mention that, in definite integrals, the sign 
of the result is changed by changing the order of the limits ; 
for if 

jU« - /,=„« - &)> then f^ a u - jf - - 0(a, 6). 

Ex. 1. To find the value of between the limits 

X S= 0, x « 1. # 

The general integral is - — + C; 
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therefore, making successively m « 1, m m o, and subtracting 
the results, 


Ex. 2. To find the value of f g e M sinmm from w*=0 to 
a? = 00 . 

The general integral is 

a sin mm + m cos mm 


fj,e~ a * sin m m = C - e“ 


ra 2 + a 2 


therefore, making m = 00 , a? = 0, and subtracting the results, 

0 /*® _ nx • r 

/, c smma? = - 
y m* + a* 

Hence, making « = 0, 7c* s * n ! 


i 

m 


Similarly, °fte~ ax cos ma? > 

m sin m a - a cos ma 

+ eT 


; and 7* cos mx ~ 


Also by Art. 78, "ffcosmcc cos wa?, T* s * n mx nx > vanish 
for all integral values of m and n 9 except tfhen m = n and 
then each * ^ 7r. 

Ex. 3. To find the value of f g (sin m) n between the limits 

x * 0, m e ^ 7 r, n being a positive integer. 

» 

The formula of reduction for f g (sin m) n is 

f t (sin «)"=— — cos ar (sin a?)" -1 + — f t (sin «)*“*, 

in which, if we make successively #b|iT) <r = 0, and subtract 
the results, since the integrated part vanishes by both sub- 
stitutions, we find 

l 

7, 4ir (sin.r)- = ”‘~7. 4ir (si^)«=; 
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change n into » - 2, n - 4, &c. successively, 

°jT*’ r (sin *)-» - (sin *)-\ &c., 

Jill, if n be even, we come to 


•j^(sin 



therefore, multiplying all these equations together and striking 
out the factors common to both sides, we have, n being even, 

/• v. (» - t) («-3)...3.1 w 

(sm w) n . 

»(n-2)...4.2 2 

If n be odd, the last integral will be 



•jC»- (A.*)*- 5^ dn.-|; 

•{* («■»)• - ft=pSs=Ss£^ , 

J V 7 »(»-2)...5.3 


These results ought to be retained in the memory, as 

(sin .t?)" is a definite integral which is often met with, 
and one to which several others may be conveniently reduced. 

Thus f s (cos a?) n =3 - f t (sin z) H , making x = J w - z ; 

°Jt* ir (cos x) n « - i7r / z ° (sin *)" m °f} ir (sin #)% 

since when x = 0, # = 1 7 r, and when a? « ^ vr, * « 0 ; 

that is, the value of f x (cos a?)" # between the limits a ** 0 , x m — , 

* ^ 

is the same as that of ^ (sin x) n between the same limits. 


Ex. 4. To find the value of f — — between the limits 

x «* 0, x = a, n being a positive integer. 

This definite int%ral might be obtained by means of its 
formula of reduction, as in Ex. 3. ; but it may be reduced at 
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once to that integral by putting - = sin x, when it becomes 

a 

a"°j£ i ’(sin#)% 

since w • 0 when % «= 0, and <r « a when * « ^ ?r. Hence 
changing n into 2r + 1, and 2r, according as it is odd or even, 

•> ^ r ‘ hl #r + / 2r(2r-2)...4.2 

y \/ 0* - ( 2r + 1) (2r - 1)...5.3 v 

°f a _* 2r m 2r &r-l)(2 r -3) ...3 . 1 tt 

J* \Z~(tf — ,r s 2 r (2 r — 2) ... 4 • 2 2 

X I 

— — --- between the limits 
(a* + w*) n 

,r = 0, a? «= co , w being a positive integer 

a? I 

Putting — = cot z, this becomes - — — ( *"f x °( sin*)*" -2 , 

since a? = 0, x = Jir, a? = «> , « «= 0 are corresponding values ; 
Y® 1 1 (2n - 3) (2 m - 5)...l *ir 

' ' J, (a* V®*)* “ a 7 "- 1 (2« - 2)(2«-T)..72 ‘ 2 ' 


Similarly, by putting - = 
n j£“(2a® - ®*)" + i - a*" +s 


vers *, we find 

(2n + I) (2« - !)...! it. 

( 2 »+ 2 )( 2 ») ...22 


Ex. 6. To find tlw value of (sin a?)" 1 (cos ,r) n between the 
limits ® = 0, ,r = ^ 7 r; m and «* being even integers. 

By the formula of reduction Ex. 2. Art. 73, nre have 

^■'(sina?)’" (cos®)" ~~ °j^ ir (sin ®)" (cos®)" - *, 

&c. « &c., changing successively « into n - 2, » 4, &c. ; till 

at last we come to • 

7 ix ( sin *)■ (cp* x ) 3 * 7* lir ( 8in •)• ; 
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- 

therefore, multiplying all these equations together, 

• (n — 1) (n — 3)...S . 1 (to — 1) (to — S)...S. 1 it 


(m+ny(m + n~2)...(m+g) m(m - 2)..,4.2 g 

- (” ~ 0 (”- 3). ..3. 1 x (to - 1) (to - 3). ..3 . 1 J* 

(to + ») (to + n — 2). ..4. 2 w' 

Ex 7. To find the value of »jT\ r" (log^-] , to and n being 
any positive quantities. 

Integrating by parts, the formula of reduction is , 

(log-] \rn [log-] + — J f„X m (logi] 4 

A col to + l \ ° »/ »+r \ 8 ®/ 

now the integrated part, which depends upon 

: 'KHr 

or (logL) -i- { 1) log!+ . . . + ^—^-.(logi] * + ' + &c. } , 
manifestly vanishes at both limits, 

- srri'if ( 1 °e;)' '• 

By this fprmula when n is a fraction, the proposed integral 
can be inadejo depend upon 

°f*i v m (where r is >0< J), 

the value of which we shall hereafter shew bow to find. 

n 
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But when n is an integer, 


°/>" flog!)** 

1 \ b at) (m + 1)* +1 


(m + 1 )* 

Hence also, multiplying both sides by (- l)*, 


(log®)" = (-!)" 




I 1^ + 1 ' 

V"" + 1) 

Also, since 

. , . ®* (log ®) ! ® 3 (log ®) s 

®* = 1 + ® (log ®) + — ----- + — — °—L + & c ., 


1.2 


1.2.3 


, °r i <T n (log®)" v 1 

a " f, 1.2 Ts’.TTn = _ ^ (n + i)"+> * 

similarly, = 1+1 + 1 +* &c . 

If in the above two formula m » 0, we have 

°P (log ®)» = (- l)" (n, °£ l (log Ij " - [n. 


Ex. 8. To find the value of °f" a? e~*/n being a positive 
integer. 

Integrating by parts 

f^e"* *= - x n e~* + n f x <v n ~ l e~* 9 

••• °f* L # n e~* 

’ &c. « &c. °f" we~* «s Q f*e~* * 1, 

therefore, multiplying these equations together, 

°f x tc e~ t CD n as jn. 

The integral O f 9 ao e" 1 w n ~ l 9 n being any symbol of quantity, 
is known as Euler’s Second Integral, and has been denoted by 
r, so that 

r(n) = 0 £*e~'a*-'. 
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Hence when n is an integer, T(n) « |ft - l, or expresses the 
continued product of all whole numbers less than w. 

By putting e~ m = *, so that x «= 0, # » 1, and w « oo , z « 0, 
are corresponding values, we get the integral in the form under 
which it was originally treated by Euler, viz. 




r(»). 


Also by putting x n *= y, another form is f(ft) ■ 
Let .% j£ x H e~ x = f t i 2at(a t^) n 




Of/*-* l 


I 



99. The following properties of definite integrals, where 
the values of the quantity under the sign of definite integra- 
tion are periodical, it will be useful to notice. 

If f(x) do not become infinite between x = 0 and x = a, 
and be such that /(a?) =* -/(a - a/), its integral between the 
limits a? = 0, x « a, will vanish. 

For if /(«r) be considered as the ordinate of a curve, 
this curve will intersect the axis when because, making 

x = we have 2 * 0, or /(J a) = 0. Also between the 
ordinates corresponding to x = (), ,r = the curvt will consist 
of two equal and similar portions, one above, and the other 
below the axis ; since, making x = ^ a + we have 

/(£« + ») = 

or the ordinates equal, at equal distances from the point of 
intersection, but of different signs. But the area corre- 
sponding to a negative ordinate is negative; therefore the 
sum of the areas of the two portions, that is, the value of 
the required integral, is zero. 

Hence zero is the value of the definite integral 
cos x . R { (fos a?) 8 , sin x \ , 

which occurs in the investigation of the attraction of spheroids. 

Similarly, “®£ +fle ,v 8,,+1 = 0. 
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Again, if f(x) be such that f(x) **f(a - x) 9 and conse- 
quently + *) - *)> the area between the ordi- 

nates corresponding to x = 0, x « \a 9 will be equal to that 
between the ordinates corresponding to x = x = a, and will 
have the same sign, 

••• 0 /,“/(A') = 2°/>/(*). 

Hence ‘ "jk* “aPe-** = e"' lV . 

Generally, making # = a + /3 - a?, we have 

•JLVM - "V.7(« + /3 - *) = ‘///(« + 0 - *), 

a formula including the above results, and sometimes leading 
directly to the value of a definite integral ; for instance 

o x sin x 0 f n (w — sin a? _ ^ 0 r* sin # 7r s 

J, 1 + cos 2 J w 1 + cos a «r 2 i, 1 + cos 8 x 4 

Also w = °f x iir log (sin x) = °fJ n log ( C os *r) ; 

( t J sin 2x ) = ^ 7 r log (£) + u / t i,r log(sin2cr) 

= f lo e (4) + «; °JC*' lo g ( sin ») = | lo g (|)- 

100. If f(x) be such that f(x) = /(« + x) 9 then since 
for every addition of a to the abscissa the same area will recur, 

° ( ,T ) — / (®V 

Also it is evident that, instead of taking an integral 
between the limits a and b 9 we may take it between the limits 
a and c and between the limits c and b 9 (c being any inter- 
mediate value of x) and add the results together, and we shall 
obtain the same value for the definite integral in either case ; 
for considering the expression to be integrated as representing 
the ordinate of a curve, the first area will be equal to the sum 
of the two others. In the same manner we may resolve an 
integral which is to* be taken between given limits, into any 
number of others, the limits of *^hich are intermediate to those 
of the former, the termination of one integral being the origin 
of the next, it being understood that the expression to be inte- 
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grated does not become infinite for any value of a? between the 
extreme limits. » 


101. We next come to the case of those integrals whose 
values between particular limits can be obtained in finite terms, 
although not their general values by any known method. The 
following are the principal methods of finding the values of this 
sort of definite integrals. 

1. By transforming or combining the values of other 

definite integrals. 

2. By expanding the expression into a converging series, 

integrating each term separately, and summing the 
resulting series. 

• . 

8. By using imaginary quantities, so as to convert the 
given expression into another capable of integration. 

4. By differentiating or integrating under the sign of 
definite integration, with respect to some quantity 
not affected by that sign. 

We shall give a few of the most remarkable results that 
have been obtained by each of these methods. 


102. To shew that ■= 

Since, Ex. 5, Art. 98, / , — — = } 7 

0 +**)" (2n-2)(2n-4)...2 2 

T\ 


let 


07= -p:, then / 

v* J ‘ A + jj) 


■ y/ n 


(2» — 3) (in — 5) ... 1 ir 


(2 » — 2) (S n — 4) ...2*2* 


• / f S \ W ~ n i 

Now suppose « infinite, then /l+-j = e~ l ‘ \ and by 

Wallis’s Theorem (Theory of Equations, p. 30), we have 
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2* 4* (2« - 2) a 

2 ~ 1 .3 ’ iTi'"' (2» - 3) (2/4 - 1) 

second member becomes y/ n . 


(»e«); consequently the 


Vvin-\) 2 

103. This result will enable us to find the values of some 
other definite integrals. Thus 

and differentiating n times with respect to a, we get 

- 0 #a . A- 1 .3.5 ... (2 n - 1) 

= A V-- “V ^ • 

' 2 a (2 a)" 

Again, let 0-‘ J = .r, or = ^log- j e'^dj = - — ; 

••• j»e" r = fxe~ e d x t = - £ jf ^log -i j ; 
also when / « oo , a? = 0, and when t = 0, w » 1 ; 


Hence, Art. 98, Ex. 7, « being a positive integer, 
l\" +i _ (2n + 0 (2w - I). ..3.1 
" ~ 2»+> 




\/ 7T . 


X ft Q0 71- 

— 

1 +#" . WITT 

» sm — 
n 

m and n being positive quantities, and m<n. 

When m and n are integers, this result may be obtained 
from the general integral of # already found, Art. 42; 
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but we shall employ the following independent process, which 
consists in expressing the value of the integral in a series, and 
summing the series. 

Instead of integrating between the limits «r = 0, ,x = x , 
tfe shall separately integrate between the limits at ■* 0, & « l, 
and x * 1, w « x , and add the results. 


J c ^ 

■ « £«" -1 (l - ar* + - ar 1 " + Sic.) 

jt 1 + & 

w m x m+n 

&c. + C ; 

w m -f- w m + 2 74 

V 1 *” , ‘ 1 111 1 

I = — — + — + &c. 

./* 1 + a?" w m + n mi + m + 3* 


;am, 

,»# — i 


J r .r w “‘ r a , ' w " w “ l 

f - ; * / - = (l - ar* + ar # * - a?* 3 " + &c.) 

, l + x n Jx 1 + or* 



*■-*» 

a? w “ 

i 

m - n 

19! - 2tt 

T 

m - 

tx> - 1 

1 

l 

; r+v 

71 — m 2w - ; 


&c. + C, 

1 


(since n is greater than m) ; therefore by addition 


D t j> m ~ 1 


1 + X* 

\» 2» 

( 

1 

Vn — m 

- | 

n + m 


1 1 
— - + &c, 


•) («). 


and it remains to sum these series. 


No. - (“) }{< - (£) } mb S ^-«, 

“ T " 0 - 1 ^ }{*-(!)’} 

- o -«<*+« (i ~d (i+|).ic. 
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take the differential coefficient with respect to 6 of the logarithm 
of each side, 

7 T 7t6 ] 1 1 1 T 

- tan — - . + + -7 — - - &c. 

2 2 1-6 1+6 3-6 3+6 5-6 

divide this equation by n , and then make n6 *= m, 


7T W7T 1 1 

\ — tan — 

2 n %n n-m n + m 


+ &c. 

$n -m 3n + m 


Again, since 

sins *|l - ©Ml &c. ; making * = tt6, 


we 


have sin 7 r6 *= tt6 ( 1 6 a ) |l - Jjl. - J . &c. 


= 7r6(l - 6) (l + 6) (l--) (l+|).fcc. 

take the differential coefficient with respect to 6 of the logarithm 
of each side, 


„ 1 l 1 

7 r cot 7 t6 = - - — --- + 


1 1 
+ 


6 1-6 1+6 2-6 2+6 

divide this equation by 2w, and then make 2 n9 = m, 

7T W7r 11 11 1 

— cot — — = — — ■ — ” + — - - — ■ + 

2 n 2 n m 2n-m Qn + m 4 n-m 4 n + w 

Hence, substituting in equation (l), 

°r flD a?” 1 * 1 7r / «?7T m7rl 

/ — - J co t + tan > 

J a l + w n 2 n t 2 n • 2n) 


kc . ; 


- &c. 


wsin- 


m7r 


Among the various results to which this integral will lead, 
we may notice the case of n » 1 


or 


y+-' 

J t l + x sin 


sm Mir 

which becomes °f B i T (tan «) SJm “ 1 a 


2 sin iwtt 


H 
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putting #«tan**, where ip>0<l. This may be verified 
by substituting for tan * its exponential value ; for we get 

7 *-/ i i - 

u ~l \ ’ 

« . jcos (2m - i) ^ - «y - i sin (2m - l) 

= + A#** 2 * + + &c.) 

by expanding the 2nd member; therefore equating possible parts, 

u . sin witt = °f x * n (l + A cos 2* + B cob 4# + &c.) V 


Again, let 1 + &~ H = ar", so that «r « 0, x * 0 ; ,v = oo , 
# = f ; are corresponding values ; then 


B-l <*«-* 


z m ~'d,z 


(1 -SS")’ 


0 /•' *"* 

*'* •£* n\~ • WITT 

(1 - a:")" n sin — 

n 

o r 1 sr m ” 1 7r 1* 1+e 

Hence f — = ; and making - + c * 

J z (1 - *)" sin mir n 

• r i w 

we get / — . 

J v (1 + e«) (l - «)” (l + r) m sin mir 

9 

105. Similarly, by expanding and. integrating, we find 
°/*' a ?" -1 — dp " - " -1 . , 

J, ” °£ (*" - (1 + nf + *»• + &c.) 


1 1 


+ 

— 


+ &c. 

ft - n% 

n + m 

2 n - 

m 

mir 

mir' 

V 7T 

mir 

cot 

tan — 

I = ~ 

cot ; 

t 2w 

2n 

1 n 

n 


18 
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and differentiating with respect to m 

V 1 a?”"' + w n ~ M ~' , 1 ir 3 , mir 

I log - = cosec* 

J t l -a>* w rr n 

°f' a! m ~ l + ir mit 

Also / . —cosec : 

Jx l + 0* n n 

and integrating with respect to m, 

V*®"" 1 -af"-"- 1 fmir\ 

Jx (1 + ®") 1<^ ar ten V2» j " 

106. We shall further apply this method to find the 
value of the following Integrals. 


o « e « + e -« . , 

1. I . sin mx, a being not > 

Jx £J ““ 6/ 


Since = e~* x + e' 3 ” + e* 5 ” + &c., 

the proposed integral becomes 

|e _(,r ~ o) * +e - ls,r " a) * + & c . + e -<’ r+ “ )l + e- (3 ' +a)l + 8tc. }.sin mx, 

which (Ex. 2. Art. 98) . . — „ + 7 - r 2 + &c. 

(ir - a) 2 + m* ( 3 ir - af + m* 

m m 

+ (ir + a) 3 + m* ' (Sir + a) 3 + m* + 

But, (Theory of Equations, p. 32) e m + 2 cosa + e -m = 
if {(ir — a)* + «i s } { (ir + a) 3 + m 8 } { (3ir - a) 3 + m 1 } x 
{(Sir + a) 3 + m 8 | 8tc. (l), 

A being independent of a and m ; therefore, taking the diffe- 
rential coefficient relative to m of the logarithm of each 
member, 


e"+2coso+e - " (ir-a) 8 +m 8 ' (ir+a) 3 +m ,T (Sir-a)*+«» i 


„ + 8tc. 


Y x e^ +_« 
Jt e wi - P~ 


+ e ~ . e m - e 

— • 8,n . (2). 

-p ** 8 e" + 2 cosa + e" 
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2. Let a ■ ir, then (Ex. 2. Art. 98) the first member be- 


V*/ 2 \ . °/*®sinm« l 

0 r® sin mx . e" + 1 1 

‘ * J, e*"- - l “ *e® - 1 “ im ‘ 

3. Integrating (2) with respect to q, we get 

0 /•*«** - e~ ax sin mx . Ie m - 1 a\ 

/ ~~ r: = tan -1 tan- ; 

Jz e * - e x \e" + 1 2 / 

also differentiating this result with respect to m, 

°r cc e ax — e -<u sin a 

/ « COS TO 07 

./* e” — e - ” e" + 2 cos a + e 


ao o-r 

— — cos mx 

C "f 6 

= + e- < ’ +o) '-e- <te+ * , '+&c. } cosot® 
7r — a 3 7r — a 

(w - a) 2 + (37r — a) 8 + m v 

w + a 3ir 4- a _ 

*4" &C* 

(ir + a^ + m 3 (3 ir + a)* + m a 

But, changing a into ^ (ir - o) and m into in equation 
(l), we get 

e* + 2 sin - + e~» — A' {(ir + a)* + mi} |(3ir — a)* + m*} 
x {(5w + a)* + m*} 5tc. 

therefore, differentiating relative to a and then changing the 
sign of a, we have 

j cos^q 7r + a Sir — q 

* e 1 " + 2sin £ q + e - *" (ir + q)* +m* • (Sir — q)* + m* + 

^ cos | a ~ ir — a 3ir + q 

2 e*"-2sin \a + e~ im (ir - q) 3 + m 3 (3ir + «*)? + m* + 
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e* m + e~ im 


e m + 2 cos a 


■*» o » 

cosia = f 

+ e~ 1 * J m 


er + e~* 

e"* + e"" 


cos mx. 


5. Integrating this result with respect to a 9 and dif- 
ferentiating relative to m, as before 


e* m + 2 sin ^ a + _ ~r~e~ - e 

* e im - 2 sin Ja + e~ im J* e** + e~ 

— sin A a * / 

+ e m 4 J * 


e** - cos mx 

93 


and 


c* w - e~* m 


Vr-e ’ 0 


+ 2 cos a ■ 


x 


sin 0 i#. 


„ . V c cosm# . i 

6. H.-o,"b»e( e „ + e ..„ 'i-sq^rs,: 

and multiplying both sides by e ~ am , and integrating relative to 
m from w» = 0 to wi = oo , we get 

° r * l 1 ° r ® e~ nm ‘l V 1 

J , (a* + #*) (e w + $“**) 2a e* B1 + 2a ^ 1 + # * 

putting the value of which is log 2 when a = and 

1 - ^ 7 r when a = 1. 

107. The following is another class of Integrals whose 
exact values may be obtained by expanding the expressions to 
be integrated in converging series. 

1. Let m be less than 1, and 2 cos# = x + x ~ [ ; then 

logO + 2 m cos x + m s ) = log (l + mx) (l + mx' 1 ) 

« m (x + x' 1 ) - \mr(x* + s~ c ) + (x 3 + x' 3 ) - &c. 

* 2 (m cos # - cos 2# + ^ m 3 cos 3# - &c.) (l). 

But if m be >1, then m _1 is < 1, and the converging series for 
logO + 2m cos# + m 4 ) = log m* + log(l + 2m" 1 cos# + m" 4 ) is 

2 log m + 2 (m“ l cos # -j ^m _e cos 2# + \m ~ % cos 3# — &c.) ; 

”f / log (] + 2m cos # + m ! ) = 0, m < 1 ; 
and °j£ w log (l + 2m cos # + m 1 ) =2ir log m, m being > 1. 
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2. If we assume n 


the value' of *», and m • 


, , then n is < 1 whatever be 
1 + nr 

1 v 5 v/l — »* 


, taking the upper or 

7C> 

lower sign according as m < or > 1 ; and we get from either of 

the above results, °f/ log (l + n cos a?) » ir log ( ^ . 

v, 2 / 


It is obvious that by these substitutions we can always 
pass from an expression involving 1 + 2mcosd? + m 8 to the 
corresponding expression involving 1 + n cos x. The new 
formula will be less symmetrical but will combine two cases. 


3. Integrating by parts 

f g log (1 + 2 tn cos x + m s ) 


i \ „ v r 8in x 

x log (t + 2m cos x + nr) +2 m a , 

J Jg l + 2m cos x+m* 



x sin x 

1 + 2m cos x + m 2 


= - log , 

m 6 1 - m 


m< 1 ; 



m 

m - 1 


m > 1 ; 


which are both included in 7" . * 8in ® _-log’( 1+V/ ^ 

l+wcosa? n \ 2(1 —w) 


4. Multiplying both sides of equation (1) by cosr# and 
integrating, since (Ex. 2. Art. 98)* every term vanishes at 
both limits except that involving cos 2 rx , we get 

°J,’ r cosrxlog(l + 2 m cos x + rri*) m — (- m) r , or J , 

according as tn < or > I ; and integrating this by parts, we get 


V sin x sin rx w , ... ir/-l\ r+l 

5. / „«=■-(- m) or - I } , 

J x 1 + 2m cos x + mr 2 2\mJ 

according as m< or >1. 
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6’. Hence Y"- 81 “® s tan-» (■ aMnJ? ) 

Jj, 1 + 2 m cos® + mr \l — a coax/ 

y * sin® (a sin® + ^a* sin 2® + &c.) 


1+2 m cos ® +m* n 

- — log (1 + am). 
2 TO 


(Trig. p. 94.) 


7 . Again, - 1 - 

1 + 2m cos® + m* 1 - m* \l+ms l+»»* _1 / 


1 

1 - m? 


(1 - 2m cos ® + 2ira a cos 2® - 2m s cos 3® + &c.), 


0 it 


COS TOD 


(-my 


f, 1 + 2 m cos &• +m i 1 - m* 


(m< 1 ). 
\/l - » 8 - *1 V 


„ V cos r® ir (vl-Tr-l\ T 

Hence / — - ) , 

J, 1 + n cos ® y/\ _ V n ) 

°r n cos r® 7r ((v/V-i* 2 - o) r J 

4 (a + ftcos®) p ft r j p -1 ( \/a*-b a j 

8. Also (Trig. p. 87.). cos rx (2 cos ®) r 

= 1 + cos2r® + r {cos (2 r - 2 ) ® + cos2® j 

+ Y | cos (2r - 4) ® + cos 4®J + &c. 


, . . ' °fi r cos r® (2 cos®)' 

therefore, putting 2® = z, / — 

° J t l + 2wicos2® + 


mr 


■a 


°f lr 1 + cosr* + r {cos (r - 1)* + cos*} + &c. 
1 + 2m cos* + m 8 


[1 + (-m) r + r {(-i») r “> + (-i»)} +&c.] 


2(1- w 2 ) 


7r (l - m) r 
2 (l - m 2 ) ' 
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Let m = 0, °jj' r cos rx (2 cos ar ) r « - . 

2 

Also, expanding both sides and equating coefficients of tnP % 


cos rw (2 cos w) T coj> 2 pw « ^ 


v r(r - l)...(r-p+ 1) 


L ? 


Also differentiating with respect to r and then putting 
r = 0, 

n r i' ,r log (2 cos ,r) 7 r log ( 1 - m) 


o rt* 1 

^ FT; 


■ 2mcos2«a? + ?w 2 2(1 - m 2 ) 

and consequently, equating coefficients of m p y we find 

"{}* cos 2 par log (cos ,v) = ( - 1 ) p “ 1 -- . 

4 p 


0 fir gacoB&' 

TT 


ih 


cos (a sin w) 


7 


2wcosa? + m 2 

l 


(Trig. p. 146.) 


l+O COS A ' + — o a cos 2il? + &c. 

1.2 


1 + 2m cos w + m a 


and 


7 r , aw „ v ire 

— (l - am + &c.) s ; 

1 - m 2 v 1.< 1-m 2 

0 nr e aco*x£n v g j n ^ 8 j n ^ ^ 


f -- 

J* i + 


, - (l - e~ am ), 

2mcosit? + m 2 m 


which give when differentiated r times relative to a, 

o i*"e ac(m *cos (g, sin«47 + rw) n (- m) r e~ am 
J x 1 + 2m cos w + m 2 * 1 — m 2 

o irgflccHXgin ^ 8 j n ( a g j n # + r ^ 

/ — - — - , ~ - - (- wy- 1 

l+2mco$«r+m 2 ' 

If we expand both sides and equate coefficients of m% 
we get . 

°f*e aco * x cos (a sin w) cos n w = ^ p , 
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°f* ef C0ST sin (a sin a) sin nw ■ — . 

J ' 2 In 

Most of the above are particular cases of the following 
general integrals. 

10. Since, putting z = e*'*"', /(a + *) + / (a + *“') 

= 2 {/(a) +/'(a) cos x + ~-/"(a) cos2ar + &c.| 

and f(a + *) -/(a + * _1 ) 

= 2v /ri{/( a ) sin w + — /" (a) sin 2.i? + &c. } . 

1*2 

. , 1 - m 2 q 0 

Also _ 1 + 2 m cos a? + 2 m* cos 2a? + &c., 

1 - 2m cos a? + nr 


and 


sin a? 


1 - 2m cos a? + m 


— = sin a? + m sin 2 a? + m 2 sin 3 a? + &c., 


as appears by differentiating equation (l) relative to a?; there- 
fore, multiplying these equations together and integrating, 
we find (taking account of Ex. 2. Art. 98) 

V* / (<*+*) + /(a + O 


Jx 1 - 


27T 


2m cos a? + nr 

m _ r 


{/(a) + /' («) • 7 +/" (a) ~ + &c.{ 

( 

-rr »/<■♦•». 

•nd ‘['f±± ■’)-/(■ 

1 - 2m cos a? + m- 


» v/- 1 {/' (a) + (a)-+ &c.} 

w v/ -1 


m 


{/(a + *«) -/(«)}• 
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. . 1-mcos# , p 

Again, - 1 + in cos w~ + wrcos2# + &c. 

1 — 2m coso? 4- f» 



1 - m cos a? 

- 2w cos x +jm? 


{/(«+*) +/(«+#-*)} 


- «-{2/(a)+/(a).m+/'(a) ~ + &c.j 
" *■{/(« + wi) +/(a)}. 


Ex. Let a = 0, and /(*) = (1 + z* x )*.e az \ 

then/(s) + /(*~ 1 ) = (2 cos X a?)" e (t cos tr . 2 cos (A n oo + asinca), 

and /(*)-/(*” ! ) = (2cos\cr)”e'* c S § ".2\/ -1 sin (Xn-r+asinctf); 

°/' ,r (2cosX.r)"c ac0srr .cos(\w«p+/7sinc.r) *r s . - 

1 -2mcos t r + m J l-m* v 7 

V* (2cosX«r) w e ffcosrr sin (Xw,z + a sincd) . 
i - - .sin.® 

^ 1 — 2m cosi# + m 


„ jo +»**)• ^ - 1{ 

f 2m c 7 * 

r (2 cosXt?)” e nrosrr cos(Xra.i? + r/sinc.v) (1 - mcosa?) 

1 —2m cos a? + m 2 

^{O + O-^ + i}, 

X and c being supposed both different from zero, so that 
/(0) = 1 ; which three results include several of the preceding 
as particular cases. • 

In using the general formula:? m must < 1, and none of 
the differential coefficients of /(a) must be made infinite by 
the particular value assigned to a ; also, the series in which 
the sum and difference of /(a + z) and /(a + z~ l ) are expanded 
must be converging series, and# the expression under the sign 
of integration must not become infinite for any value of at 
between 0 and it. 

19 
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108. We shall next consider a definite integral, known 
as Euler’s First Integral; viz. 

V‘ * p " (P\ 

I, = UJ ’ 

(1 - " 

being thus denoted by him, because its value is supposed to 
change only in consequence of variations in p and q, « remain- 
ing unaltered. It may be put under a more convenient form 
by making ** - a, when it becomes 

,i,i *_i - . p , 9 „ 

if a? (1 - co) n ; or, making - = /,-= 
n J* H 

ojm 1 - F(l, tn), as we shall denote it. 

Hence when m = 1, F(l, l) = ] i when ™ + 

Also, (Art. f)9) •Jt 1 *'" 1 (1 - aO* - ' = °/» 0 “ ®)'" 1 
or F(£, w) = F(in, l ) (l), 
which shews that / and m are convertible. 

Again, integrating by parts, we get 


/- 1 


7TS11 + i + m- 




F(i, f») «= — — F{1 - 1, »«), (2). 

It is evident that by means of (l) and (2), every case of F(l,m) 
can be reduced to that in which l and m are both less than 
unity. In the next article we shall shew how this integral 
may be connected with the second of Euler’s Integrals. 

109. We come next to the consideration of the second of 
Euler’s Integrals, <- 

1» = or = ^ (log • 
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When n is an integer we have seen (Ex. 7. Art 98.), that 
r(n) denotes the product of all whole numbers <»: when n is 
a fraction, the indefinite product (n - 1) (n - 2)... is repre- 
sented by the transcendent so that T(») furnishes 

the means of generalizing formula? involving ]n - 1 when n is 
an integer, so as to hold for all values of n ; this makes the 
investigation of its properties to be of importance ; the follow- 
ing are the principal ones. 

In the first place, since for all values of n 

n^e-, 

we have, T(w + 1) = n T(w), 

which is the fundamental property of the function T, and shews 
that if its values corresponding to all values of n included 
between two consecutive integers were computed, then all 
other values could be deduced. 


Next, let n be a whole number, and m any positive quan- 
tity, then (Art. 55 . Ex. 7 ), 

r m \ (1 - tf)""' U- 1 r m t , v, • 

j> (1 - .r)"- ' + - — (1 -«)*■*; 

m + n - \ m +n - 1 


»/,' *■-» (i - w)-' -- - ~ •£' *■-* (l — »)•-», 

m + u < - 1 

(n - 1) (n -2). ..2. 1 
(m + n - 1) (m + n + 1) ' in 

Now suppose n to be fractional, # thcn the numerator be- 
comes the indefinite product ( n - l) (n r 2 )...« T(w) ; and the 
denominator, by the fundamental formula, becomes 

(m + n - 1) (m + n -2 + 1) m + ^ 

r(w) 




Hence /*(/, m + n) 


r(0 r(m + n) 
r(/ + «» + «) * 
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.\ F(m 9 n).F(l,m + n) 


W) r(m)r(n> 

T(l + m + n) 


which shews that in F(m 9 n ) . F(Z, m + n) the letters l 9 m 9 n 9 
may be interchanged. 


Let m + w = 1 or w = 1 - m ; then T(wi + w) « T(i) « l, 
and the first member of (l) becomes 



w n ~ 

(1 - x) m 


. n -(Art. 108); 
sin vn 7r 


.\ - r — — = r(m) . T(1 - m) (m being > 0 < 1), (2). 

SinW7T 

Hence it is sufficient to know T(m) from m =* 0 to m = ± , in 
order to deduce all the other values. 

Let = then v/tt = r(^), as found in Art. 103. 


110. Hence if in (2) we successively change m into 

12 3 r — 1 

&c. as far as when r is an odd integer, and as 

r r r 2 r 

• 

j* - 2 

far as when r is even, and multiply all the resulting 

2 r 

equations together, in the first case wc get 


r - 1 



to* 


. ‘7T . 27 r . (r - 1) 7T 

sm-sm — ... un 

r r 2r 


« ( 27 r) * (Theory of Equations, p. 30) ; 
and in the second case we get the same result, the equation 

r(4) ■**. 

being multiplied in with the ^ (r — 2) equations above 
mentioned. 
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In general, since T(«) » (a> - 1) (* - 8) (x — 8)... 

-<i.-io g jrw( - + 5^ + (dij- * kc - ~ m 

suppose • 


n 9 f(nx) 


(*Vk) 


« + &C* + T- 

* (* - 0 


i i 

;— ■! + &c. + - rr; + &c. 

l \» (x - 2 )* 


(~H (-=-) ^ 

= /^.r + 1 - +/^r* 1 + ••• +/(•»)» 

d/log r(nx) 

= d/ jlog T(a?) + log r (* + + ... + log r ; 

r(«») . Je— « i» r(,v + i) r(« + £) ... r (» +--~ -) ■ 

To determine the constants A and a, make x = 0 and 
nx « 1 successively ; then 

r(d?)-f-r(na?) « nT(x + l)-r*r(to# + l) * n when x m 0, 

^' 5 - r (;) r ©"- r (-»')- 

•\ T{nx)(irr)~ »4 _l “= r(»)r^<r+^ i '^(® + iI) 


By making — — — « - - we get the more general form 
o r 1 x m ~' (1 ~ d ?)" -1 1 

f = - Ofl jgm-lfl _ 1 

J t (® + o)" +B a"(i + a) m ^ M ^ ' 

1 r( m) r(n) 

* a n (1 + a) m f ( m + n )' 
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111. As an instance of the employment of imaginary 
quantities in finding definite integrals, we shall take 

°f x 9> x p e~ q * cos rar, 

p being a positive integer, and q\ r, any positive quantities. 
Putting for the cosine its exponential value, 

f x a p e“ q *cosrx *= ^ J ^ f,a p e~ {q + r ^ ) *' 

Let (q - r \/ - \) x = t 9 so that when x = 0, £ = 0, and 
when x = oo , / = oo ; then the first of the above integrals 
becomes 


2 y 2 - — “ ft^ P e ~ 


which (between the limits t - 0, t = «e ) = 

similarly, changing the sign of r, the 2nd = 
The sum of these, or a f„ a> x v er' 1 ’ cos ra> = 


\t _ 

2 (? -»V- i ) p+1 

\t___ 

2 (q + rv/ - l) pvl 


[ P (q + - i) p+l + (q- r\/ - i) p+1 

(qi* + r 2 ) p+ * 


[ P cos |(p+i)tan -, ^J 


(? 8 + 0 


£±1 


Similarly, we may shew that 

r 

sin 

°f" x p e~ q * sin rx = [p — 


and sin (»*■ + a) - sin (a + /3) \/ 7rsi " . 

« 

112. The method of differentiating or integrating with 
respect to constants under the sign of definite integration, is 


j(p + 1) tan_I “j 

TTi 9 

(<f + r 2 ) V 
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one of great utility ; it is founded upon the truth of the 
equation 

d“ (jU« - La «) - Lb (d>) ~ La ««)> 

. or «W*0- 

o being any constant found in u. 

That we here, the same as at Art. 29 , differentiate with 
regard to a constant, ought to create no difficulty; for the 
series of operations by which we obtain the differential co- 
efficient of a function with respect to any quantity entering 
into it, can be performed equally well whether that quantity 
be essentially variable, or we only suppose a variation where 
none really exists: we have indeed only to regard u as a 
function of two independent quantities x and c. Proceeding 
as in Art. 29 , we have 

<(/,«) = /,««). 

Now as a- and c are independent of one another, this 
equation is true for all values of #, and therefore when 
w = 6 , m = a ; 

••• d'ALbU) = Lb(d», dALa «) - La(d » ; 

by subtraction, < (Lb™ - LaU) = L>X d "u) ~ LJ d >h 
or dA% b u) = 7,V». 

Similarly, it may be shewn that f* CfJ' u ) =■ “fr {J ’ u ) ; 

which is included in the above by making n negative, d r ~* 
being regarded as equivalent to f c . • 

i 

113. Our first application of this principle shall be, 
starting from known results, to deduce the values of certain 
definite integrals ; as has been already done in a few instances. 


r , l = 

Jr + C * 

■■■•(’* (Li) 


Ex. l. 
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r 


2#jfi 1.3. 5... (2ft - l) ir 

c~~ 2 — 


(aP + c) n + x 2. 4. 6.. ,2ft 2 

which, putting a* instead of c, agrees with Ex. 5. Art. 98. 
°/*® a sinwia? + ficosmp am + (5a 

E *' *■ J. * rfT»? 


** \a + 


/3 + av/-l /3 — a \/ — 1 




ms/ -1 a — ms/ 
differentiating ft times with respect to a, we get 

/ — (a sin + /3 cos ma?) 

[«f /3 + a v/ — /3 — a\/~l 


Hi.J 

^ l(& + 


i(a + my/^ l )” +1 (a-wiv^ - l) 
„ |”y/a*~+ ff 

(« ! + »i 2 )~ 

which agrees with the results of Art. 1 1 1 


»+l I 


'[(* 


^t C 08 | (n + Otan-^-tan-^]; 


Ex. 3. 0 f^,v m ~ ] = — ; integrating with respect to m, 

m 

'f. [Q + c ) ■ lagm - 

To eliminate C, let m = 1, .\ J ^ - 0, 

O '] r ,m - J __ j 

/ -r — ~ = logw; 
log x 

which can be verified by expanding a> m ~ 1 ; for 

af-'-l (m - l) s Vi . 

= m - l + log a? + -j — • (log®)* + &c. ; 


log x 


1.2 


l? 


therefore, since °f x ' (log .r)’ = !)"[«, 


V**-’ - 1 


' log.® 


L 


m 


- 1 - ^ (m - ])* + £ (»t - l) s - 8tc. = log m. 



Js logar \nj 


. E *. 4. e“ 9 *cosra?*= - f ; integrating with respect 




. ' . r T smra? 
to r, wei get J ~ — — * tan" 

rifled by expanding sin r<r, 


•■©* whi 


which may be ve- 


' «"**sinr« r 3 „ r 4 

fiX = re-** - r- ®*e-** + r at* e"** - &c. ; 

* T .l! Li 


therefore', since °£°° of e _,x = I-., 

/r B + 1 • 


°/.co c -7t s inr^ r . /ry , /r\ ft , fr\ 

I. —--?-*(?) + n?) - fcc - -“"(?) • 

n r®sinra? tt 

Hence if 9 = 0, / and 

./.» a? 2 


o /•* sin a? cos ro? or® sin (1 + r) a? + sin (l - r) a? -tt 


o r® sin a? cos r a? or 

J. ~ ■»" = H 


2 ‘ 


when r lies between — 1 and + 1, .but vanishes in all other 
cases. • 


Integrals such as these, and in Ex. 2. Art. 98, that is, of 
periodic quantities, have determined values, only when they 
are regarded as the limits of other integrals, of which -some of 
the elements have vanished. 9 


114. Secondly, we may apply the principle of differen- 
tiation under the sign of definite integration to discover new 
results. 

Ex. 1. To find the value of 0 f x " > e~ a ** coscar. 

Let it be denoted by 0(c), 

then d fi 0(c) = °f"(- ae"*** tin <?a?). 
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But, integrating by parts, 

j£(- sin cw) *ar sinca? coscai; 

2 (Z 2 ct 

therefore, taking these integrals between the limits a?=0, a?= 
since the integrated part vanishes at each limit, 

£ £ 
or d„{ log 0(c)} • - — ; 

£“* _ 

.\ log <p(c) - log C = - — , or <p(c) * Ce" 4 ° 

To determine C, let c = 0, 0(0) = °^® e ~ a * 2 = £ ; 

0 f*e~ a ** cos c oo = J ; 

which may be verified, as before, by expanding cosea?, and 
integrating each term by Art. 103. 

This integral will furnish the means of obtaining the values 
of several others. Thus let a - 1, 

••• °jC" e-*“V r i cos (;a; = 1 (^Tl) - i e 4 ” ,V *' 

V 7/Z 

or °J (cos w 2 - \/ - l sin mar 1 ) cos c.v 

therefore, equating possible and impossible parts, 

°[* COS W^COSCfl? a A V — COS 4- ( 7T - — 1 , 

* m * \ mj 


°f" sin ma 2 cos c 


* ^ m * \ mi 
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Again, changing c into m %/ — 1, we get 

7/ e-" 8 (e"» + e-»*) = \A e^. 


Ex. 2. To determine <j)(c) = ”* 9 ; 

*.*(«) =Yi~T e ~’'~*) - - making » - !, 

- -20(c), 0(c) = 

and 0(0) = 7“V* S = I-x/tt, 0(c) = ^ 

From this, by putting a? = and c = «e« vri , we may 

deduce * • 

Of* -(*' + £) COtaCOS I-/ « s \ . -I 

f * «nLr + ?)“«J 

y — COS 

= ’re" i!aC08a sin [2a sin a + £«]. 

Ex. 8. To determine 

</>( c ) * TV' or w * °Ji*v suppose. 

7“ /-«(»- l)c"" 2 »V"“ a ) 

i — >- — •’♦-> i 1 

b„t + r n JL" 5^1 , 

•“ J* a?" . J, ai"~' a> n+l ) ’ 


-X 


Y J -n(n - I) c"~* , o-® •>* c** - * 




a differential equation of the second order for finding w. 

°/ r sin 8 ”® # /< T sin*"® 

Ex. 4. u = / t / . 

•/» (I — 2c cos ® + c 8 )" P* 
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d M u « 2 n J 


°r* sin 2 "<r(cos«r - c ) 


p»+i 


4 cn(n + 1) °r n sin 8s+2 # 


- 2 nc 


because 


4>C7l{n + i) ’/• 

2/1 + 1 •/» 

°/* ,r cosj7 sin 2 ".® /i + 1 Y* o- ««**■►*« 


iv» X >+* ’ 


r l:us & si it or n + 1 r 

Js P " +1 ~ kn +7 7 . /*"+* 

j* V'sin^a? °/' ,r sin* , “ +8 ® 

d c » = 2n(2« + 1) J. jM+1 --4n(» + 1 )jT - p+ 


2ra + 1 




M = ^ + Z?cT” 


Hence, if c be <1, as the expression under the sign of in- 
tegration can be expanded in a converging series ordered 
according to powers of c, u cannot be infinite when c = 0, and 
therefore B = 0 ; 

u = A => °f/ sin 2 *.r. 


| 0 IT 

If c be > 1 and = , then u = c~' n f - , - 

c J * (c 2 - 

= n~ 2n 0 f/sin 2 n tV. 


* sin 2 " cc 
2c cos x + 1)" 


r n i . , „ v V w cosc,r 

Ex. 5. lo determine 0(c) = / ; 

r Jx 1 + 


Y" - rfcosC'Vi Y '“ 1 “( 1 + 
^ J.T 1 + x 2 Js 1 + or 


1 - (1 + * 8 ) 


cos c»r 


= 0(c) - u f" cos CO? = 0(c) ; .\ 0(c) = Cc 0, + Ce~ e ; 

now if c be positive, since 0(c) cannot increase indefinitely 
with c, C must = 0, and 0(c) = C y e” c . To determine t y , we 
must make c « 0, then ( 

0(°) = f r |ir - C, <p(c) = ^e~ c , (I). 
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Hence differentiating and integrating with respect to c, 

°/* c0 «'r sine# , r V* i /, 

./* 1 + # a 2 J* x( 1 + #*) 2 

(he constant in the latter being determined so as to make the 
integral vanish with c. 

If we replace # by a#, and c by -, the above three in- 
tegrals become 


r cos bcV 7 r Jl r~#smo# 7r 

Jx 1 + or or 2a ' J* 1 + a*# 2 2a* 5 

°/*® sin 6# • 7r i — - v 

Jx #0 +«•>)" 8 (l ’ 6 tt) ’ 

It is to be observed that the formula (l) is discontinuous, 
J 7 r«" <; being the value of the integral when c is positive, and 
|7re c when c is negative; the value of the integral has accord- 
ingly been expressed by the formula 


0 / ® cos ex 7 r \ e l e~ c | 

J X 1 + x‘ ~ 2 \lTo-‘ + 1 + 0 C J ' 


115. We shall now give a few of the most remarkable 
results that may be deduced from the integrals of Ex. 5 ; 
0 r® f (#) 

the ordinary case is j - - 2 whenever /(#) can be developed 

► in a converging series of the form * 

a 0 + a x cos cx + a 2 cc "* 2cx + &c. 

1. log (l + 2m cos ex + m d ) 

= 2 (m cos car — ^m 2 cos 2c# + cos Sc# - 8tc.) (l). 

V* log (l +2m cos c# + m*) , _ n 

j B - ~ ^ = 7T(W2C- c -4-W 2 C-* c f &C.) 

' 1 + # 2 7 


= 7T log ( t + mc“ r ). 
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Making m = - 1, m *• + 1, successively, and subtracting the 
results, we get 

y- iog(sin^) e * ( 1 - 

l + 2 ® \ 2 ) ’ 

V* log (cos ic®) 7T, /l+e _c \ 

J, 

/. ~ VT* i log l^Tij ' 


Also differentiating (l) relative to ,r, dividing by 
and integrating, 


1 + a? 


J, (l + a 2 ) (l + 2 m cos c# + w 8 ) 

^ (me"' - m 2 e' 2c + m 3 * * * * e _3c - &c.) = - . — 

2 m 2 e + m 

and making successively m « 1, m » - 1, 

X ° 00 # tan £c*t? 7r Y #a?co t|^ w 

i + a* a e c + 1 ’ J. 1 + e c - 1 


1 (1 + <r c ) (1 + 2m cos c w + rri 1 ) 

1 V® 1 - 2w cos c.r + 2 m 2 cos2ctf - &c. 


l —m~J x 


1 + ar 


IT 1 

= — (l - 2 7ra<?”'-f %mre~ 2c -*• &c.) = 

2 1 - m jV ' 


i - me" 


2(1 - m 2 ) 1 + me' 


m + cos coo 


/, (l + a? 2 ) (1 + 2m cos coo + mr) 


cosc.r- mcos2c;i? + &tv it , . . . „ v 

= — (e - me’ kC + m 2 e~ dc - &c.) 
1 + a? 8 v ' 

c 

7T 1 

2 e c + m ' 
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V* * . / a sine® \ 

3. / tan” 1 { ■ 

J a 1+*“ \1 — a cos cat) 

U w ^ 

= J j"“i (® si" ca? + ^a* sin 2eo? + &c.) 

‘ (aer* + %a'e~* c + + &c.) - ^log • 


ii .. asinc.r 

Also if tan 0 = , and r ! = 1 + 2a cosc.r + 

1 4- a cos Ct v 

n (n — 1) • 

then r H cosnO = 1 + ?i a cos ex 4- cos c Zcx + 8cc. ; 

. 

V“ r"cos n$ ir . »(»-l) 

/ = - (1 + nae + — a^e - * + &c.) 

J* 1 + 07 * 2 1.2 ' 

v(> + «7- 


.. , 0 r m sin nQ ir , % 7r 

Similarly, J* r+ - > = - (1 + ««-)" - 


8U1C0 „ 

4. = — cos (b + c) + sin (b + c)a? . cot bx 

sin bx 

= -cos(& + c)ti? + 2sin(6 + c).v {sin2&.i? + sin 46.7?+sin6&a?+ &c.( 

* 

* - cos ( b + c) x + cos (b - c)x - cos (3j) + c) x + cos (3b - e) .j; 

- cos (5b + c) a? 4- &c. 

Now let c be less than If, then 

V* sin cx 
J* (1 4- x 4 ) sin bx 

= - £ire -,! (e -A + e _3t + e“ ,A +&c.) + (e“ 6 + e -34 + &c.) 

IT tf — 0~ c 

*2 e 6 - e -6 ' 
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Again, let a = 2nb + c, where c < b ; then 


sin aw — sin ca? 
. sin 6# 


: 2 {cos (fc + c) a? + cos + c) w + ...cos (2n - 1& + tf)#} 

sin aw — 

(J + #*) i 


... Y + <r s * +...e-«'-'»} 

J * (J+ATjsmOA? 1 9 


e“ c — #>-< 2,,& + c ) e~ r — c~ 

7T 7T 




'V~ sin aa 
Jx (l + A? 2 ) si 


sin aa? ir e c + e~ c - 2c" rt 
(l + a? 2 ) sin 6 a? 2 e!* - e~ b 


1 — 

If c *= 0, the value of the integral is it . y - b . 

6 ■“ 6 


Y“ e“ cosc 'cos (a sin c#) 
1 + # 2 




COS CW + cos 2ea? 4- &c, 

1 .2 


-I.H 

= -(l + ?«-• + -— c- 2c + 8tc.) =-c»»" e . 
2 \ 1 1 *2 / 2 


Vi> 


... i V® ^ C08 - a? sin (a sin ca?) 
Similarly, ^ 1+i> 

0 ® / -* 


•/■• Tr / . a 2 . \ 

= / Vx sin c# + sin 2c# + &c. I 

J, 1 + #* V - 1.2 / 

= - f oc- <: + - «-*• + as*.') = - (t f*~' - 1 ). 
2 \ 1.2 • / 2 


V 

Also f 

Jx 


grtCOSW CQS gj n ca? ^ + f A?) ^ 

, —e~ 

1 + A? 2 

°f® e oCOSc * at sin (p sin cw + rw) 

1 + A? 2 


jf 


obtained by differentiating r tim* relative to a. 
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fence from the above, by cha*ging <Mnto a \Z- 1, »e get 

y. 




1 +«* 


(o cps «*), ■ ir 


O - «0* liaMr - ®e -0,to< * sw»V, c>og c#) . *. - co»(oe-)J 

J. h ®* COS ' 

or ir sin.(»e"‘ - )* 


c 


»s r\.r (2 cos Xa>y 

TT5 5 


7* 1 [l+cos2r\«+r |cos 2 (r-l)X® + cos2X«»} +&c.] 

/« 1 + «* l 

, 1 { j + e‘ SrX + r (e-*" ,,A + •-■») + &c.j <=,- (l + e ") . 


z 


7. Using 
being 


the notation of Ex. 10, Art. 107, we have, 



/(« + *)_+/(«_+ *"_ 1 ) 
1 + «* 


= it {/(«)+ / («) «-* + 'if" W + &C } “ 7r/( ° + e '' ) ’ 
0 r“ + «) - j/(« + 

J, l + ** 

- a- y/~- T |/ f (a) e~' + j (o) e-^ + &c. J 

o ir n/^T e -1 ) -/(«)}• 


Ex. Let a - 0, and /{#) “ 0 + » 

• y.“ , (2cosX®T ^cosMgog^^^ + asinc^J-^O+e'**)*®" » 
i. l+* ' ’ * 

and Y* e° c0 *" a? sin (\nw + a sin cm) 

Jx 1 + # S % 


21 
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e and A being supposed different from zero so that /(0) *= l ; 
which results include several of the preceding as particular cases. 

116. We shall now give certain formulae for approxi- 
mating to the values of integrals by infinite series, which was 
the second object of this Section. The fundamental formula 
is Bemouilli’s series, which may be either obtained by in- 
tegrating by parts, or deduced from Taylor's series in the 
following manner. 

We have f(x + A) =/(») + - d x f(x) + — -■ d*f{w) + 8tc. 

1 1.2 

Let /(®) = f x ti, .*. + f x - x+ /jU) 

Jlna+t 1 * denoting, as usual, 'the value of f x u when in it w + A 
is written for w ; also d x f (w) = «, d x f (a>) = dju, &c. ; 

A* A 3 

.*. f^ x+h u = f x u + hu + — — d x u + — - - d/u + &c. (1). 

1 . * 1 . 2.3 

Now let A « -w, .'. f x=x+h u = / =0 « = C a constant ; 
hence, substituting and transposing, 

aP a ? 3 

Lu**C + mu d x u + d*u - &c. 

J 1.2 1 . 2.3 


If m = x", we have d x u «= mw m ~\ d*u = m(m - 1)*""*, &c. 
.-. f x x* = C + ®“ +l — — ~ — — ar +l - &c. 

* 1 Cl tan 


1 .2 


1 . 2.3 


^ m m(m - 1) 5 a?”** 1 

= C + ^{1 - — + — - ~~ - &c. = C' + ; 

1.2 1.2.3 ’ m+1 

since (1 - l)" +l l - (m + l) + - & c . = o, 

and .*. 


1 . ! 


m tn(m-l) 

. 1 “ : — ~ + — be. 

m + 1 1.2 1.2.3 


117- Since f {m) «= f(a + m - a) 


(m - a) 8 


+ be. 
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let /(*) - j £«, .-. f {a) -/(«) « a f/v, 
and f (a) - u a=a , f f (a) - cU««> Sic. 

%• 8 jt'« * (» - a) + — j ~ d M u + Y~ g - g ^- 4,<.« + &c. 

a formula expressing the value of any integral whose origin 
is a. 

Let u be a function of at that does not become infinite 
between the limits w « a, w a + b, and in the preceding 
formula let ,v = a + b, 

b b * 6 s 

••• a J*tl m -tt, =a + — d tsa U + — — <P M U + &C. 

1 1.x 1 . % • 3 

This is the value of the definite integral of u between 
the limits .i?*a + fc, but will not be sufficiently accurate, 
unless b be very small. 

If we regard u as the ordinate of a curve, - f, ma u 

represents its area between the ordinates corresponding to 
t r=*a+6; and*m + 1 terms of the above series expresses the area 
(terminated by the same ordinates) of the parabola, which 
has a contact of the m th order with the curve at the extremity 
of the first ordinate^ for the equation to such* a parabola 
(taking the foot of the first ordinate as origin and h as 
abscissa) is 

h A 2 * h m 

y = «*--« + 7 d„„» + — d* x ,,u + &ff. + — — - — <*"*««, 

1 1.3 r 1 .2.3 .m 

since, as we perceive, the value of <j and its m differential 
coefficients corresponding to h - 0, that is «■«, would be 
respectively equal to u and its m differential coefficients 
corresponding to r-a; and this, integrated with respect to 
A between the limits A — 0, A «= b, gives the above series. 

118. To obtain greater accuracy, let the difference be- 
tween the limits be divided into n equal intervals, that is, let 
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the limits be a, and bma+nh; hence in equation (1) Art. 116, 
changing oo into a, a + h, a + 2h, &c., successively, 

, . A* A® 

“/.« - + — «U.« + + &c -’ 

* +A jC“ +f *u - Am #=3+ * + ~ d tsa+k u + YX^ d *«. + * w + &c - 
&c. ■= &c. 

. ... . A* A* _ 

4 -*jC 4 « = A«^ t _* + y- d^ b _ t u + — <P' =h _ k u + &c<, 

by addition, a fju = A (m i=0 + w x=(I+A + &c. + »,=*_*) 

A* 

+ jX ( d »=«“ + + &c ' + d *=»-*“) 

j^a b — CL 

+ ;■ — ( d2 I= „M+d 8 . t=a+A M+&c.+d , I=(l . A M)+&c., where A= . 

1.2.3 n 

This series may be made convergent by taking h sufficiently 
small. 

119. In the preceding Art. we may write the first line 
'i, tt + k u'-hu^+h'+'R 0 , 

denoting by r (which usually will = 1) a positive quantity, 
in order to embrace every case, and by R 0 a function of 
a and h ; then the result may be written 

a f* u = A («»=. + *W* + &c. + « » =t _*) 

+ h ] + r (J? 0 + R x + Sec. + J?„.»i). 

Let M be the greatest value (not considering the sign) 
which can be assumed by any one of the quantities U 0 , R x * Sec. 
not one of which can become infinite because u is finite from 
to = + # 

••• "Jt*» - * <•» .=. + »,=,+* + 

< h Ul nM <h T (b - a) M< 
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But when » is infinite, A ■« 0, 

a f*U rn limit of (Alt', r=o + ***»=«+* + 8t®* + ? 

which shews that provided « do not become infinite while * 
increases from o to 6, the definite integral *jt « » equal to 
the sum of ail the values of hu taken between these limiting 
values of w, A being the infinitesimal difference of two sue- 
cessive values of a?. 


120. Again, making h negative in equation (l) Art. 116 , 
and changing at into 6, b - A, &c., successively, 

*-*/,*» = hu x=b - ~ d,._ k u + j * 3 - &c - 

*-’*£-*« = A», =6 _* - " &«• 


&c. = 8cc. 

"/,“+*« = Au i=a+ * - 12 d *=a+* M + ^23 d '* =a+A “ “ &C ' 

“/,‘tt = A (« I=6 + W,w,-A + &c. + «,„.**) 

A (d x _i« + d, = » „*M + &c. + d x=0+ *») 

1.2 • 

. * 3 + <**«=*-* u + &c - + “ &c< 
1 . 2*3 


121. If we suppose all the quantities m xm , d x _ a u, &c. 
* « *, <*,-«+*«» to remain positive from ® « a to ® = 6, 

theabove* series gives a value too large when we stop at a 
term preceded by a positive sign, and the former series gives 
a value too small; consequently by adding these values of 
/ t « - f x - a u together, and taking half the sum, we shall obtain 
a'still nearer approximation ; this gives 

»/> = A + n,J + « wt ,+ &c. + u x=b .„\ 

+ ^W^n-d^u) 
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A" 

+ 1T2 ."3 t*—* + *"**) + **«+*“ + &c - + A=*-a“| 

1 2 s 4 £ ( tf U» - *«*«) + &«• 

The term involving A 3 will, by Art. 11 9, be nearly ex- 
pressed by 

\h t { a j, h (d.u)-^hd t x=a u-\hd^ m=i u\, or by \h'{d x ^u-d,^u) 

neglecting A 8 ; and therefore the complete term of the second 
order is - ^$h*(d rsb u - d 2Sia v). 

122. The preceding results may be obtained with great 
ease, by employing the artifice of separating the symbols of 
operation from those of quantity. We have 

/(a? + nh) « e nhd *f(w ) ; 
and if we develope the operation denoted by 
( e nkd ‘ - 1 ) -r- ( e hd - - 1 ) 

first, by division, and secondly in terms of Bernouillfs num- 
bers (Finite Diff. Art. 64), we get 

I + e* d * + e ud * + ... = 

therefore, applying these equivalent operations to d s f(x) or 
/'(a?), multiplying by A, and transposing, we get 

/(* + nh) -/(«) . 

s A (a?) + + nh) +/ ( oo + A)+ ... +f* (a? + n — 1 A) J 

- ~ ** {/"(* + nh) -rwi + {/■> + »A> -/*»} 

— &c., which agrees with Art. 121. since B x « £. 

Similarly for the result of Art. 118., applying to /(.r) the 
equivalent operations denoted by 

__ 1 

e nkd. - t . - — _ - (e*«. - 1) 
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h*d* 

m (i + «* rf * + + ... + (Ad, + -— + &c.), 

we get * 

/(» + »A) -/(») “ M/’J*) +/(® + A) + ... +/(»+»- lA) 
+ _L . A* {/'» +/"(« + A) + ... +/> + « - 1A)} 
+ &c. 

123. If we regard the proposed function u as the ordi- 
nate of a curve, w J==a , w x , rt+A , &c., u x=b will represent (n + 1) 
equidistant ordinates of the curve, and f, sb u - f, ca u the area 
contained between the extreme ordinates; and by tbe first 
series (Art. 118) this area will be given in terms of the first, 
second, 91 th ordinates and their differential coefficients, and by 
the second (Art. 120), in terms of the second, third, ( n + l) th 
ordinates and their differential coefficients; hence the first 
terms of these series are respectively the sums of the in- 
scribed, and circumscribed parallelograms ; and the first term 
of the third series (Art. 121) is the sum of the inscribed 
trapezia. Also by Art. 117. it appears that the first and 
second series are the expressions for the areas of the polygon 
formed by the arcs of the osculating parabolas comprised be- 
tween each pair of consecutive ordinates. ® 

124. There are several expansions which may be readily 
obtained from integration by series.^ 

Ex. 1. - « 1 - m + a? - .if + &c., 

1 + a? 

log (1 + w) = = C + • - *- + | - fcc. ; 

but when .v ** 0, log (l + at) ** log l m 0, .\ C = 0 ; 
log(l + .«) * * - J + 3 - 
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Ex. 2. — — - = 1- ®* + ®*-®" + See., 

l + 


r 1 or or . 

tan ' / ~i = ® + &c. ; (C = 0). 

/r I + ®* 3 5 


Again, 


l 


l 


1 1 1 £ 

— — — See. 

1 + a? 1 cT 2 a? 4 /r 6 

1+ ^ 


4 . IT 1 1 1 - 

tan" 1 x + - — - + &c., 

2 iP 3/r‘ fi.x* 5 


determining the constant by making «a? = oo ; the latter series 
is an approximation to the value of tan -1 a? when x is very 
large. 


Ex. 3. 


1 . 4 1.3 1.3.5- n 

— y — = 1 + A a? 2 + ^ X + &C., 

1 — X* 5 2.4 2.4.6 


* - 1 
sin -1 x = f —— — ~- 
^ v 7 i - # 


v^l — 'V 2 

_ /p 3 1 .3 .r R 1 .3.5 X 7 _ 

= # + A— + — — + — + &c. (C = o). 

2 3 2.4 3 2.4.67 


125. In this, and the succeeding Articles, we shall obtain 
the general integrals of several expressions in infinite series, that 
being the only mode in which they can be expressed. 

° . £ 

1. When the expression (a + fea?")5 x m ~ l is integrable 

£ 

( bx n \Q 

1 + — 1 by the binomial 
theorem, and integrate each term ; the result is 


f x (a + ktfy x m ~ l 


£ (x m pb 

a* {- + " 

(m qa m + 


, + &c , 

w l.2 9 v o 2 m + 2w 
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this being an ascending series, enables us to approximate to 
the value of the integral when w is small. If a descending 

£ m + -£-i 

series be required, write the expression (6 + «*"*)« « * » 

expand, and integrate as ljpfore. 


2. Since (Art. 107.) we have 

log (1 + n cos x) = log + 2 (t»cos»-^m s cos 2 *+ &c.); 


therefore 


J>g(l +ncos.r) = *log + 2 (msinx - sin2* + &c.) 


where m = 


- y/\ -i 


n 


3 . To find in a series, between the limits t « 0, 

' - </ 

Integrating by parts, we have 

jfi? * (••'> 

-t s e-*t- 3 -*U e ~ t ‘ t '*' kc : ' 

p -i* 1.3 4 1 

.. jL.a^-0+C, and •jpa" 1 ' “ K‘* + 2 * 

But °/r e ’ |J ■ i v/wi therefore by addition, 

■ - k 0 ~ + * ,_4 ' &c ° 


13 _. l - S - a r 6 + fcc .) + C ; 


126. To integrate *• «* ° f ' h ' * 

tegral being x * 0, and c < 1. 

22 
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Expanding by the binomial theorem, we find 

I — i + 4c*(sin a>y +^—c 4 (aii ®) 4 + -^(mb ®)*+&c. 

But (Art. 75) we have the forniula of reduction 

l (sin .*)» = - l - cos w (sin ®)*' 1 + j, (sin w )-' ; 


, , iV 

f (sin «r) fl « - $ cos x sin w + - , 
f (sin .r) 4 = - %cosw (sin w ) 3 + § f x (sin tf) e 


, 1 . S . 1.3 

3 cos# sin a? + — - # ; 

2.4 2.4 


&c. 




&c. 

1 


v/ ] - c v (sin#)* 


# + 


c* f , . B 

- [ - £ cos a? sin w + - j 


1.3 

2 T 4 


M-i 


cos® 


1.8 . 1.8 , 

cos ® sm ® + - — ®} + «c. 


2 . 4 . 


2.4 


If the value of the definite integral between the limits 
®«0, be required, 

,1 , . „ (2n- l) (2» — 3)...l ir 


, r 


V l , 1 V 
- + -<?•-- 


\/ 1 - c‘ (sin ® j a 2 2 2 2 


1.1, l.tx 1.8.51.8.5*- 

+ ri , 'T.i + rr«'Tirt« +to - 




1 .3. 5\* 


127. To integrate \/ 1 - c 4 (sin®)*, c being < 1 . 
Proceeding as above, \/ 1 (sin ®) < = 1 - ^c* (sin .r)* 

- i-li e 4 (sin ®V - c* (sin a?)‘ - &c., 

2.4 v 2.4.6 ’ 
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f,\/l — c? (sin »)*«»- ~ ^ cos « sin a + ^ j 

i . 1 4 , , , . l . 8 . 1 . S , 

c* J - 4- cos at (sin wY cos & sin a> + »i - sc. ; 

. 2.4 * * * 2.4 2.4 * 

and »fjrV l-«* (sin ®)“ 

2 1 \2J 1 \2 . 4/ 3 V2 .4.6/5 f 

128. These series always converge since c< 1 ; but the 
convergence is slow if c be considerable, and a more converging 
series may be found thus. 


Let n 


1 - 1 - c 2 


1 - n 


1 + \/l — ~c* 9 
U + nj 


if l + n 

* 4« 

" (< +^ ; 
4ra 


\/i - * 


\/l - e* (sin xy = \/l - - - —^(sin*)* 

= — - — \/(l + nY - 2 n (l — cos 2 a?) = — — \/ 1 + 2ncos2.v+n J 
1 ¥ n - • 1 + n 

— 1 — y/ \ + w (# + sr 1 ) + (making 2 cos 2a? = % + sr 1 ) 

1 + ra 


1 


1 


1 + w 


1 + n 

1 l.l 

2 2.4 

c 4 i 1 * 1 

il +-nz~' -- — 
1 2 2.4 


war’ 


j I + - r*V + — — - sV - &c.} 

t o O A O A « » 


n 4 *-** - 


2.4.6 
1.1.3 

2^476 


n 3 «“ 3 - &c.} 


+ ^ (* + + B (** + ar*) + &c.} 



+ cos2cT + 2J? cos?# + &c.}; 

.*. °fJ‘" v/l -V (sin a?) 1 

JL j! + + fii3) # „4 + (hhl)' + &c.} ; 

1 + n) 1 \2/ \2 . 4/ \2 • 4 . 6) ’ 


f.Wil S ’n’WilT* " ' ^ 

2 (1 + ») 

which converges more rapidly than the former series, because 


(1 + \/l - C“) Z 


is less than 1, or n < c. 


1 29. Similarly, 
l 


I - o 4 (sin a>) a 


(l + n) (1 + war) ‘1 (1 + war 1 )' 


* \c * t • 3 o « 1 • 3 • 5 _ _ , 

v ' 1 % 2.4 2.4.6 J 

. 1 , 1 . 3 # , 1.3.5, , 

x ll — n* -1 + — »*«"* , m 3 * -3 + 8tc. 1 

to 2.4 o a r. ’ 


2.4.6 

- 0 +«> I' + ©"»■’+ (sT*/ + (e :*Ts)' + &c 

+ ZA cos Z.v + 2 B cos 4.1? + &c.} ; 

1 ’ 


V Jir » 

7 / — v 

J* I — C“ 


V (1 + n) 


(sin tv)* 

8 M.3.5\ 8 


, (\\ l , 1 1.3\* . n. 3.5.* , 

!, + y “ + WrJ b + U,. 6 ) n + 


130, The integrals treated of in the four preceding Ar- 
ticles are very important, bping the elementary integrals of 
Elliptic Functions. On these depends the rectification of the 
ellipse and hyperbola as we shall shew ; there are likewise many 
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integrals that occur in philosophical problems which may be 
conveniently reduced to them. 


Ex. 1. -7=-fr 

\/i - .r 4 • v c i J Z v i - i (s 


^ (sin #)* 


x = cos x ; 


0-1 ] J Y ix 1 

\/ 2 X \/ 1 — i ( 


' h y/ 1 - \/ 2 *4 \/l - ^ (sin *)* 

E *- *• A/rb - 4 4-1 --*•<* Sr ’ where 

Ex. 3 . M f r ^/( 2 a.r -Vj(6 - ,r) Xv/ft - a versin sr * 


making - = versing; 
a » 


2 a 

if, therefore, — < 1, 
' o 




_ 2o , A , . z . 

But if — >J, let — <= c*, and bid - <= csind>, 
ft 2a 2 T 


n = 


\/ft Wl - c* (sin <£)* 


^ /■ 1 _ -2* / 1 

“V\/ (a-a?)(a?-ft)(.*+c) \/ a+c ffl ~^ ( r ,j n -~) i »’ 


making sin ar = being supposed that «>£, and 

therefore a is the greatest, and b the least of the admissible 
values of <*\ 
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131. To integrate (1 + ecos #)\ 

This expression, which is another forn^f 
(a* + 2aa' cos # + cr ) n , " 

often occurs in the applications of the Integral Calculus; 
when n is a fraction, in order to be integrated, it must be 
developed in a series. 

Let (l + ccos#)* * ^a 0 + a, cos# + fl 2 cos2# + a 3 cos3# + &c., 
therefore, taking the differential coefficient of the logarithm 
of each side, 

wesin# a,sin#+&c. + (r «-l)a r _,sin(r- l)#+ra f sinr#+tec. 
1+ecos#. ^ cos d? + &c. + <z r _ 1 cos(i* — * 1)# + a r cosr &c.’ 

i 

Multiply crosswise, and retain only the products which 
when resolved will contain sinr#, 

.\ we sin a; \a r _ x cos(r- l)# + a r+1 cos(r + 1)#* + &c = ra f sinr# 
+ ecos#{(r-l)a,._i sin(r- 1)# + (r + l)o r+ ,sin(r + 1)#} + &c.; 
therefore, equating coefficients of sinr#, 
we a 

— («r_l - «r l) = »• Or + ~ {(»■-!) a,_l + (»-+ 0«r+l( J 

jL ft 

a fmm iJ[n - r + 1) e - 2 ra T 
•’’’ ° f+1 (n + f + ije 

which holds when ml, as may be easily shewn. 

Hence, <z 2 , o 3 , a 4 , &c. can be deduced from the preceding 
coefficients. 


When n is a positive integer, all the coefficients after a n 
vanish; for cos w# involves (cos#)*, and this is the highest 
power of cos# that can enter. 


It only remains therefore to determine the two first coeffi- 
cients and a t . But (1 + e<cos#) B — 1 + we cos# 

w(w-l) , jy w(w-l)(w-2) 3 

4 L e ~ (cos#) 2 + e 3 (cos #) 3 + fee. 

1.2 v . 1.2.3 


1.2.3 
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n(n - l) e* . 

l + »ecos® + — — (1 +-cos2®) 

1*2 2 

n(n - 1; (n - 2) e* 0 _ x 

1 .2.3% 4 v 7 


n (n - 1) (n - 2) (n - 3) e 4 


1 . 2 . 3. 4 


— (cos 4a? + 4 cos 2 a? + 3) + &c., 
8 


••• 


» (« - 1) e* « (« - l) (n - 2) (« - S) 8e * 


1 . 2 . S . 4 


+ &c., 


■ « (» - 1) (n - 2) Sc 8 

— r¥.»— • T + 8 “-t- 


Of course these series for ^«a 0 , a i% terminate, when n is a 
positive integer. 

Hence, all the coefficients being known, we have 
f m ( 1 + e cos#) B = ^ <x 0 a? + a x sin a + ^ a 2 sin 2a? + &c. 

2 

It may be observed that a r = - °j£* (l + e cos a?)" cos ra?. 

7T 

For the general terra of °f/( 1 + e cos <v) n cos r w would be 
^cos ma? cos ra?, which vanishes in every case except when 
m *= r, when it would ■= o r ^7r. (Art. 98 . Ex. 2.) 


132. From the coefficients of the expansion of (l+ecos/r)'"', 
those of the expansion of (l+ecosa?)”* -1 are immediately found 
by differentiation. 

i * 

For (l ^-ccosa?) - " = (1 + c€osa?)~" - ecosa?(l + ecosa?)"*" 1 

42 * 0 

■= (1 + ecos ®) - " + - d e ( 1 + ecos®)"* — (a., + — d e a,) 
n n 

e 4* 

+ (a, + - d e a t ) cos® + («, + - d^) cos2® &c. 
w w 

Or, without differentiation, Jf 

(l + ecos®) - * - £ a„ + a, cos® + &c. + a, cos r® + &c. 

(1 + e cos ®) - " - ’ = ^b n + 6, cos ® + &c. + ft f cos r® + &c. 
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it may be easily proved that 

4 

n (l - e*) b r — (n - r) a r - (n + r - 1) ea r _f. 
Hence since by Art, 107 we have (l + ecos#)" 1 


>b{>- 


2 (1 - y/l -?) • 2(1 -V 1 -e“)» 


cosa?+ 


r^-cos2«a? 


— &c.j 


we can, by successive differentiations, determine the coefficients 
of (l + ecosa?)"*, &c. * \ 

133. The following are miscellaneous examples of .De- 
finite Integrals, several of them being particular cases of 
those treated of in the preceding pages. 

! r . _ 1 _ m z }_ 

' J, (1 + a?) (« a + &*«*) 2 a (« + b ) 

s - °f. Trf£'- ^ - 4)' +4 - 

-'/•*' 1 

J (l - 2wa«r + w a a 2 )J (l - £an~*# + a 8 ^"* 2 )^ 

c 

4. jf sin-’ \/ ^ - £ 7 T (A - \/6 8 - a*). 

-CO-+® /“ 1 

5. / c*-" s = 

n 

6. + e~ cx ) =» y / 2 *■«***• 

V p(p + l)...(p + «» - 1) 7T 


7 T .pwh-U'-u 

A (1 - [»» 

"/‘'log (' + 1 

Vl — M COS .17 COS/I? 


Sinp7T 


9. °jC® (e - * 1 “ e"^) - v/ir (& - «)• 



m 


°fb T cos”#, cos nw tv a”" 1 

J* v» 2 sin*# + b* cos 9 # *2 * 6 (a + 6)* * 

o ^cosr* . fa* + r*\ 

Itu-'py/i — «* . eosc#, then dj« + Sc -1 d ,« + u — 0. 
If c~i« = *f r w cob n (x - c sin a?), 

then ^dj« -(»**£) i- it*. 

•fr 'ce.bg (* + £) - f < e '~ 7 *'*>• 

°f* of-' COB (ex + a) = c~" |» — 1 cos (^«ir + a). 

Y iv *r—W- 

c® 1 — a? o 

"r> log ^ i 

f 

J, 1 + * 12 

%*■ sin* tfer c01! ,/(co8 a?) 

■ 1.8.5... (ir-i) "Ji* cos raf (cob a). 

~4»jT+J’ r e s«*V-i^2ccos xeT^y 

=» sin nir °jf 1 (1 - t)*~'f(ct). 

sin" -1 a?e° ,+ cos a^e*''^) 

« giir^i OJTI^j _ t)-'f(ct). 

V 1 * ( cos#)"- 1 1 

/ - — r-^ sin (»»# + - tan#) — Air. 

J. sin # _c * 

« (2 cos#)* -1 sin (m + 1) # ■* 


23 
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SECTION VIII. 

AREAS AND LENGTHS OF CURVES, AND VOLUMES AND AREAS 
OF THE SURFACES OF FIGURES GENERATED BY THEIR 
REVOLUTION. 


Art. 134. We now come to one of the applications of 
the Integral Calculus which usually forms a portion of trea- 
tises on the subject, both on account of the interesting illus- 
tration it furnishes of many of the methods already explained, 
and of the utility of the results to which it leads. 

135. If s represent the length of the arc of a plane 
curve, A the area contained by the arc, the ordinates at its 
extremities, and the intercepted portion of the axis of a?, and 
V and S the volume and area of the curved surface of the 
figure generated by the revolution of the curve about the axis 
of a?, it is proved in the •Differential Calculus, that 

d,a m, y/ l+{d,y)\ d,A = y, d,V » d x S - iiryy/ l+(d,y)*; 

therefore, inverting the formulae, 

« - J W l + (d,y)\ 4,- j£y, V = w/.y 2 , S = 2vf x y \/ 1 +(d,yj*. 

When the curve is given, y and d,y are known functions * 
of m, and therefore all the above integrals are of the form 
f s u (u being a function of o?) ; the integrals must of course 
be taken between the limits corresponding to the boundary of 
the figure whose area or volume is required. 

If the area be bounded by another curve, whose ordinate 
is y i9 in place of the axis of w 9 

then A « f,y - /,y, - j£(y - y,), V - w jt(y* - y,*). 
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Also, if the axes of the co-ordinates, instead of being 
rectangular, be inclined to one another at an angle 0, then 
d a A « y sin 0, and consequently A** sin 0 f x y . 

If the co-ordinates be given each in terms of a third quan- 
tity 0, then d 0 A **yd 9 x, and therefore A * f 0 yd 9 x. * 

136. There is another* mode of expressing the length of 
a curve which deserves notice. 

Let CNmm* PN - y, AP = s, iACY~Q y 0 being 
measured in the positive direction ; 

CY (perpendicular to the tangent at P)®p, PY^u, 

(Fig. 3 and 4 ), u being considered positive when measured 
from P in the direction of revolution ; then in all cases * 

p » x cos 0 + y sin 0, 
u = w sin 0 - y cos 0, 
d a y « - cot 0, d s 8 = - cosec 0, 

d 0 p * - m sin 0 + y cos 0 + cos 0 d 0 x + sin 0 d 0 y « — u y 
d 9 p s - a? cos 0 - y sin 0 - sin 0 d^a? + cos 0d a y 
= - p - cosec 0 d* a? = - p + d*#, 

+ 3*p» 

also « + w = f 0 p. 

If the curve cut the axis at right angles at A, no con* 
sunt is necessary after integration. 

• This general property of curves is chiefly of use in find- 
ing the lengths of elliptic and hyperbolic arcs ; it may be 
also used, * 

(1) To determine the length of any curve whose equation 
is given ; for from that equation, together with d 9 y as - cot 0, 
we can find a?, y, and therefore p m w cos 0 4- y sin 0, in terms 
of 0 ; and then 8 « d 0 p + f 9 p. • 

(2) To find a curve whose arc shall represent a proposed 
integral; for if it be put under the form f 9 p , where p is a 
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function of 6, the equation to the required curve is found by 
eliminating 6 between the equations 

w ■■ p cos 6 — d B p sin 0, y — p sin 0 + d B p cos 6. 

If p be such that f t p is algebraic, we obtain a curve the 
length of whose arc is expressed by an algebraic quantity. 

i 

XS7. We shall now apply the above formulae to curves 
of the second order, the areas and volumes of which are ne- 
cessary to be known, and to certain others of the more common 
curves. 

Ex. 1. To find the area of a circle. 

We have already seen (&rt. 97 .), that the area of a quad- 
rant « £ Tra 8 , therefore the area of a circle whose radius ■* a, 
is tra 2 . 

Hence the area of a sector of a circle, the circular measure 
of whose angle is a, will = ^a 8 a; for it will be the same 
part of the area of the circle, that its angle is of four right 
angles. 

In addition to the expressions already found for f x \/ d £ -ai\ 
and jkv /2 aoo-ic* (Art. 25.), we may notice the following; 
f 9 y/ a 2 - a? 8 = circular arja (radius = o, abscissa from center 
= w) + C ; ‘and J x \/ 2 ax - so 2 = circular area (radius ®= a, ab- 
scissa from extremity of diameter = w) + C. 

Ex. 2. Let AB (Fig. 5.) be an elliptic quadrant whose 
semiaxes are AC * 0 , BC * b ; AD the quadrant of a concen- 
tric circle whose diameter is thp major axis, AN * a?, PN « y ; 

therefore, area ANP m J 2a*r - a? = ^f g \/2aw - ** 

as ^ (circular area ANQ) ; 

6 

hence also area AMR&* - (circular area AMS), 
a 

b 

area MRPN « - (circular area SMNQ) ; 
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that is, any elliptic area between two parallel ordinates, bears 
an invariable ratio to die corresponding portion of the circular 
* *6 

area. Also since triangle PNC m - (triangle QNC), 

H 

» * 1 j 

elliptic sector ACP ■* - (circular sector ACQ ) ; 

CL 

the same is true if the vertex of the sectors be at any other 
point in the axis, instead of C the center. 

Hence the area of the whole ellipse « - ira* ■» ir ab 9 or is 

equal to the area of a circle whose radius • y/ab^ a mean pro- 
portional between the semi-axes. Since the whole area is 
divided into four equal sectors by any pair of conjugate 
diameters, if a\ b\ denote the lengths of two conjugate 
diameters inclined at an angle 7, the sector included by them 
« b' sin 7. 

Ex. 3 . To find the length of a circular arc. 

AN « 0, PN = y, AC the radius = a , AP ® a, (Fig. 6.) ; 

j a - w 

V = V 2 a® - a? 2 , d M y * -7; > 

V2 aw - or 


1 + {d,yf 


2 aat — or* 



a versin’ 1 - + C, and 8 * 0 when ® « 0, /. C**0; 


therefore arc AP « a versin* 1 - , and making w — a, w » 2a, 


length of quadrant AD = — , length of semi-circular arc ® 7ra. 

25 

Ex. 4 . To find the area of the surface of a sphere. 

Let S be the area of the surface generated by the arc AP 
revolving about AB y (Fqj. 6.), • 

d x S - ivy y/\ + (d,y)* - ivy , , = 2ir a ; 

Viaat - or 
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.\ S = 2irax + C « 2wo . AN, since C= 0; 

and the area of the whole surface » 2w<^. 2a = 47rfl 2 - area of 
four great circles. Hence the area of the surface generated 
by PQ =*2ira (AN - AM) « 2?r a . mn ; that is, if two parallel 
planes cut a sphere, the area of the intercepted portion of its * 
surface is invariable whatever be their position, provided their 
distance from one another continue the same; and is equal 
to the intercepted portion of the surface of the circumscribing 
cylinder, whose axis is perpendicular to them. 


Ex. 5. To find the volume of a sphere. 

Let Vbe the volume generated by the area ANP , (Fig. 5), 

.\ d a V = wy l = 7r(2 ax - a?®) ; f .\ V = it [aa? - , (C = 0 ), 

or volume of segment, whose height AN = a?, is w (ax 2 - 


27T® 3 


Hence volume of sphere = , making x m a ; and 


volume of sphere => — — = ^ ( 27 ra 3 ) = ^| of circumscribing 
3 

cylinder. 

Hence we can express the volume of a frustum by its 
height MN « A, and the radii of its ends QM * A, PN = c. 

( a ? 3 iF, 3 \ 

aa? — — - aa?! 8 + — J 

, V f t x 2 “f* or*, + ay) 

«*■(*- a?,) (a? + x x ) - > 

- W ^ - ~ { 20 (•» + *,) - »’ - | 

^4* + C + |'). 


Ex. 6. To find the volume of spheroid. 

If an ellipse revolve about its minor axis, the figure gene- 
rated is called an oblate spheroid ; if about its major axis, a 
prolate spheroid. 
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Hence, in Fig. 3, making CM » ®, 

and ■ y* “ ^ (6* - »*)» 

volume of any segment of § an oblate spheroid 



bircPb 

and whole volume , taking the integral between the 

3 

limits at * o, w ss 6, and doubling the result. 

Also volume of prolate spheroid, making CN=*x in Fig. 3 , 
2tt 6 8 V« • .. 4ira6 8 

-7tJ. («’-»’)— r - 

Ex. 7. To find the length of the arc of a common para- 
bola. 


y = 2 v/ m®, d,y 



d,8 = \/ 1 + “ « 2d, (v/ ®) v/j? + »»> 

® 

a = v/ a? 8 + »n® + m log (\/ ® + v/® -r i») + C. 
But for the arc AP , (Fig. 7.)» when ® = 0, * « 0 ; 

.'. 0 = to log \/m + C, or C = - m log\/ m, 

-d.P« v/® 8 + to®’+ mlog [\I — H \f— + l). 

\ fit Vfl ) 


arc 


This also admits of the following expression. Let L AS) 
= PSY * 9, AY being a tangent at the vertex, and SY conse- 
quently perpendicular to the tangent PY, and bisecting the 
angle ASP-, SY *» m sec 9, 

hence, Art. 136, arc AP *» m sec 9 tan 9 + m [■ — — ; 

Jo cos 9 
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- PY + m 



■f* Cj and C ■■ o j 


therefore, arc AP « PF + .<4 /S' • log tan 



Ex. 8. To find the area of a parabolic segment cut off by 
any ordinate. 

Bisect the given ordinate Qq in V (Fig. 8.), and draw PV 
parallel to the axis AD ; draw NM parallel to QF, and let 

PN~w, NM - y, p - SP if LPTA-O, 

(sin 0y 

PT being a tangent at P, and, therefore parallel to Qq ; then 
y* ■» 4 px, and since the axes of the co-ordinates are inclined 
to one another at an angle 0, 


d,A «=y sin 0 = 2 sin0\/p® 5 A = - sin 0y/px^ + C; 

3 

and taking the integral between the limits at = 0 , at = PV 9 and 
doubling the result, 

area QPq = - sin 9 \/p (PF)* ■= - PV. Qq . sin 9 
3 3 




,2 

3 


(circumscribing parallelogram qt). 


Ex. 9. To find the volume of a parabolic frustum, in 
terms of its height and l^ie radii of its ends. 

Let these be PN m b, QM *> c, NM = h, (Fig. 7.) ; it will 
be found that 

IT ft 

volume of frustum generated by PNMQ «= — (6* + c*). 

2 

Ex. 10. To find the area of the surface of a paraboloid. 
d 9 S **2iryd 9 8 « 2tt.2\/ mat. 

+ --4vv /, »V* + »; 
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••• 8 «= - it \/ m (® + m)l + C, 


and since S vanishes when at = 0, 


8ir 

0 = — v »» . m* + C ; 

3 


.'. area of surface generated by ^ P = {(# + m)* - . 


Ex. 11. To find the length of an elliptic arc. 

Let APB be the quadrant of an ellipse, AQD a quadrant 
of the circumscribed circle, L BCQ = 0, QN being an ordinate 
to the axis, arc BP = $ ; (Fig. 5.J, 

w = CW = « sin 0, and y = PN = - . = & cos0 ; 

' a ' 

(d*s) 2 = (<**»)* + (e^y) 2 - (« cos0) 2 + (6 sin 0) 2 
= « a { 1 - e 2 (sin 0) 2 } , if c 2 = , 

or = a v^T - c* (sin 0)" ; 

therefore arc BP (the abscissa of whose extremity = a sin 0) 
= a Jk\/l - c 2 (sin 0) a , the origin of the integral being 0 « 0, 
which is the fundamental expression for elliptic arcs. 


This integral can be obtained only in a series, and by 
Art. 127, 

0 

= (-£ cos 0 sin 0 + — } - ^4 - i C°s 0 (sin 0) 3 

1 .3 , . ^ 1.3, . 1 

cos 0 sm 0 + 0f - &c.> . 

2.4 2.4 j 


If we take the integral between the limits 0 « o, 0 « - , 


quadrant 



24 
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or 




where n 


1 - v/l -c 2 

i + v/n c 8 ’ 


and 1 + n 


2a 

aVb' 


Of these series for the length of the quadrant, the first 
is to be used when the eccentricity c is very small ; and the 
second converges rapidly as long as c* < ^ ; in the next Section 
we shall give theorems for finding the length of any arc to any 
degree of accuracy. 


Ex. 12. To determine two arcs of an ellipse the difference 
of whose lengths can be expressed by an algebraic quantity. 

Let SZ 9 and CY = p 9 be perpendiculars from the focus 
and center on the tangent at P, L NPZ = 0, (Fig. 3.), 

CY* m CY?- Z Y 2 = CA 1 - CS* . (sin 0)*, or p = a v/l-c ! (sin0)* ; 
since the locus of Z is a circle, center C, radius CA. 


Therefore, Art. 1S6, arc AP+PY — 6)*, the 

origin of the integral being 0 «* 0 ; but if CN 1 = a sin 0, by 
the preceding example arc BP = af e \/T~- c 2 (sin 9)\ the 
origin of the integral being 0 = 0; 

arc AP + PY = arc BP. 


The points P and P being so related that if N'P were 
produced to meet the circle on the major axis in Q', and CQ’ 
joined, L NPT = BCQ'. 

Let CN = a sin 0, PN ■= h cos <p ; 


cot0 - — d a y 
also PF= - 


b sin <p b‘ — L_ 

-~tan0, or cot 0 cot 0 = x/i - c* ; 

ac* sin 0 cos 0 

T-*vner •**»**■ H »“ 


arc BP - arc APm ac* sin 0ain0 m- CN" .CN. 

.the abscissae of the points P, P\ viz. asin0, a sin 0, being 
connected by the equation cot <p cot 0 = y/\ - &. 
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This is Fagnani’s theorem. 


Since 0 and # are similarly involved in the value of PY, 
we have PY «= PY\ or the two points P, P', are such, that 

the intercepts of the tangents are equal to one another. 

• • 

Ex. IS. To determine a point which shall divide an 
elliptic quadrant into two parts, the difference of whose lengths 
shall be equal to the difference of the semi-axes. 

Let 0 « 0, (cot 0)* « - ; then P, P\ coincide in a fixed 
r a 

point K whose co-ordinates are 


a sin# a \J , 6 cos# \/ 

a + b f a + b 

and BK - AK — ac % (sin #) 2 — a - b. 

Also CK a \J d‘—ab+li‘, and the ^conjugate diameter « \/ab. 


Ex. 14. To find the length of a hyperbolic ate. 

Let SZ, and CY = p, be perpendiculars from the center 
and focus on the tangent at P; CS - a , CA = ac, i. NPT * 0, 
(Fig. 4.), 

CY*=CZ‘-ZY* = CA*- CST (sin^)\ orp = ov/?-"(rin0)* ; 

PY - arc AP = af e y/c r 2 - (sin #)*, * 
the origin of the integral being 0 = 0. 

Now / PTN has its least value when the tangent coincides 
with the asymptote, in which case its cSsine = CA -r CS ■= c ; 

sin#, which = cmPTN, cannot exceed c; let sin#«=csin0, 

ivv -<.»«)■ - 

- tdi-nw - o 

a sin 0 cos0 

and PY = - d„p - - o tan 0 \/l - c 2 (sin <pf. 
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•\ arc AP m a tan0 \/ \ - c* (sin 0) 2 -aj^y/l - c* (sin <p)* 
ta(1 

the origin of both integrals being 0 m o ; and if we substitute 
for them, their values derived from Art. 126, we shall have 
an expression for the arc AP in a series ascending by powers 
of c which is always < 1. 

Ex. 15. To find the difference between the lengths of the 
asymptote and infinite hyperbolic arc. 

When 0 = p = 0, that is, the tangent passes through 
the centre and coincides with the asymptote. Hence the dif- 
ference between the lengths of the asymptote and the infinite 
hyperbolic arc 


4 v/l- & (sin 0) 2 
7 ra (l — c 2 ) 


. « j, - m> t - (Ll_ 3 V £ . io.} 

Jj. . /i 2 1 1 \2 . 4/ 3 * 

,,+ ®’ e ’ + fc’) c ‘ +lkc -i- 


In the next Section we shall obtain more convenient ex- 
pressions both for this difference, and for the length of any arc 
of an hyperbola. 


Ex. 16. To find the area of the surface of a prolate 
spheroid. 

In this case the arc BP revolves about AC ; Fig. 3 . 

d^SssSirPNd^BP^Trbcoscp.ax/ l-c* (sin0) 8 , (byEx.ll.) 

27Tfl6 . / ; 

df ( c sin 0) v 1 - (c sin 0) a , 


.\S 


*27rab 


and C s 


c sin 0 y/i ( c sin + £ sin ' ' 1 (c sin <j>)\ + C , 

= 0, because 5 and 0 vanish together, 
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area of surface generated by arc BP * 


irab 


— -{e sin ip v/ 1 - c 8 (sin <p)* + sin” 1 (csin <p)} ; 


and making 0 , and multiplying by 2, 


27i 'ob 


area of whole surface = — — (c\/ 1 - c 8 + sin c). 

If c be very small, the area of the surface 

= 47ra e (1 - V) (1 -Ic 2 ) = 4 tto 8 (1- V). 

Ex. 17. To find the area of the surface of an oblate 
spheroid. 

In this case the arc AP revolves about BC ; Pig. 3. 


d^S *= ZwCNd^AP = - 27 ra sin0 .<z\/ 1 - (c sin <py ; 


\ *y=s {ccos0y' / ]-c 8 sin 2 0 


area 


+ (l - c 2 ) log (c cos 0 + \/l - c s sin 2 </))}+ C 
and aS = 0, when 0 = 

\ 0 *s (- -/ logv^i - + C; eliminating C 9 

c \ 2 

of surface generated by arc AP^~- lccoa<p \/ 1 — (e sin 0)* 
„ hi /c cos d> + \/T- (csin 

+ (■ -*■)!* (— r **-)}; 

jc + O-o^logvJ-^}- 


and area of whole surface 


• Sirffl* I 
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If c be very small, urea of whole surface 

*K)}— ■(■-?)• 

Ex. 18. To find the area of a cycloid. 

Let J2? the axis = 2a, ufJV = at, PN =» y, (Fig. 9 .), then* 
PQ m circular arc AQ, by property of the cycloid, 

.*. y = AQ, + QJV «= a versin -1 - + \Zaaat - of. 


d.y 


V* 


ax 


a - ® +/2a-x 

- or 2 * \/2ax - x 2 * “ 9 


area -4JVP = f 9 y = yx - [ X xd x y « y«r - f x \/stax - 
» yx - circular area .4JVQ, (const. « 0). 


area ABD = -45 . BD - semicircle -4QJ9 = 2wa 8 - 


7ra 


Sira 2 


= 3 times area of semicircle AQB. 


If the ordinate bisect the radius AC, it may be easily 
shewn from the above expression, that area ANP = A NBQ ; 
also if the ordinate pass throflgh C , that segment A PH = ^ a 2 . 

I Ex. 19 . To find the length of the arc of a cycloid. 

d, s = Vi~+(d,Vy = \/ 1 +— -1 = V^. 

• ® a? 

s = 2v^2a®, (const. = 0) 

or arc AP *= 2 chord AQ, and arc AD = 2 AB = 4 a. 

Ex. 20. To find the volume generated by the revolution 
of a cycloid about its axis. (Fig. 9.) 

Let z ACQ « 0, .•. ® = a (i t- cos 0), y = a (0 + sin 0), 

.". V m Jfirtydtco - ira* jj(0 + sin 0)* sin 0 

- ira* f, { 0* sin 0 + 2 (sin 0)* 0 + (sin 0)*} ; 
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butjt0*sin0 - -0*0080+2 jCdcosfi- - 0*xos0 + « (9an9 + cos 9), 

jQs (sin0)*0- jj(l - cos20)0 - - - £ (20sin20 + cos20), 

/,(sin0) s --/»{!- (cos0) a } d t cos9 - - cos0 + £ (cos0)*, 

... |r-iro 8 {-9 8 cos0 + 2(9sin9 + cos9) +^9* 

- J (2 0 sin 2 9 + cos 2 0) - cos 0 + -J- (cos 9)*} + C, 

13 

0 m 7 r« 3 {2 — £ - 1 + +C, A C»- 7rflS * 12 * 


therefore, making 0 = 7r, whole volume 

■ ’r° 3 {^ - 2 + i ir * ■ ± + 1 " i " li} = vat (l " i) ' 

If the cycloid revolve about its base, it may be shewn that 
the volume generated « 5 »r*a s . 


Ex. 21. To find the area of the surface of the figure 
generated by the revolution of a cycloid about its axis. (Fig. 9.) 
S « 2w j t yd,H = 2tt (ys - fad.y) 


2ir 


/,2v/ 2 a® y/ —~ ) 



therefore area of surface generatedjby AP 

4 16 

= 2 it \ys+-\/2a (2 a a>)» - — o 4 } ; 

3 o 

and making a - AB = 2a, and therefore 9 « ira, « «= 4a, 


16 / 4\ 

area of whole surface « 27r(47ra s - — o 2 ) » 87ra f ( ?r - -J. 

If the cycloid revolve round its base, it may be shewn 

64 7 r®* ’ 

that the area of the surface of the figure generated . 


3 
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i ♦ m 

Ex, 22. To find the length of k the Epitrochoid, which 
is generated by a fixed point in the plane of a circle whose 
circumference rolls along the outside of the circumference 
of another circle. . 

Let the radius of the fixed circle CA = a , the radius of ** 
generating circle Ba = 6 , (Fig. 14 ), and the distance of the lr 
describing point from the center of the generating circle BP=c. 

A , a, points in contact at first, CN=a}> PN^y^ arc Pp-s 9 
L ACB=*0. Draw Pq parallel to CA , 

l BPq m PBQ + PQB = + 9 ; 


atm CBcoaACB-BPcosBPq—(a + b)cos6-ccos l j $, 

y^CBsmACB -BP sin BPq = (a + b ) sin 9— c sin ^ + 1 j#; 

(d # #) s = (dgxf + (d t yY = (a + 6) s + c 2 + 1 j 


c. ,v> n / e* c 

-2-(a + ft^cosy ; d t s = (a + b) I I + ji~ 2 ^ cos ) 

-‘•*»(>*9K-£r(-S)T‘ 

or d^s = - 2 ^1 + - j (6 + c) s / 1 - (sin 0)*, 


making $ * ^ » and 


46c 


2 (6 + c) % 

Hence « can be expressed by an elliptic arc. 

To get the length of the arc traced out by half a revolu- 
tion of the generating circle, we must integrate between the 

limits 0»O,^ = w, or 0 = - , e o ; 
o r 2 I 

• - *■ (* + ;) <* + •) i 1 - <*>’7 - GtD’t 
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If e m 6, or the describing point be in the Circumference, 

a9 

the curve is the Epicycloid, and d t a «■ 2 (a + 6) sin — , 

4 b(a + b) a6 , n 

• ■ cos—* + C, and « — 0 when 0 m 0, 

a 26 


46(o + fe)/ a9 

'• arc pP =• — { 1 - cos — 

o \ 26, 


ofh 46 (o + 6) 


, PBQ 

I m — - — - — - versm 1 

) a 2 

therefore arc described by one revolution of the generating 

* 86(0 + 6) 

circle ■ 


Of course the above formula are adapted to the Hypo- 
trochoid and Hypocycloid (for which the circle rolls along 
the inside of the circumference of the fixed circle) by making 
6 negative. 

Ex. 2 3. To find the area of a Catenary. 

Let B be the origin, AB - a , BN » w, PN - y, (Fig. 10.), 

« i -- 
•*• * = £(*" + ' "); 

\ area JBPN = f,y = + 0 C * j 

j (e“ - e " ), (const. * 0). 

* Ex. 24. To find the area &f the Cissoid of Diodes. 

This curve is the locus of the intersection of an ordinate 
of a circle, with a line joinii% the extremity of another equal 
ordinate and the extremity of the diameter to which both are 
perpendicular. 

Let QN, Q'N, be the equal ordinates, and Pa point in 
the curve. 


25 


AB « 2«, AN - to, PN - y, (Fig. n.), 
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PN* Q'N * * 


’’AN* AN** 2a - m y 2a — ® ’ 

.*. area ANP— f ~ ~ y = ■ 1 - ■ - 2ad\/2a + s L\/ 2ax-tP 

V 2a — » « ' 

■ - 2m*j2aw - a? + 3 (circular area JiVQ) ; (const. — o) ; 

therefore, making at = 2 a, whole area contained between the 

... . . Sira* 

curve and its asymptote 


2 


3 times semicircle AQB. 


Also the volume of the figure generated by the revolution 
of the area ANP about the axis AB 

V' IT®* f x 5 ' . 3, 2a \ 

J. 2a -w \ 3 6 2 a-wV 

by dividing and integrating. 

If the figure revolve about the asymptote, 

d,V-Tr (PMfd.BM - w (2a - *)* 

=7r(Sa— ®)\/ 2a<v-a?m tt{ 2a\/ 2ax -.v 3 + (a-w)*S 2atv-x t ^, 
.*. F=ir {2a (circular area^4JV'Q) + ^(2aa-a*)l},(const.«0) ; 

.*. whole volume = 7 r ^2a . = Tr^a*. 

The curve has another branch similar to APB situated below AB- 

Ex. 25. To find 'ihe volume of the figure generated by 
the revolution of a Conchoid about its asymptote. 

This curve is described by taring PD always of the same 
length, AN being a line given in position, and C a fixed point 
about which CP revolves. Draw CB perpendicular to AN, 
and let 

AN- », PN — y, AC — a, AB - DP- b ; (Fig. 12.), 

A PN • CM 8 y* (a + y)* 
tb *° DN‘ ~ PM' V-f 
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a + y 06 * y 

••Y'^’r(^7 + 7rr?) 

F « 7 T {oft* cos -1 1 - ^ (ft* - y 8 )* + ft 8 s/b* - y*} + Ct 

and FbO when y « ft, C *= 0 , 
therefore, making y = 0 , whole volume 

, ’ r (« 6 *-^+f 6S )“^ (™+^) • 

The inferior Conchoid is traced out by taking in DCy 
DP’ = DP m ft ; the volume generated by it will result from 
the above expression by making 6 negative, provided ft < o. 

138. We shall next exemplify the use of polar co-ordi- 
nates in finding the areas and lengths of curves. 

If s be the length of the arc of a curve referred to polar 
co-ordinates, intercepted between the radius vector p and a 
fixed line, and A the sectorial area bounded by these and the 
arc, also 6 the angle made by p with the initial line, then 

d t 8-\/ p“ + {d t pf, d e A = * - f g vV + (d 0 p)*, A « %f B p*. 

• These formulae are to be used wlten p is given in terms of 
6 ; if 0 be given in terms of p, the formulae become 

r+T, A-y^df. 

Since tan 0 - 

w 

d,A - $p*d,0 - y d, - £ (wd t y - y ) ; 

4-y. (ad,y - y). 
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This expression, in which at is independent variable, is 
sometimes convenient for finding a sectorial area. 


In some cases it is advantageous to use expressions involving 
p, the perpendicular dropped from the pole upon the tangent;. 


in such cases, since d p a 


P 

\Zp*-p*’ 



Ej^ 1. To find the area of the Conchoid. 

Let CP — p, /. BCP = 0, (Fig. 12.), 
then CP « CD + DP = CD + AB , orp = asec0 + 6; 
therefore, area BCP » %f$p 3 = {«* (sec 6)* + 2 ab sec 9 + 6*} 

= ^ { a* tan 0 + 2aMog tan ^ ^ j + Ir0 \ , (const. = 0). 


Ex.' 2. To find the area of any sector of a hyperbola 
bounded by straight lines passing through the center. 

Let C be the center of the hyperbola, a, b the semi-axes, 
CN m W, PN = y, CP - p, ACP = 0 , (Fig. 4 ). 

If the hyperbola be rectangular or a = b, 

- y* = o®, or p® (cos 0)* - p* (sin 6)® = a®, .-. p® = — — - ; 

COS 2 (/ 

.*. area ACP » £ a® ^ = i° s l°g tan ^0 + ^ j , (const. = 0). 
If the hyperbola be not rectangular, 


d. (area ACP) = ^ (*d,y - y) 



.*. area ACP «* log ^ 

-tMH)- 
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Hence if we put the sectorial area ACP * — 9 , we may 
express the co-ordinates of P in terms of 0 ; 

for then - +?*«', - - e~*, since - 75 •“ U 

a b *a b ar 0* 

••• * - \ («* * «“•)» e ~*)' 

Ex. S. To find the area of a hyperbolic sector bounded 
by straight lines passing through the focus. 

Let CA ■= a, CS = a e, CJV = .r, PN = y, (Fig. 4 .), 

also because at cannot be less than a, let at = a sec d, and there- 
fore y - b tan d ; * 

now area ASP = area ANP + area of &SNP, 
.•.d t (axeaASP)*‘y+%d,{(ae-tc).y\<n* |y + (ae-«) d,y\ ; 
.-. d t (area ASP) = £ {yd B x + (ae - x) d B y\ 

*=A^ab (tan 9 )* seed + 06 (e - seed) (seed)*} 

= — {e (sec d)* - sec 9 \ ; 

J + ^)}» (const. = 0); 

for the area = 0, when a = a, and therefore 0*0. * 

It may easily be shewn that if 

Je + 1 0 

z ASP = v , tan - tan ~ . 

« e - l 4 

Ex. 4 . To find the area and lrpgth of the Lemniscata, 
which is the locus of the intersection of the tangent to a rect- 
angular hyperbola and the perpendicular upon it from the 
center. 

Let C and S be the center and focus of a rectangular hy- 
perbola, (Fig. IS.) therefore CS « CA s /% ; CP, SZ, perpendi- 
culars upon a tangent, CP “ p, ACP “ d, AC — a; 


. ASP “ IT j e tan d - log Jan ^ 
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then C/»* CZ*-Zi*« CJ s -aS"(sin 0 ) # = a*{l - 2 (sin 0 )*}, 
or ff m c? cos 20, 

the equation to the curve, which is manifestly of the form 
represented, symmetrical with respect to the line AJl\ 

a 8 ci* 

.\ area ACP — — Jjcos 20 = — sin 20 , (const. « 0). 

Make 9 = ^, then p « 0, and area APBC — £ a 2 , 
therefore whole area «= a*. 


Also »rt .iP - jt vV + (<i, />)’ - o X7ST# 

* 71 l ✓l-i(.m^' ( " ,kin * ' /Sn * " c0 ’* ) ’ 

which may be integrated in a series by Art. 126. 


Ex. 5 . To find the area of the curve traced out by the 
intersection of normals to an ellipse which are at right angles 
to one another. (Conic Sections, Art. 240 . Ex. 11 ). 

r . 1 - (n tan 0) a _ , , . 

Its equation is p ® c 7 — , and the whole area 

r 1 + (n tan 9 )* 

1 4. w* o? — 6® d 

(l + n) 1 " ' - b) '’ mhm C ~ C7JTP ’ “ 4 ” " b 1 

a and b being the semi-axes of the ellipse. Again, to shew 
that ^ 7r (a a + 6 2 + c 8 ) is the area inclosed by the locus of the 
foot of the perpendicular dropped upon the tangent to an 
ellipse from a point at a distance c from the center. 

Since the equations to the tangent, and to a perpendicular 
upon it from a point (a, / 3 ), are respectively 

(y - mny = 6 s -f 


m 

{y(y - fi) + * (* - a)}* - a*(» - a)* + 6*(y - / 3 )* 
is the equation to the locus of their intersection. 
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Let a m a + pcosO, y - fi + psin 9, 

(p + a cos 9 + j3 sin 9)* = a* cos*9 + A*sin*9. 

Let p Yi p,, be the values of p in this equation, 

• » 

pi + p» * 2 (a cos 9 + /3 sin 9)’ + 2 (a* cos* 9 + 6* sin* 9) 

” (a* + a*) (1 + cos 29) + (/3* + A*) (l - cos 29) + Safi sin 29, 

£ "/•'fa* + pi) « £ it (a* + A* + a* + fi 1 ), 

or area required = ^ ir (a* + A* + c*). * 


Ex. 6. To find the length and area of a Hypocycloid. 

CF, the radius of the fixed # circle, - a, (Fig. 15.) GF the 
diameter of the rolling circle = 2 A, P the generating point at 
first in contact with B, BPE the curve traced out in half a 
revolution ; CP - p, CY, a perpendicular upon the tangent 
at P, = p. It is evident that when the rolling circle is turning 
upon F, the motion of P is perpendicular to FP, and, there- 
fore, the tangent at P passes through G ; let CG « a - 2 A ■ c, 
then by similar triangles 



* • 

for EP - 0 when p m c, and .*. const. — 0. 

Hence making p m a, and doubling ’the result, 


DEB, the arc traced out in one revolution , m — 


2(o*— c*) 


8A 


(- 3 * 


this becomes » 8 A, when a is infinite, as it ought, for the curve 
is then the common cycloid. • 

FOP 


It may be easily shewn that arc BP m — Q 


versin- 
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Agd», i,(mra EC P) - 

= £d p \/ p 8 - c* .•%/«“ - <? - (ff - <?), .'. &re&ECP 

- £ {v^ . yV- p* + (a 2 - c 2 ) sin" 1 \/ 

(const. ■» 0, for area * 0, when p =» c) ; therefore, making p « a, 

<7 

and multiplying by 2, area BCDE - — . (a* - c*) 7r, 

4a 

and area BADE = - C (a 2 - c c ) 7r + waft = wft* fs - — ) . 

4a « \ a) 


Ex. 7. To find the length and area of the involute of 
a circle. 


Let AP (Fig. 16.) be described by unwinding the string 
PT kept constantly stretched from the arc AT\ then PT is 
manifestly perpendicular to the curve, and therefore if PY be 
a tangent, and CY sl perpendicular upon it from the center, 
TY is a rectangle, and consequently p = \/p* - a 4 , making 
CP = p, CY = p 9 CA = a. * Let AP *= s, 





+ C, and 0 = 
2a 



p*-a*_p* (AT)\ 

2 a'”?®"* 


if, therefore, the string be unwound from n circumferences, 

the length of P’s path < =l - 2 ” ,ra ^ =2#V». 

* a 


Also axe&ACP < 


if. 


pp 


x/pt-p? 




(p* - «*)* _ p 2 
6a 6a* 
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It is manifest that the circular sector ACT equals the 
triangular area PCT ; therefore, taking each of these sepa- 
rately from the area PTCA 9 we have area PAT — area PAC ; 
that is, the area between the curve and its evolute, is equal 
to the area swept out by the radius vector. 


139. The area of the Nodus of a curve may be found by 
polar co-ordinates, as we have seen in some of the preceding 
Examples. It is sometimes, however, convenient to make t 
the tangent of the spiral angle the independent variable; in ‘ 
that case, since 

d e A = y\ d t A = \p*d t 9 = J p* (cos 0) 2 = ^\ A - 

• ~ 

Hence since y = xt, if we express x in terms of t from 
the equation to the curve, and integrate between proper limits, 
we shall have the area of the corresponding nodus. 


Ex. 1. y*-3axy + a? = 0, Fig. 17. 

If the curve, of which this is the equation, be traced, there 
will be found a nodus to which the axes of x and y are tangents. 

_ Sat Sat 

Let y**xt 9 F +1=0, or x = - ; 

x • 1 + V 

therefore tv = 0 when t = 0, and also when t = « ; 


A 


Oar r t 

T J t (TT 


ty 


3 a 1 

2 


C - - - - ; make / *= 0, 

1 + t 


• 3a i . # ai 3a 

0 =' C ; make t ■ oo J and area ABD = Co — . 

2 2 

Ex. 2. («* + if)* = (oa?)* - (by)\ (Fig. IS.) ; 


whole area = ab + (a* - ft*) tan - 



Ex. S. y* = aid 1 -* (w - my) r 


area of nodus > 


o * j »** -1 

(in - 1) (in - 2) (2 n - S) 


26 
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Ex. 4. To find the area of the evolute of an ellipse. 


The equation is j = 1 ; where a = — — * ($ *= — » 

a and b being the semi-axes of the* ellipse. 

Make x ■= a cos 3 0, y = /3 sin 3 0 ; 
d e A =■ - 3 a/3 cos 2 0 sin 4 9 ; 

= 3a/3°/^(8in < 0-sin fi 0)=3«j8-(^-J^liU— ,ra/3; 

2 \ 4.2 6 . 4 . 2 / 32 ^ 

, _ , . , 3«- (a* - 6*)' 

therefore the whole area = — . . 

, 8* oft 

Also the length of a quadrant of the evolute = difference 
of the radii of curvature of the ellipse at its extremities, 

a* ft* a 3 -b 3 

b a ab * 

4 

therefore whole length of evolute = — (a 3 - b 3 ). 

ab 


J 


a 2 -b 2 


a*-6* 


140. In the following examples, the revolving area is 
bounded by two curves, instead of a curve and the axis. 

Ex. 1. To find the volume of the figure generated by 
the revolution of the curve whose equation is 

y 4 - 2 Lxy 2 - 3a 2 cZ? 2 + ,r 4 = 0, 
about the axis of x. 

The equation, solved with respect to y 2 , is 
y 8 = ax ± a? \/ to 2 - a? 2 , 

and its form is seen (Fig. 18.), the lower sign producing the 
portion DBD\ and the upper sign the portion DAD\ 

When x is negative, the lower sign only is admissible, and 
gives the oval AE ; where AE « AB « a \/s, and AF = 2 a. 
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Hence volume generated by ACB 

0 r a VS j - 

« 7r / (aw + w v - *v c ) 


23tto 3 

6~ 


volume generated by CDB • 

a> / 5 r 2a -j 

= 7r y (2a? v4a a -a? 2 ) 


2 ir a 3 


since 207 V/ 4a 8 — a?* = difference of squares of ordinates of CD, 
and BD ; also volume generated by AE 

V ftN/5 , , 57 TO 3 

= 7 r (- oa? + a? a? — a?) * — - — ; 

•/* o 


therefore whole volume = 7ra 3 


/23 2 5\ 

( "« + 5 + 6/ 


1()7T0 3 

3 ' 


Ex. 2. If a circle whose radius * a, revolve about an axis 
in its plane, and c = length of the perpendicular dropped from 
its center on the axis, the volume and surface of the figure 
generated are respectively 27r 8 a*e, 4 t r 2 ac. 


141. We shall now give a few instances of finding the 
volumes of figures generated by the, motion of a plane surface 
parallel to itself, and increasing or decreasing irr magnitude 
after a given law ; it is clear a figure of revolution is only 
a particular case of this, the generating plane surface being 
a circle whose radius varies so as always to be equal to the 
ordinate of the curve or directrix. In» other cases, if u repre- 
sent the area of the generating* plane surface in terms of w 9 
and a the angle which it makes with the, axis of w 9 we shall 
have d 9 V = u sin a, and .*. V « sin a f 9 u. 

Ex. 1. To find the volume of a pyramid. 

Let a be (Fig. 19.) be a section of the pyramid made by 
a plane parallel to the base ABC ; then the pyramid may be 
supposed to be generated by the motion of the triangle abc 
parallel to itself, and increasing in magnitude so as always 
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to have its angular points in the lines VA, VB, VC. The 
triangles abc, ABC are manifestly equiangular, 

area a 6c (6c) 2 (Fc) 2 (F») 2 

' ‘ area ABC “ (BCf “ (FC) 2 " (VN)* ’ 

* • 

VN being a perpendicular from the vertex on the plane of 
the base; 

or m - , if VN - h, Vn = a, area ABC* A; 


therefore volume of pyramid 
0 /•* Aa? Ah 

= J -jp- = — = 1 (prism of same base and altitude). 

This result is true of any pyramid ; or of an oblique cone 
upon any base. 


Ex. 2. To find the volume of any segment of a para- 
boloid. 


Let QAq (Fig. 8.) be a segment of a paraboloid whose 
axis is AD , then the bounding plane surface QGq is an ellipse ; 
suppose it perpendicular to the plane of the paper and to meet 
a section of the paraboloid through its axis made by that 
plane in Qq. Bisect Qq in V , and draw PV parallel to AD> 
and let PVG be a section of the paraboloid made by a plane 
through PV perpendicular to the plane of the paper; then PgG 
is a parabola similar to the generating one, and QV and VG 
(which is perpendicular to QT) are the semi-axes of QGq; and 
any parallel section Jli'gm is. an ellipse with semi-axes MN> 
Ng , by the motion of which parallel to itself the paraboloid 
may be supposed to be generated. 

Let PN = a?, SP = p ; then MN « 2\/ pa?, Ng m 2 \/mx, 

area Mgvn = 4ir« vy/mp ; and the inclination of PN to the 
plane of the moveable area i^ z PNm = 9 , 

d x V « 4w y/ mp sin 0«t‘, 

V = 2 7t y/ mp sin (const. = 0) ; 
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volume QPqmZirx/mpdnO.iPVy^^Trx/ mp.PV.PV&inO 
« ^ (circumscribing cylinder tq ). 

Ex. 3. If about a circle which generates by its motion 
•a solid of revolution, a regular polygon be circumscribed in 
every position, so that the points of contact may be always 
in the same planes, to find the volume, and area of the surface, 
of the figure generated. 

Since the area and perimeter of the polygon will be always 
proportional to the square, and the simple power of the ordi- 
nate, if V and S be the volume, and area of the surface 
generated, we shall have 

d x V = nyd s s. 


Suppose the directrix a circle, and the polygon a square, 
the figure generated is called a groin ; 


a 

and since m *= 4, n « 8} if = 2 a# — .v 2 , d T s = - , 

8 a? 

V = (2o# - os 2 ) « — between the limits os = 0 , jo = a, 

3 

S=8f x a = 8a 2 , between the same limits. 

142. We can always approximate to the ^rea of a curve 
by the method of equidistant ordinates. 


Let it be required to find the area PNKU (Fig. 20.) 
included between the ordinates PN , KU ; divide their distance 
• NK into an even number - 1) t>f parts, each « A, and call 
the ordinates drawn through the points of division a%, o 3 ,. 
and the extreme ordinates a,, a„. Through the extremities 
of the three first describe a parabola PQR having its axis 
parallel to the ordinates of the curve ; this is possible, because 
a parabola can be made to satisfy four conditions ; draw the 
chord PR which will be bisected in V by the intermediate 
ordinate, and will be parallel to the tangent of the parabola 
at Q; therefore (Ex. 8. Art. 137.) area of parabolic segment 
PQRV « | circumscribing parallelogram 
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a ± ft 

“ Q V • ML " ~ { ““ i ( a l + fl s) } ? 

3 o 

and area of trapezium PRLN * 2A . + ° 3 

therefore whole area 

4 2 i A 

PQRLN • A \a x + o s + -o 8 - - (a, + o 3 )} = - (a, + 4a* + a 3 ); 

3 3 3 

similarly, describing a parabola through the points R, S, T, 

h 

area RSTML - — (o s + 4a, + o r> ), &c. = &c. 

3 

Hence, by addition, the sum of the parabolic areas, which 
is a near approximation to the Curvilinear area PNKU , 

h 

= - (a x + a„ + 4 o 2 + 2o 3 + 4« 4 + 2o 3 + 8 cc. + 4o„_ l ). 

Hence the rule. Add the Jirst and last ordinates to four 
times the sum of the even, and twice the sum of the odd ones, 
and multiply by ^ the common distance of the ordinates. 


143. The following are miscellaneous examples of finding 
areas, lengths, and volumes. 

1. The area of the space inclosed by the curve 
oy 8 = ,r a \/ a* - a* is ~ « • 


2. The length of the curve 8a 3 y = a? 4 + 6a 9 a? measured 


from the origin of co-ordinates, is 


x 




3. The volume generated by the curve y*(«r- 4o) 
« ax (x - 3a) revolving about axis of «v, from a? = Q to 
W « So, is as ^7rO S (l5 - l61og2). 

4. The area of the space* inclosed by the spiral 

p y/ a* sin* 6 + 6 8 cos 8 Q » (o 2 - A 2 ) cos 0 sin $ is ~ (o - A) 2 . 
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5. The area between the curve y* (m - a) - ar*(c - <v) and 
its asymptote is £ vr (a - c) (So + c ) ; the curve being the locus 
of the intersection of the tangent to a parabola and a perpen- 
dicular upon it from a point in the axis at a distance c from 
*he vertex (c < a » AS). • 

6. If the arc of a cycloid roll along a straight line to 
which its axis is parallel at the beginning and end of the 
motion ; the area between the line, and the curve which is the 
locus of the vertex, = ?ra*(l + ^ 7 r 8 ). 

7. The area of a cycloid is trisected by the generating 
circle on the axis, and the curve whose equations are at « 
a versin 0, y = aO. 

8. In the spiral p *= a sec JL0, the area between the curve, 
its asymptote, and the tangent at the apse, = 4 a 8 . 


9. The length of the curve y = 
to x = 2, is log (e + e" 1 ). 



from at « 1 


10. The tangents to the interior of two concentric and 
similar curves of the second order whose axes are coincident, 
cut off from the exterior curve equal areas. 


11. If a cone envelope an elliptic paraboloid, its volume 
will be ^rds of that of the enveloped segment of the para- 
boloid. 
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SECTION. IX. 

KU1PTIC FUNCTIONS. 


Art. 144. The last case of integrating explicit functions 
of the variable which we shall consider, is an extensive class of 
transcendents, of which the elementary forms are 

*«» - X v A - <*(&•«>• EM ‘ Wl 

and n,(t>, 8) - ,(51+71 (si| 1 H)'j (dn 

These three, denoted by the symbols F , E, II, are called 
respectively Elliptic Functions of the first, second, and third 
orders ; they are all comprized in 

ra + 6 (bind)’, __ l 
X l + n (sin 0)* * y/i - c 54 ("sin 0)* * 

which is the general form of elliptic functions. The origin of 
each of the integrals is 0 = 0, and its extent is determined by 
the variable 0 which is called its amplitude; c is always < 1, 
and is called the modulus, and* \/l~— c*, denoted by ft, is 
called the complement of the modulus ; the constant n which 
is found in ll r (», 0 ) is called its parameter, and may be 
positive or negative. The reason why they are called elliptic 
functions is, that flE,,(0) is the expression for the length of an 
elliptic arc found in Ex. 11. Art. 137; and F c {0) can be repre- 
sented by the arcs of two ellipses, as we shall shew; the 
appellation is less appropriate as far as regards elliptic func- 
tions of the third order. When the superior limit of the 
integrals is 0 = ^ir, they are called complete functions, and are 
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denoted by1F e , £ e , II* (»), suppressing the amplitude. The 
quantity s / 1 - c* (sin 9)* is denoted by A c (0), or by A simply 
in investigations in which only one modulus and one amplitude 
enter. 

In the expressions <F C (0), £ c (0), the modulus c answers 
to the base of a system of logarithms ; and Tables to a certain 
extent have been constructed by Legendre, whereby their 
numerical values, corresponding to a given modulus and ampli- 
tude, may be found. Since n^n, 0) involves two constants, 
the formation of tables of elliptic functions of the third order 
is almost impracticable ; but there are many cases where they 
can be expressed by functions of the first and second orders ; 
when they are complete, this can /dways be effected. 


145. All integrals comprised under the form 


i 


gw 

y/ a + bx + ex* + ea? + fx* 


when R (x) denotes a rational function of a , can be made to 
depend upon the elementary integrals described above ; we 
perceive, therefore, the importance of this theory, and the 
extension it gives to the domains of Analysis. The object of 

* r R (a?) 

the present Chapter is first, to reduce / — to fhe simplest 

v X 

integrals of its class, and to shew that they are identical with 
the three elliptic functions ; and secondly, to give the mode of 
•calculating the numerical values of the latter, in order that 

• • r R (®) 4 

Problems dependent upon integrals of the form f — — may 

X 

receive the same complete development, as if they depended 
upon integrals capable of being expressed by logarithms or 
trigonometrical functions. Neither is the method of investi- 
gation here pursued, confined to the case where X is of not 
more than four dimensions; it fs applicable to the case of 
X being a polynomial of any number of dimensions ; and the 
integrals are called in that case, 'Ultra-elliptic Functions. 

27 
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146. The analysis of f—p 9 —-is 

•'•V a + bat + cap + eoP + faP 

conveniently effected by three principal steps. 

1. Transformation into an integral of the form 


•0(/+ 


«(**) 


V(/+p0(* + w) 

_ . r Jl(sin*0) 

2. Transformation of the above into / — — — - . 

J$y/i - c* (Bin 0)* 

3 . Reduction of the above to 

I +b+c (,i " v ) 

These will form the subjects of the following Articles. 


147. To transform 
»(*) 


f _ u w into r 

J*y/a + hat + <?#* + ea? 3 +/. 1? 4 *4 \/(/ + #**) (A + Ar**) 

/. 1 

We shall begin with the transformation of / — , from 

•'a V 

which the other can be eaflrily deduced. 


Let X be decomposed into two real quadratic factors, so 
that we may have 

a + bat + cap + ex 9 + faP « (a + 2/3# + yaP)(\ + 2/a# + vaP) ; 

this, we know, is always possible, the determination of the 
coefficients a, /3, &c. depending upon a cubic equation whose 
last term is negative, and which, therefore, has a real positive 

p + qz 

root (Theory of Equations, Art. 96) ; also let # = ^ , 

p an q being two unknown constants ; 

.% AT « {a (1 + *) 2 + 2/3 (l'+ *) (p + q*) + 7 (p + 9*) 2 } * 
{X(l +*)‘ + Sm( 1 +*)(p + ?*) + •- (p + 9*)*}. 
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and in order that the odd powers of * may vanish, we must 
have 

a + ft (P + ?) + 7P9 m °> X + fi (p + q) + vpq • o. 
These equations of course give possible values for pq and 
p+9? but the values of p and q will not be possible, unless 
(p + q) 2 - 4 pq be positive ; that this is the case, may be 
thus shewn. 

1. Let the roots of X « Q be not all real, and let 
a + 2/}a? + yap =» 0 have its roots imaginary so that ay>(i*\ 
now the former of the above equations gives 

<»♦»)■ 1 °-^)', 

t \a /“ + 7P9\ i * „ /« + 7P9 2/3\* 4«7~4/3’ 

* - 7 yA 

which is positive, whether the roots of the other quadratic 
factor be real or not. In the same manner, if it be the factor 
X + 2/utf + voP = 0 whose roots are imaginary, we may shew 
that the value of (p-g)* is positive. 

2. Let the roots of X = 0 be real, and represented by 
a, 6, c, d in order of magnitude ; and among the three ways in 
which X can be resolved into its ♦quadratic factors, let that 
be taken which groups the two greatest, and tWb least roots 
together, so that 

a + 2/-U + ya? *= 7 («r - a) (<r - fc), 

X + 2m# + vaf'- v (w - c) (ff - d) ; 
then the equations for determining p and q are 
ab - ^ (a + 6) (p + 0) -f*p9 » 0, 
cd - £ (c + d) (p + q) + pg « 0 ; 
from which, by forming the value of (p + 9)*- 4p$f, and re- 
ducing, we shall obtain 

(p, g )^( fl . c )(^d)(6>c)(6-(<) 

2 * (a + 6 - c - d) 2 ’ 

which is positive, v a and b are both greater than c and d. 
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Hence X can be reduced to the form 

l 


(/ + ***) (A 

* (1 + *)*’ 
r d*® 

therefore the proposed integral J ~>= will be transformed into 


A T. f+g*?)(h+kS)- 

It is not necessary that X should have all its terms, we may 
have /«0,oie = 0; the only, restriction is, that we must not 
have b and e each ■> 0 and 4 o/>c*, for then the quadratic 
factors of X are imaginary; a special case which we shall 
consider separately. 


148. By the substitution made in the preceding Art., 
R(w) becomes a rational function of #, which, whether it be 
integral or fractional, may be reduced to the form 


r R(w) 

Ri («*) +#!?*(**); hence J —^becomes 

. r *.(»*) r ?*.(**) 

l V'if + g **) (A + * **) + l y/if+ g*?)\h+~kz ) ' 
the latter of which, by making «* = y, may be further re- 
duced to 


if. 


R(y) 


2 J yV(f + gy){h + ky) 
and is integrable by the common rules, Art. 49, Case lii. 

/ R 

— t== may be made to depend upon 
*v X 4 

f *.(«*) 

A >/(/+£**)(*+*»*) 



149 . To transform 

/ ... *<*-> — i, to r 

A + ga?) (h + kx 1 ) "Q \/ 1 -o*(sin0)' 
We shall begin with the transformation of 


f 1 orf—- 

+£**)(& + *#*) OX J‘y/z‘ 


This is most conveniently done by considering separately 
the different forms which each of the factors of 


\A/ + g^) ( A + &*“) 

may have, and the different ways in which they may be com- 
bined ; it will be seen that every possible case is comprised in 
the five following. 

1. Let Z = m* ( 1 + pV) (l - 


Since qx cannot exceed 1, let qx - cos 9 , 



- - sin 9 




0 f 1 

# m P Vi - c* (sin 9 )* ’ 


where c 


P * 

V + 9 * 


2. Let Z « »* (1 + />*«*) (a* - 9*), and since * is always 
> q, let * ■ q sec 6 , f 


f*\/Z~ Itn 


q sec 9 tan 0 


y/ Z ** mqtmOy/l + (pq&ecOy 
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1 f 1 „ « f \ 

m v / l + (/>?)* - (sin 0)* » *'• 1 — c 1 (sin 0)* ’ 


where c < 


7 1 p* <f ' 


3. Let 2[ « m* (l + p***)(l + gr 8 * 8 ), and suppose p >? ; 
let p* = tan 


*/’ P 


- (sec 0)* 


mpje 


msec 9/^/ 1 + ~ (tan 9) 2 


\co8$y+ ^(sin0) a ‘ ^ ^ *>’ ’ 


where c c . 

/> 

4. Let Z = wr (l - p L V) (l - ^s 2 ), and suppose p>q\ 
since p* cannot exceed 1, let p% = sin 0, 


'■J.Vz’J. 


cob Q \/ ! - ^ (sin 0)* 


1 / 1 * 9 

— / 7 ===== 7 = T & ^ rr , where c = -. 
mp*/# v l - c* (sin 9) 2 p 

5. Let Z « m 8 (** - g*) (p* - **), and suppose p> q; 
let * * q sec 0, 

/.l r q sec 6 tan 9 

J z \/ Z hmq tqn 9 \Zp* — ^(secfl)* 

mf 9 \/p* - g* - p 2 (sin 0) 2 " rop - (sin 9)* * 
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where e < 




Now let sin 0 « c sin 0, 


l 1 r c cos 0 1 r 1 

'Z mpJj cosO^j cos 0 mp J^\/ 1 - c*(sin 0)* * 

This transformation might have been effects! immediately, 
by making 


1 - (sin 0)* x - c* (sin 0)* 


150. All the above substitutions are comprehended in 
the form 


m + n (sin 9 ) c 


if then we make this substitution in 


. Rt (»*) d 9 x 

h \/{f + £**) (* + ** a ) 


it will be transformed into 




c* (sin 0) tf 


151. When the quadratic factors of AT are imaginary, 
as noticed at the end of Art. 147. s it will be of the form 


-AT* X 8 + sXm^cos a + /u 2 a? 4 . 
Make a? » j 


rx\4 0 

tan - , 
2 


X 2 + 2 A/tur 2 cos a + /i 8 «r 4 o\ 5i |l + 2 cos a + ( tan ^) | 

“ x *( 8ec «) i 1 " ( 8in i) < 8in0 ) 1 '}’ 
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/* 1 [• , _ 

* •"A ^sec^j \/ 1 “ (sin 0) 1 

’rk'J.Tr^wtr'^ 


. & 
c sb sin - . 
2 


152 . To investigate formulas of reduction for 

(makingsin0»#). 


C R (sin 2 0 ) 

J$ \/ 1 - & (sin 0) 2 


or 


r «*(**) 


First let A (0*) be an integral function, then each term in 

/* will be of the form f *7— , the formula of reduc- 

•'-■x/at • 7*7 X 

tion for which is (Art. 58. Ex. l.) 


/ or 

77 


jfim aP m ~*y/X 2m -2 1 + & ra?" 


!. 


y/X 


J M y/X (2m- l)<r 2m -1 c* 

2m -3 1 r^~\ 

~ Sm-l 'c’ J*y/x' * 

or, restoring the value of a>, and putting A for y/ \ - c* (sin 0 )', 


I. 


(sin 0 ) 2m C 09 0 (sin 0 )^“^A 2m - 2 1 + c 2 /-(sin 0 ) 2 * 


(2 m - l)c* + 2w 


zlL+ 5 : p 

- 1 C- ^9 


2m -3 1 /•(9in0) 2w " J 


xm — a i 

2 m - 1 c?J 0 

By this formula, - can be made to depend upon 


A 

/• ( ““ 9, ’»d fl, 

that is, upon an integral of the form 


f»\A + B (sin ey\~. 



153 . Secondly, let be a fraction; it may be re- 

N 

solved into partial fractions of the general form — — y » 

their number being equal to the dimension in w* of its denomi- 
nator, and N and n being constants real or imaginary. Hence 

every term of .will be of the form 

J J* y/X & ♦ 


N f 1 — 7 = i . 

•'» (l + nor)" y/X 


Make I + no f = x. 


X - l - 


(, _ 1) + _ (# _ i)* 

n 

/I + c 8 2c>\ 


1 +er c - /l + cr 2 <r\ <r 

= 1 + 4 - * + -. 

n n* \ n n*J nr 

„ . __ 1 l 

i a + fix + 7 *% suppose ; also, d s .v m -jr=— r; 

2 v » v * — 1 


J r 1 

f 7__ becomes 

. (1 + »**)" y/X 


N _f. 




Zy/n-'tz" y/\x - 1) (a + / 3 * + 7**) 2 y/n‘' e x m y/Z 
putting Z =* - a + (a - / 3 ) * + (/ 3 - 7)*® + 7*®* 

This integral, by Art. 61, can Jbe made to depend upon 
three similar ones in which the index of * is increased, by 
differentiating z~ m+l v/ Z, which give* 




$ - (m - 1) (- a + (« - /3)ar + (fi - 7)** + 7**) 

v Z 

+ £*(«* -/3 + * (/3 - 7)* + 37*“)} 


28 
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)a- 

- (m - 2) (/3 - 7) ** - (m - ^ 7** 


therefore, integrating, 


*-*' - (- - ')°f.rvz - (” — I) (• - ® 

-(--OCS-tfjfcn^- (»-i) 

Hence dividing by 2 \/w, and restoring the value of 
in which case \/ Z = v/^ sin 0 cos 0 A, and 

d^kl/Z * X [.+ n(sin ~ K m *" 


sin 8 cos 8 A 


= (2m - 2) aF„ - (2m - 3 ) («-/ 3 ) F„_ 


{l + «(sin8)*}" -1 v * 

- (2m - 4 ) (/3 - 7) F m _ 2 - (2m - 5 ) 7 F„_ 3 . 


Hence F,* will at last depend upon F,, F 0 , F_,, that is 
upon an integral of the form 


but j»\J + B (sin 0 ) 8 } ~ = f ,(4 + ^ ^ A*) ~ 

hence, whether J? (sin 8 0 ) bl^itegral or fractional, it is demon- 

j * . r R (sin 8 0) 

strated that every term m / _ can be made to 

•'« Vl - c sin 2 0 

1 depend upon one or more of the elementary forms 

F r (0), £ c (0), n c («, 8). 
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154. We shall now apply the preceding methods to 
obtain certain results, some of which will be required in the 
advanced parts of the subject. 

* Ex. l. To express J 1 - by an elliptic function. 

Assuming to * -- , we find p - 1 + \/3, ]■! - \/8\ 

1 + x 

ft 

2 — y/ S 

and if w» 2 = , or m m tan 15°, the transformed integral 

2 + -s/a 6 

b - -jrl 1 l,en “’ *> 

f*\/ 1 —a* -c*(sin Sy "i/s + COMt ' 

where c = cos 15° = - + , and a> => — v/s ( tan + l. 

2 v 2 \ 2/ 

Ex. 2. To express f - -i - by an elliptic 
r •/« |l - e < (sind) , }l J r 

function. 

r 1 * 

The formula of reduction for , or 

f i => F is 

J$ {l - c*(sinfi)*}"A 01 

^sin^cosfi = _ (2m _ 3)ft2 Fm _ i + (2m - 4) (I + 6*) V m , 

. ~ (2TO 

making » ■ - c*, in the general formula, so that a * 0 ; 

, c* sin 6 cos 0 

let mm 2, .-. — f - 5* F, + F_,, 

1 „ c* sin d cos d 

m b iV -'~P A ; 


•*. v x 
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r 1 1 t a ®* »in0cos0 1 _ /a . - 

or A “ 6* £ ' ^ ~ b* A 

We may observe that by making cot 0=6 tan <p 9 we find 

. f = / 2 A ®*- 1 

■ J 4 A " n,+1 fc 8 " 1 J 9 

Ex. ». To express _£ ,, V ' Ui P ,ic 

functions. 

Restoring, in the general formula, the values of a, (3, y, 
and making m *= 2, we find 


c* sin 9 cos 9 


sin 0 cos 9 A 
l + n (sin 9y 


/ 1 + c* c*\ 

2(1 + *•—)?» 

\ n rr) 

f 2 4X 3e*l c* _ 

-{, + . (1+ «. ) + _jF, + -r_,; 


but 


S'-sjC 


c* /• 1 + n (sin 0) 8 1 


*/p + l - A .)± 

« \» /A 


' * 2 (* + n) (* + «) f$ { 1 + » (sin 0)*}* A 
sin 0 cos 9 A ( 2, .. 3c*l .. 

- TO + TO i- 


We shall next give the particular reduction of the follow- 
ing algebraic expression to the elementary forms. 



155. To reduce 


“-/br; 


f+8®' 


a/ a * + 2«/3cos ax* + (&*a* 


or 


r(f+g^ £\ 

■t V 7* " /3/’ 


to functions of the first and second orders. 

The term is added, in order that the value of the 

a 

integral, may continue finite, when x is indefinitely increased. 
In the first place, in order to make the quadratic factors of the 
quantity under the radical real, 

let j3ar* + a cos a + \/ a +fia/3 cos ax* + /3V « 2a**, 

, a ( , (sin a)*\ 

-jsl* 80 “ “jy )» 

and \/ X = 2o»* - (/3x s + a cos a) - a j ; 

.•. xd t x = ~^x 

*• ' (' 77 - 1 ) - f /*> k' 


(si n a)* \ ^ \/X 
4*r l / fix 


. , \/ X a a (sin/r)* 

b"t» 


■ /- ^ f«“« +*~J (•>» »)’! 

.-. d,« « / -U- ; 1 T -. .... 

V afiv «* -#*cos a - £(sina)* 

where the quantity under the^jradical 

_{«*- (•*»!)'} 

ft a 

Now make x » cos- sec 0, d t z r — cos - sec 0 tan 0, 

2 2 
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and |# - («••;) }•{*+ (”°j)} 

( cos (»«» Of | (cos ? sec 0)* + (sin J 

(cos ~ tan 0 sec 0) 3 . j 1 - (sin ^ j (sin 0)*} ; 
f-g*^ j cos a + 2 (s'n (cos 0)*J 




v/o/3 \/i - ( sin (sin 0) ! 

//3 - ga + 2gac* (sin 0)“ 

/I va/d \/ 1 - c a (sin 0) 2 


, where c » sin - ; 

2 


w 


ffi + g<* 


2ga 


/3 Va/3 F,: (<?) " /a v/« 0 (<?) ’ 


the origin of the integral being 0=0, which corresponds to 
x = 0, because 


vt* = tan 0 v/l - c 2 (sin 0) a ; hence when 0 « ~ , x = oo , 

and to obtain the value of it between the limits x = 0, a? » <© _ 
we must take complete functions in the above expression. 


Hence, y* 


■/+#** . 
v'* ‘“ + /3‘ 


tt + 


f (g) tan 0 - ? (sin 0)-. 


{ 


156. 
J* \/X 


Having thus shewn the mode of reducing the integral 
to the simplest form it is susceptible of, without di- 


minishing its generality, we proceed to the particular con- 
sideration of the elementary forms F c (<p) and E 0 (<p) ; and first 
to the comparison of functions of the same order relative to 
the same modulus, which will furnish us with formulas for 
their addition and subtraction. Since all the functions in- 
volved have the same modulus, it may be suppressed, for the 
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sake of simplifying the notation. The formulae for the com- 
parison of functions of the first order, result from the following 
Proposition. 

• 157 * <p &nd \j/ are dependent upon one another by the 

transcendental equation 

F(<pj + Fty) = F (*) 9 

they are also dependent upon one another by the algebraic 
equation 

cos (p cos ^ - sin <p sin \/ 1 - r ” (sin a) J ® cos <r. 

Consider (p and \p each as a function of another variable t ; 
therefore, differentiating the abofe equation, since a is a constant, 

d t <p d t \j > 

\ 7 1 - c 2 (sin <p )* + \/l - c“ (sin \f /) 2 

As we are at liberty to assume <p to be any function of t, 
and then this equation will determine the corresponding func- 
tion which expresses \f / 9 let the function of t which expresses 
<p be determined by the equation 

d t <p = \/ 1 - c* (sin 0) 3 ; d t \ = - \/ \ - c* (sin xf/) 3 . 

Square these equations, and differentiate, 

d ( 2 0 - - ^e 2 sin 20, d?\}s = - ^ c i sin 2 0, 
dj 2 (0 =*='/')=- ( s * n 2 0 =** sin 20) ; 
or, if 0 + 0 a p, 0 - 0 = q, 
d*p = - c 2 sin p cos q, d?q = c 2 cos p sin q ; 
also d,p . d, 7 = (d ( 0)* - (d ( 0) s = -c 2 { sin“0-sin 2 0} = -c* sin p sin 7; 

. ffiP e j g 009 9 m ( s * n 9) dj*9 d« p) 

d t p sin q si 0^7 * d t q sin p ’ 

••• d t p - C sin 7, d ( 7 = C, sin p (1) ; 

and C, sin pd t p = C sin 7 <£,7, or C, cos p * C cos 7 + C t . 
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But 8F 0 — 0, F (0), m F (a); .*• 0 ■ <r, and fimq.ma, ■ 

. C*-(C, -C)co8(r; v 

.% Cl COS (0 + 0) - Ceos (0 - 0)' ,+,tbl - C) COS tj, ■ *' 

or (Ci r C) cos 0 cos 0 - (Ci +‘C) sin 0 sin 0 = (C! - C) cos o. 

* But making 0 * 0 in equations (1), after having put for 
d t p,d,q, their values 

y / 1 — c* (sin 0)* — y/ \ — c‘ (sin 

and \/l - c* (sin 0) a + \/l - c* (sin 0)*, we have 

1 - c* (sin o') 3 - l — C sin <r, \/l - c’ (si* 1 <r)* + 1 = Ci sin a, 

•\ 2 \/l - c* (sin <r)- = (Ci 4- C) sin a, 2 = (Ci - C) sin a ; 

hence, by substitution, . 

cos 0 cos 0 — sin 0 sin 0 v 1 — c* (sin <r) s = cos a, 

V * 

which is the fundamental .equation, from which all properties 
of elliptic functions, where modulus remains unchanged, 
can be deduced. * 

+ i 

158. The equation 

cos <r = cos <p cos \p a- sin <p sin \j, \/ 1 - c 2 (sin «r) 2 v 

expresses how the amplitude <r of a function, depends upon 
the amplitudes of two functions of which it is the sum. . 

If we clear it of the radical which it involves, we find 
(cos <py + (cos \fr) 2 + (cds cr)* - 2 cos <p cos \p cos <r 
« 1 - c 2 , (sin <p sin yp sin a) 2 ; 
add (cos \f/ cos or) 2 to both members, and transpose, 

.*. (cos ip — cos \p cos cr) a *= 1 — (cos \//) 2 ~*(cos <r )* 

+ (cos yp cos c 2 (sin (p sin \p sin 
« (sin \js sin or)’ - c*(sin <p sin \J/ sin <r) 2 * (sin\J/ sin o') 2 } 1 - c*(sin (py ^ ; 
cos <p * cos cos <r + sin ^ sin <j y/\— c* (sin 0)* ; 
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(taking the positive sign, as Ve must have 0 « <r, wtifeo0«O); 
this equation expre&es how the, amplitude 0 of a function, 
depends upon tfre amplitudes of two other functions af which 
it is the difference. . * * , * 

• • * . 

Similarly, cos 0 « cos 0 cos cr + sih 0 sin a s/ 1 -c* (sin 0)*. 

*' * v 

159. * Hence, having given two functions F(0), F(0), 
if we wish to ‘determine a function F(crJ equal to their sum, 
we miist have 


. cos <t = cos 0 cos \j/ - sin 0 sin \[/ \/ \ - c 2 (sin <r)S (1) 

. .V . . sin d>cos 0 A (\J/) + sin \kcosd> A(d>) 

which gives sm <7**= — r- 2 - — z — 1 - — — ; 

b 1*- (sm 0 sin 0) 2 

if we wish to determine a function F( 5 ) equal to their dif- 
ference, we must have 

cos S = cos 0 cop 0 + sin 0 sin 0 \/ 1 - & (sin S) 2 , 

■ . . . * sin (p cos 0 A (\M — sin 0 cos <p A ( 0 ) 

which gives sm 4 = - — ; . 7 - . 

* 1 -<j»(un0Bin0)* 

„ •' • s (sin 0)*- (sin \^) a 

/ 1 - fj- (sm 0 sm \J /)* 

If c *= Q, these values of sin cr, sin S, coincide witK sin (0 + 0 ), 
sin (<p - 0), as they ought, for 7 v„ (0) = 0. 


160. If<r = ^7r, F«F(0) + F(0), 
and the equation connecting 0*and 0 becomes 

y/ 1*- c* tan 0 tan 0 = 1, or 6 tdn 0 tan 0 « 1 . 

If 0 * 0, <r retaining its general value, F (<r) • 2 F (0), 
and cos <r w (cos 0) 2 - (sin <$)*>/ 1 - c* (sin <r) 2 ; 
which may be transformed into • 


. cr 

tan -« 

2 


tan 0 y/\ - c 2 (sin 0) 2 , or 


(sin0) 8 


29 


1 - cos cr 

1 + y / 1 — & (sin <r j* 

i • 
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the first gives the amplitude <7 of a function that is double 
of a proposed function', and the second gives the amplitude 
0 of a function that is half a proposed function. 

161. The amplitudes <r, 0,* 0, may be represented by 
the sides of a spherical triangle, as the form of the funda- 
mental equation would lead us to infer. 

Let the sides AB , AC , BC of the spherical triangle 
ABC (Fig. 21.) be denoted by cr, 0, 0 ; then the opposite 
angles C, B, J, will be such that 

cos <r - cos 0 cos 0 / — - 

cos C * ; ~ - VI - c 2 (sin cr) 2 

sin 0 sm 0 

cos B = y/ 1 - & (sin 0) a , cos A « \/ 1 - c 2 (sin 0) 2 ; 
sin C sin /? sin J 

sin <r sin 0 sin 0 

These equations agree with the known properties of sphe- 
rical triangles, and shew that if a spherical triangle be con- 
structed with one obtuse, and two acute angles, such that 
the ratio of the sine of each angle to the sine of the opposite 
side is equal to the modulus c, then its three sides <r, 0, 0, 
satisfy the equation F (<r)*= F (0) + F (0), cr being the side 
opposite to the obtuse angle. 


162. Hence we can verify the results of the preceding 
Articles. Let the angle C and the opposite side <r remain 
constant, whilst the other two ft sides vary; and let a h be the 
consecutive position of AB ; from the point of intersection O 
as pole, describe arcs of small circles a«, Bf 3, therefore 
a/3 = Ba ; and AB = ab 9 therefore A a = bf 3, and ultimately 


limit of 


cos b $ 0 


cos A 


= - 1, or 


cos B 
cob A 


W * - 1 i 


cos B + cos A 


= 0 , 
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or + —n — — — d A 0 1 0 ; 

1 - (? (sin <p)* v 1 - c* (sin 0)* 0 

/. F(p) + Fty)mCmF {*) 9 

since 0 * <r, when \|/*0 and consequently F ( \f /) : 0. 


163. Hence also we. can abbreviate our operations, by 
availing ourselves of the known relations among the sides of 
a spherical triangle. Thus, having given two functions to find 
the amplitude of a function that is equal to their sum, instead 
of solving equation (l) Art. 159. to find or, we may proceed in 
this manner. Let ABC Fig. (22) be a spherical triangle con- 
structed so that its three sides satisfy the equation 

F(<r) = ,F(0) + F(0); 

from the obtuse angle draw CD, the arc of a great circle, 
perpendicular to AB; 

tan AD^cosA tan0 = tan0 \/ \ - <r (sin 0) 2 « tan0A(0) ; 

similarly, tan BD - tan 0A (0), 

<r — AD + BD = tan ' 1 {ta n0A(0)j + tan' 1 {tan0A(0)|* 

Again, supposing 0 > 0, make CE = 0, AE=*§ ; then the 
sides of the triangle AEC will manifestly satisfy the equation 

(^) ~ F (0) “* F (0), 

and S «a AD-BD = tan” 1 {tan 0A (0)} - tan' 1 {tan 0A(0)}. 


Also (,i„^C)- - + 

1 - c 2 (sin 0 sin 0) J 

(sin BB)’ «= ( sin W ~ c * (* in <t> si" f)* . 

l - c 2 (sin 0 sin \j/j 2 

sin <r sin 5 = (sin ^B)* - (sin BB) S ^ ~ 

l - c* (sin <p sin \f/) 3 


164. Again, let <p,.„ <p n , <p n + x , denote the amplitudes of 
functions that are respectively (»•- 1) timed, n times, and (n + 1) 
times, a function whose amplitude is 0,, 

••• 



••• F(<p»+ 1) “(» + i) Fifr) - F((f> t ) + F(0 l ). 
^(0.-.) = (n - 1) F(ft) - F(0.) - F{<f > x ) ; 
hence, by the preceding Art. 

0, +1 = tan" 1 {tan 0„A(0i)^,+ tan’ 1 {tan 0^(0*)}, 
0»- 1 - tan" 1 {tan0 a A(0 1 )} - tan" 1 {tan^A^n)} ; 
consequently, by addition, 

tan (£tf>n+i + - tan 0 n A (0i). 

Let w *= 1, 2, 8cc., .\ tan (^0 2 ) = tan A^), 
tan + £00 = tan 0 2 A (00, &c. 

thus by successive substitutions, we can readily compute the 
amplitude of a function which is a given multiple of another 
function. 

165. To find the amplitude of a function which is a given 
part of another, is more difficult ; for it requires the solution 
of the equation between sin0„, and sin 0 1? which would be 
formed by eliminating 0 2 , 0 3 , &c. 0 n _, between the equations 
in the last article, tan (£0,.) « tan 0^(00, tan (£0 3 + £00 
= tan 0 2 A (00, &c., tan (£0 n + £0 H _ 2 ) = tan 0 n _, A (00 ; the 

degree of which increases very rapidly with n. We shall shew 
the method in the following example. 

Ex, To trisect a complete function. 

Let 0 3 - £ 7T, tan (£ *r + £00 = tan 0 2 A (0,). 

But F(0 2 ) + F(0O - F, ••• b tan 0, tan 0 2 - l ; 

1 + sin 0, 1 A * •- 1 

““ COS 0 — = £cot0, A(0] ), or 6sin*0! « (1 - sin 00 A (00, 

or c 2 a? 4 - 2c* a? 3 + 2a? - l « 0, making «r = sin 0j, the equation 
for finding the required amplitude, which has only one real 
positive root. 

166. As an instance of ;he application of the preceding 
results, we shall take the arc of the Lemniscata whose length 

AP = cF t (0), where c « £ s/ % 
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and the is such that CPs cos 0, supposing AC « l, 
(Fig. IS.) see Example 4, Art. 1SS. 

Let AQ , AB be two other arcs whose amplitudes are 
and <r; then if # 

cos a = cos (p cos \j/ - sin sin \// \/ 1 - ^ (sin o’)*, 
we have .42? ■ .4P + .4Q; 

from which fundamental equation, the following results may 
be deduced. 


1. Let cr = ^tt, then the radius vector CB = 0, and AB 
becomes the whole arc AQC ; A P * .4C - AQ = CQ ; the 

amplitudes of AP , AQ> being connected by the equation 

tan 0 tan \l/ « \/2, or (cos 0) 2 « 1 — • 

Y r v Y) l+(cos0) 2 ’ 

and consequently the radii vectores CP = p, CQ = p l5 by the 

1 — p * 

equation p* = - If P and Q coincide, 0 = 0, 

1 + pi 

(tan 0) a = v/Sj and cos 0 = - 1 ; 

hence the whole arc is bisected in a point whose distance from 
C is \/2J - 1. * 


2. Suppose P and Q to coincide, when CB is not = 0; 
.\AB=*zAP; and the corresponding amplitudes arc con- 
nected by the equation 

• c y * 1 - cos a 

“v 1 "*' 7 '-! <* in w ot v - , ^/r- 

by means of which we can determine an arc that is double, 
or half, of a given arc. For instance, if <p be the amplitude 
of a quarter of the whole arc AC, 

, • JLVl %/*“** 

(sin Q) 1 - ~ — i 

v cos o - v/si - 1, where <r is the amplitude of half AC. 
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3. Let the whole arc be trisected in P and Q, and 0, 0, 
denote the amplitudes of A P, AQ ; then, because AQh bisected 
in P, (cos ip)' — (sin <p) 2 \/ 1 - ^ (sin \f/) a = cos 0 ; and because 
CQ ~ AP, tan 0 tan 0 = •y/i ; let cos 0 = so, 

\ - w* 2 

... (co8 0)« = _ , (sin 0)» = — « , 

hence, substituting and reducing, 

\/ 1 + - \/ 1 - a? 2 \/ 1 - a? 4 ; a? « cos <£ = (2 \/3 - 3)1, 
and the chord CP, subtending two-thirds of the whole arc, 

' = (2 \/s - 3)1. 

We proceed next to investigate formulae for the comparison 
of elliptic functions of the second order ; they all result from 
the following proposition. 


167- The same relation among the amplitudes, 


cos 0 * = cos cp cos \f/ - sin <p sin \p \/ \ - c 3 (sin cr) 2 , 
which gives F(<p) + F(\j/) - F (a) = 0, 
gives F (<p) + E (\Js) - E (a) «= c 2 sin 0 sin \f/ sin cr. 

Since is a function of <p by virtue of the equation of 
condition, we may assume 

E($) +E(+) -£(*)=/(<£); 

••• VW = A (0) + A (0) d*0 

cos <6 — cos 0 cos <r cos 0- cos <6 cos <7 

= + — r - . / 0 (Art. 158.) 

sin 0 sm <r sm 0 sin cr . v r 


-. — — . — : — d* {(sin 0)* + (sin 0) 2 + 2 cos 0 cos 0 cos <r { . 
2 sin 0 sin 0 sin o- r ' r ' r r > 

But (sin 0)* + (sin 0)* + 2 cos 0 cos 0 cos <7 = 1 + (cos a)* 
+ c* (sin 0 sin 0 sin a)*, 
d*/(0) = c*d* (sin 0 sin 0 sin <7) ; 

/ (0) ■ c* sin 0 sin 0 sin < 7 , 
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no constant being added v/(0) vanishes when 0 ■* 0. Hence, 
£ (0) + E (0) - E (<r) - c 8 sin 0 sin 0sin cr, 

which is the general equation for the comparison of elliptic 
. functions of the second order. 

168. The different forms which the fundamental relation 
among the amplitudes, 

cos <r = cos 0„cos 0 - sin 0 sin 0 y/ 1 — c 1 (sin a)* 
was made to assume in Art. 159, in reference to the equation 

£(0)+£(0)-£(<O = O> 

are all of course applicable when 0, 0, a are considered as 
satisfying the equation • 

E (0) + E (\f/) - E (a) = c~ sin 0 sin 0 sin <r, 
or, more generally, 

G (0) + G (0) - G (<r) a= c 8 sin 0 sin \[ r sin o’, 

denoting by G (0), E (0) + Ic F (0), k being any constant 
coefficient. 


169. Make o- = ^ 7 r in the equation 

E (0) + E (0) - E (a) == r 2 sin 0 sin 0 sin a 9 
E((p) + E(\j/) - E = c* sin 0siif0, 

and the equation connecting 0 and 0, becomes 6tan0tan0=l, 
. cos 0 
or * m <’ ' 

p,n ~ c®*sin COS c a sinricos0 

••• A (0) ~ ’ 

because <p and \J/ are similarly involved. 

If <p = yf,= e, 2E(Q) -E = c 8 (sin 0) J -c 2 -j- { l + (cot#)*} 


.-.EOT-JS + iO-i), 
and its complement E - E(9) » \E - (l - b). 
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* 170. Again* in» the general equation, let * fa 
2E(<p) - £(<r) = c» (sin <py sin 
the relation between <b and 0 - being 

' ^ V 

cos (t — (cos 0)* - (sin 0) r \ / 1 - & (pin a ) 4 ; 
which, as in Art. 16*0, may be replaced by 


. ^ 
tan 

2 


= tan 0 A (0), or (sin 0)® 


1 — CPSMT 

l + A (<x) ’ 


w 

the first gives the amplitude of a function that differs froiri 
twice a given function by an assignable algebraic quantity ; 
and the second, one that differs from half a given function 
by an assignable algebraic quantity. 


171* Lastly, if 0 2 , 0g, &c. be the amplitudes that satisfy 
the equations 2F(<p x ) = F((p 2 ) 9 3F(<p x ) = F(<fa), &c. the values 
of which may be obtained, Art 164 ; and if in the equation 

£(0,) + £(0) - £(<r) = c J sin <p x sin 0 sin <r, 

we change 0 into 0 „ 0 2 , &c., 0 M-1 successively; and, conse- 
quently, a into 02 , 0 q, &c., 0 ft , by reason of the equation 

* **(0i) + ^(0) = F(<t) ; 

by adding all the equations so formed together, we find 
nE(<j)i) - £( 0 n ) = c 2 sin 0 j (sin 0 , sin 0 2 + sin 0 2 sin 0 , + &c 
+ sin 0 ^i sin 0 n ). 

172. Wc shall now illustrate the above properties of 
elliptic functions of the second order, by certain problems on 
ellipse arcs. 

Let the ^ axes of the ellipse be 1 and 6 , and let 
r » \/l - ; (if it be desired that the ^ axes should be a 

and ft, it will only be necessary, by substituting - instead of 

CL 

b 9 to make the results homogeneous) ; also let cc = sin 0, and 
y *= 6 cos 0, be the co-ordinates, parallel to the axes, of a point 
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P in the ellipse, fig: 5 ; then, reckoning frqm the extremity 
of the axis minor, BP * E c (<p)j hy Ex. 11, Art. 1S7. 

Let BP, BK, BR be three arcs whose amplitudes <p, \fs, <r, 
or the absciss^ of whose extremities,, sin <p, "sin \Js, sin <r, are 
•such, that 

cos a «= cos (J> c6A\J/ ~*sin (f> sin \f/ \/ 1 - c 8 (sin <r) 8 ; 

then BP + BIT - BR *= c 2 sin (p sin \p sin a - c* . CAT. (7, . CM, 
which is the general equation for the comparison of elliptic 
arcs. The following are the principal results which may be 
deduced from it. 

1. We can assign, ip an infinite number of ways, *two 
arcs whose difference is equal* to an assignable straight line. 
* For 

BP - KR « BP + BK - BR - c* sin cp sin \j/ sin cr ; 

BP , JS7? have the required property ; the angles cp and \f/ 
may be assumed at pleasure, and then cr must be determined 
from the expression, 

a = tan‘ 1 |tan<£ + tan" 1 {tan \JjA (< p)\* 


ic 

2. Let a = - , then R coincides with A , and BR becomes 

the whole quadrant BA ; % 

/. BP - KA * cr sin cp sin \p - c* . CJV . CL, 

under the condition 6 tan cp tan = 1 ; 

^ - «?sin0 # cos<p _ 

or BP-KA = -i » PF, 

CF being perpendicular to the tangent at P ; 

[for CJ* 2 - (sin </>)* + i s (cos <p)\ CY* « 6* (l + &* - C7*), 

.mv. 

this is Fagnani's theorem, and agrees with Ex. 12, Art. 137. 

30 
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3 . Let P and K coincide in the point 0, R being at A ; 
.% \f/ m (p sa 0 suppose ; 

then b (tan Of « l, 

* r 2 

BO - AO = c 8 (sin 0) 2 *= — — = 1-6, 

J 1 + b 


the co-ordinates of 0 being, sin 0 = 


1 

VTTb' 


6 * 

and 6 cos 0 «= — 7 - ■ , as found in Section vm. 

1/1-6 


*4. Let K coincide with 0, or \fs =* 9; then 
BO <= | AB + £ c s sin 2 0 
and BP + BO - BR = c* sin <p sin 9 sin a ; 

.•. BR - BP = ^ AB, provided sin <p sin <r = ^ sin 0. 

Also cos 0 = cos <p cos <r + sin <p sin <7 \/l - c* sin 2 0 
gives cos <p cos cr = ^ cos 0 ; 

from which sin <ft, sin a, may be found, the abscissa? of the ex- 
tremities of an arc = ^ the quadrant. 

41 

5. Let <p = \}s in the general equation, then K coincides 
with P, 

and ZBP - BR = c 2 (sin (p) 2 sin a-, 
the equation of condition being 

cos a = (cos <p)' 2 - (sin <p) 2 / l - c* (sin 

Hence if l BCQ = <p, and we take 

tan ^BCS = tan — = tan <p A (<£), 

52 


then U.ff = 2.BP-e 5 (sin0)*sincr*=22?i > - 


2 c* (sin <£) 3 cos0 A ($) 
I-c*(sin0) 4 * 


which ate the formulse for doubling elliptic arcs. 
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6. But if BR be given, and the abscissa of P be taken 

-sin0- \A-~-? 


• cos <r 
l + A (ff) * 


then BP • ^BR + |{l - A (<r) } tan - ; 
the formulae for bisecting elliptic arcs. 


Thus, let R coincide with the point O determined above, 
or <r = 6 ; 

(sniff)* = — - , A(ff) = \/ b, tun - = y/ \ + b - \/b ; 

1 ■+■ l) 2 

BP=\BO + A( 1 - v/6) (\/l + b - s/b) 

- \ ab + 1 (i - /») + i (i - v/6) (v/rns - v/6j 
= i AB + I (1 - \/b) (2 y/ \ + b + 1 - \/b). 

The arc thus determined in general differs from the double or 
the half of a proposed arc by an algebraic quantity ; except in 
certain cases when the difference may be made to disappear, as 
in No. 4. 

• 

173. We shall next exhibit the corresponding properties 
of hyperbolic arcs. 

We have seen, (Ex. 14., Art. 137.) that if C be the center, 
apd S the focus of the hyperbola *AP, Fig. 4, and CS — 1, 
CA = c, b = \/ 1 - c“ ; 'and <p be such, that the ordinate 

PN = 6* tan <p, and consequently CN — c sec <p A (<p), 
CY- cco&<f>, CP m y/i? + b l (tan <p)*, PY = tan (pA(<p) ; 
then the length of the arc AP = tan<£A(0) -E((f>) + tfFty) 
- tan^>A (0) - G(<p), |if G(0) denote E(<p) - b*F(<p)}, 
or PY - AP- G(<p). 

Let <f>, \fs, a be the amplitudes of three arcs, AP, AK , AR, 
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(and therefore b* tan 0, b* tan 0, b 2 tan cr the ordinates of 
their extremities), connected by the equation 

cos cr = cos 0 cos 0 - sin 0 sin 0 s/ \ — c 2 (sin <x) 2 , 

then G (0) + G (\j/) - G (<r) = c 2 sin 0 sin 0 sin <j, 

which is the general equation for the comparison of hyper- 
bolic arcs. The following are the principal results which 
may be deduced from it. 


1. Let a « — , and .\ b tan 0 tan 0=1; 

G (0) + G (0) - G = c 2 sin 0 sin 0, 

or G + AP + a tan 0 A (0) + tan0 A (0) - c 2 sin 0 sin 0 

sin 0 sin 0 . . 

= T — — + - - - * — c sin 0 sin 0, 
sin0 sm0 T 

I . J COS0 . ( COS 0\ 


or G + AP + AK-- , , 

sin 0 sin 0 

v (l - c*)(sin 0)’(sin { 1 - (sin 0) 8 } 1 1 - (sin ; 

G + AP + AK - 4 CN . CL, (1), 

C 


... * - A (0) sec 0 . - CJV, = i CL. 

sm 0 r r c sin 0 c 


The complete function G represents the difference between 
the lengths of the asymptote and infinite hyperbolic arc (be- 
cause when the amplitude = 7 r, the corresponding perpen- 

dicular upon the tangent vanishes), and is here expressed by 
means of two related arcs and the abscissae of their extremities. 

* 1 


2. Let P and K coincide in the point 0, R being at an 

infinite distance. 
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•\ (pt=\j/m $ suppose ; then 6 (tan 0)’«1» 
and the co-ordinates of O are 

y « b* tan 0‘= fel, <x m c v \ +b ; 
also the intercept of the tangent at 0 

= tan0 • 1, 

G = 2 G (9) - c* (sin ey = 2(1 — AO) — (1 — 6), 
or G = 1 + b - 2.40. 

The point 0 is a fixed point, and enjoys properties similar to 
those of the point 0 in the ellipse. 

3. Substitute this value of G in equation (1), 

*.*.!+ h — ilAO + AP + AK - I CN . CL, 

or PO - KO = 1 + h - i CN . CL, 

the points P, K being so related that the ordinate of O is a 
mean proportional between their ordinates ; for the equation 

b tan cf) tan \J/ = 1 gives /£tan (p • tan \J/ = b\ 

• 

174. Elliptic functions of the second order can always be 
represented by the arcs of an ellipse ; but to assign an alge- 
braic curve whose arcs shall represent generally functions of the 
first order is more difficult. Perhaps the simplest curve which 
has this property is that which is constantly touched by a 
perpendicular to the diameter of ad ellipse, through its ex- 
tremity. Let ATB be this curve (fig. 11. bis) its tangent PT 
being perpendicular to CP ; then if 

1 PTM = PCM = 9, and CP = ~:-=J , 

• y/\ -c*(sin0)» 

by Art. 186 , arc BT - TP = f t (CP) - bF(9), 

because BT and 9 vanish together; 
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BT m bF (0) + 


&c s sin0cos0 


PT md t (CP) i 


and making 0 7r, the wh^ole arc AT B =*bF. 

If a - MT, and y = MC be coordinates of T, we have 

bs\u9 

x = CP sin 0 + PTcotQ = - (l + c* cos 20), 

y = CPcond - PT&m9 = + c*cos20), 

by means of which equations the curve may be constructed. 


to 


17*5. As c varies from 0 to f 9 F c (0) changes from j£ 1=0, 
/ = log (tan 0 + sec 0) ; similarly E c (0) changes from 

COS u) » 

0, to 4 cos 0 = sin 0, as c varies from 0 to 1. In Section vii. 
we expressed the values of these functions in series which 
converge with tolerable rapidity when c is small ; we now 
proceed to investigate formula? by which their values may be 
accurately computed for all values of c. 


We shall first obtain the values of the complete functions 
jF c , E c , when c = l very nearly, and therefore b is very 
small. 

Now F e (0) = £ sec 0 {l + 6* (tan0) 8 }"J 
- Jt sec<0> { I ~b*(tan<py + ~6 4 (tan ^y-~^b e (tan <py+&c.} 

= 4sec0-ifc* Q sec 0 tan 0 - ^ sec ipj 

+ j-sec0 ( tan 0) 3 “ -sec<£tan0 + — sec — &c. ; 

since f+sectp (tan 0)"i= — sec <p (tan 
Th 

H n 1 /*sec0(tan0)-*; 



1 S S 

\ F e (0) at log (tan 0 + sec 0 ) . (l 4 — + . - ft 4 + &c.) 

4 2 « 4 8 

^2 X 3 13 3 

— — sec (ft tan 0 {l — ^ (tan 0)* + ~ ~ • - A* + &c.|. 


Let tan 0 => — ^ F e (0) = ^ F r , and sec 0 «= 

„ 1 /I + v/> + , - 1.3 S.. . . 

... F,-8l.g( -^ t . ) 0+7 + -,.- 4 -i* + «“’•> 

t \/iT» _ Li? » + Li’ £ p + tc). 

2 V 2.4 2.4 2 7 


Hence when b = 0 very nearly, or c = I, 


176 . Similarly, E e (0) = jj, cos 0 { 1 + ft 2 (tan 0)*}1 
= /£ cos 0 { 1 + ^ ft 2 (tan 0) 2 - ft' (tan <f> )* + Sec.} 

= sin 0 { 1 - l ft 2 - *~l . i ft 4 (tan 0) 2 - ~i ^& 4 + &c.} 

v /ft* 1.1 3,. \ 

+ log (tan 0 + sec 0) • - b + 8ic.J, 

by the /orimria 90s 0 (tan 0)* 

* 

— sin 0 (tan 0)" “ * ^ cos 0 (tan 0)""*; 


1 
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y/b 


i.i s 
+ — b* + &c, 
2.4 2 


0, 




Hence when c m l very nearly ^>r b 

£ -- ,+ ?{ io8 (i) -i}- 


177* In order to approximate to the value of F c (<p) for 
any values of c and 0, we must change it into another similar 
function having a different modulus and amplitude. By the 
transformation of Lagrange which we are about to give, we 
may compute either a scale of decreasing moduli reducing 
F c (<£) to an angle, or a scale of increasing moduli bringing it 
nearer to a logarithm ; the process depends upon the following 
proposition. 


178. If the amplitudes and moduli of two elliptic functions 
of the first order F c and F Cl (0 j), be connected respectively 
by the equations 


o^/ Q 

sin (2 (f> - 0^ = ^ sin <f> „ c - — 

\ -\r Cy 


the functions themselves are connected by the equation 

FAQ) 




The equation sin (2 0 - 0,) — r, sin 0, , 

gives cos (20 - 0,) = \/ \ - (c, sin 0,)* = A t ; 

r . 

.\ cos 2 0 = cos (20-0, + 0,) = A, cos 0, - c, (sin 0,)*. 
or (sin 0)* = ^ { 1 - Ai cos 0, + c, (sin 0,)* 

2 c 

l - (c sin 0)* =1 ’ { 1 - A, cos 0, + c, (sin 0,)*} 

(l + c,) 

(i~+7y { 1 + c > 2 + 2c i &i cos 0,- 2 (c, sin 0,)*} 

A,* + 2 A, c, cos 0, + (c, cos 0,) C 

(1 + c.)* 5 
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. A, +C, COS0, , . ... ... 

A «■ also 20 = 0i + sm 1 (c, sm 0,), 

1 4 Cj 

... ,d. w . , 

' • A, Ai 

. 2 . , . v « + c, r l l + c, /• l 

- aT - "jT^-— jT s . 

since 0 and 0] vanish together. 

179. The above relations, may be expressed differently, 
as follows. 

. 2 \/ci . . / » 1 “ <?i 

The equation c « - — , gives 6 — v 1 - rr - - » - , 

*"d "»” fore c ' - TT»‘ al “ > an p, “ 

ten ^ ^ = - — — 1 , or tan (0, - 0) = fe tan 0. 
tan 0 1 + c, ’ vr r 

Hence F c (0) = ~ fe F c , (0,). 

If 0 * - , then 0, - 7T, and (Art. 99.) F Cl (w) — 2 F Cl ; 

• 2 • 

hence the relation between the complete functions is 
F c - (1 + c>)F ei , or F, m —j^Per 

180. Hence to transform a function F e (<j > ) into another 
with a smaller modulus, we hefoe 


31 
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c,, <p x , being determined by the equations 
l - b 


1+6 


, tan ( <j) x - <f>) = b tan <f> ; 


(e. is manifestly less than c, v — % . == 

‘ * c (i + v/i - c*)* 

which is < 1 ; and 0j > 0) ; 


and for a complete function, F c =* - F Ci . 


To transform a function (0,) into another with a 
larger modulus, we have 

c, 0, being determined by the equations 

“ J ^ Cl s * n ( 2 0 - 00 5=5 C 1 8 ^ n 01 5 

and for a complete function, /" r = — - — F c . 

1 1 + c, 


The first transformation is to be used when c < sin 45°, so 
that by repeated applications the function may be reduced to 
an angle ; and the second when c > sin 4,5°, in which case the 
function will be brought up to a logarithm : the two following 
Articles contain the resulting approximations. 

< 

181. To approximate to 'the value of F c (<p) to any 
degree of accuracy, c being <sin 4 5°. 

Here we must reduce F c (<p) to an angle, by diminishing 
the modulus. 


Let there be a series of decreasing moduli c, c l9 c 2 , &c., c n 
derived from one another by ^the law that 


1-6 


1 - 6 , 


1 + 6 ’ * 1 + 6 , 


, &c., C n 1 


1 ^n-i 
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6, 6,, &c., 6„_, denoting the complements of c, c„ &c., o a _, ; 

and a series of increasing amplitudes 0, 0,, <j>», &c., 0„, 
such that 


tan (0, - 0) » 6 tan 0, ,tan (0, - 0,) = 6, tan 0, , &c. 
tan (0„ - 0,.,) = 6,., tan 0„_, ; 


••• FA<t>) 



1 1 
1 + 6 1 + 6j 


•^.(0») 


1 1 1 
1 + 6 l+6j l+6 2 


1 

i TC, 




As the moduli decrease rapidly, a small number of opera- 
tions will give a sufficiently accurate result. If n be so large 
that we may suppose c n * 0, then F c (<p n ) = (p n . 


When the process is pushed so far that the modulus is 
very small, the modulus and amplitude of the succeeding func- 
tion may be obtained by the series 


L r + 1 


l -y/i - 
i + \/ 1- 


c/ , „ 1.3 . 1.3.5 , 

" i" r + iro c ' + C67ii + l,c " 


0 r+l =20, - c, sin 20, + ^c, 8 sin 40, - ^c, 3 sin 60, + 8tc. 


For the value of the complete function we have 


F c =(l+c,) F e> « (l+c,) (l+c a ) F r| = (l + c,) (1 + c a )...(l+c„)^, 


the number of factors being such that c n = 0 very nearly. 

» • 

182. To approximate to* the value of F c (<p ), to any 

degree of accuracy, c being > sin 45°. 

Here we must raise F c (<p) to a logarithm, by increasing 
the modulus. 


Let there be a series of increasing moduli c, c\ c\ &c., c (n) 
derived from one another by the*law that 


, 2 \/c „ 

c , c 

l + c 


2 v/c 


1 + C 


* 9 &C., C 


,(«») 


2 v/ c^” 0 
! ] +.e< H - T)i 
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and a series of decreasing amplitudes 0, <ft, (ft", &c., such 
that 

sin (20' — (ft) — c sin <p, sin (2 <ft " - 0') «= c sin 0', &c., 
sin (2 0 (,) - 0 ( * -1) ) = sin 0* -1) . 

Then Z 1 , (0) = — F, (0') - — . F.. (0") 

cV/v l + c eKY ' l+c 1 +c' e 1 

2 2 2 2 „ 

" TT~c m T+7 ‘ f+7 **• iT^ FM<t> y 

If w be so great that we may suppose c (n) = 1, 
then F c( „, (<p {n) ) = log tan ^ j . 

For the value of the complete function we have 

„ 1 „ 1 l „ 

F m m F,= 7 F c * 


1 + c 


l+c l+c 


- (■ + c) (1 + o'j ... (1 + c t *- |) ) l0 * (j») (Art - *”)• 

We shall next apply Lagrange’s transformation to func- 
tions of the second order. 

t 

183. Let there be two elliptic functions of the second 
order E c (< p ) and E H (0J, whose moduli and amplitudes are 
connected by the same equations as in Art. 178, viz. 

2 ^ ? and sin (20 - 0,) m c, sin 0, ; 

< 

then, since (1 + c,) A = Aj + c, cos <ft 1} and 


Ai 


{ A,* + 2AjC, cos 0j + c,* - e,* (sin 0,) 8 } 


t* 


— — (2 A,*+ 2 A, c, cos0j - 6,*) « 2 Aj + 2 c, COS0, — + ; 
A, A, 
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therefore, integrating, 

(1 + c,) E e (0) m E ti (0,) + c, sin <p t - £&,* 

the equation which connects the two functions; where, as 
before, the equations connecting the moduli and amplitudes 
may be replaced by 

c, e , and tan (0j - 0) «= 6 tan 

Also by this 'formula, a function of the first order is ex- 
pressed by means of two functions of the second order. 


For complete functions, making 0 « — , 0 l a it, we have 

• 2 

(1 + cj £ c = 2 j£ Ci - ft, 2 2^, or - (1 + ft) £ Ci - (1 - e,) 


184. By the above formula of reduction, E c (<p) is ex- 
pressed by functions of the first and second orders having 
smaller moduli; and the operation may be continued at 
pleasure. 


Thus, let E Ca (<p a) be another function whose modulus and 
amplitude are such that 


c 2 


1-fti 

1 + 6/ 


and tan (0 2 - 0,) 


fti tan 0 ; 


19 


(l + C a ) £ Cl (0l) = E C9 (0 2 ) + 6* a Sin 02 “ Jft2^\cg(0ss) 5 

therefore, by division, {denoting E c (<p), E Cl (<pi) 9 E C)t (<^ 2 ) 9 
by E 9 E X9 En for the sake of brevjty}, 


( 1 +c x )E- E i- Ci sin 0i ^ /ftA 2 F\ 
(1 + c 2 ) E x - E 2 - c 2 sin 0a \ftai ’ F 2 


ft? ljf ft? 

1 -<£• 2 2 


1 


-ft 


, by Art. 178 ; 


but c 9 


1-6, 

r+ 6/ 


+ 6*2 — 


2 

1 + 6 / 


1 -c* 


2b, 

T+b,’ 
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(1 + c,) E - Ei - C| sin 0, 


ft. 


- (l + 6,) |(l + Cg) E\ — E% — Cg sin 0 a J 


ft. 


{2E, - (1 + 6,) E 2 - (<I - b,) sin <px\ ; 


ft. 


2 (1 + Ci) E - (2 + 6,) •£. + - (1 + ftO 1?* - 2c, sin 0, 

6 , 0 - 6 !) . . „ 

■f sin 0 2 = 0, 

the equation connecting three consecutive functions of the 
second order. 

Let 0 = ^tt, and therefore, 0, = 7 r, 0 2 = 27 t; the formula 
then becomes, since E Cl ( 7r) = 2 72 Cl , E Cx (2tt) = 422 Cl , 

2 (l + c,) JC c — (2 + 6j) -E Cl (7r) + — (l + 6^ E Ca (2 tt) » 0, 

or (1 + c,) E c - (2 + 6 a ) JS Ci + 6 X (1 + 6,) JE ffl = 0. 


185. The formula of Art. 183, as was observed, enables 
us to express an elliptic function of the first order, by two 
elliptic functions of the second^order ; so that if the modulus 
and amplitude of a proposed function of the first order be c, , 
0u we have 

6^,(0,) = 2^(0,) - 2 (l + c x ) E c {<p) + 2 c, sin0„ 
c and 0 being given by the equations 
2 v/ c 

c = — sin (20 - 0,) = c, sin0,. 

1 + Cj 

Hence a hyperbolic arc can be expressed by two elliptic 
arcs, which is Landen’s theorem. 

< 

For by Ex. 14, Art. 137, if in Fig. 4, we make 
CS «■ 1, CA = Cj, and NP m b] tan 0,, 
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length of hyperbolic arc AP 

- tan 0, s/T- c\ (sin 0 ,)* - E Ci ( 0 ,) + b\ F ei ( 0 ,) 

, - tan 0, \Zl-c* (sin 0,)* +, -E r , ( 0 ,) - 2 ( 1 + c,) E c (0) + 2c, sin 0,. 

186 . Hence also we can express the difference between 
the lengths of the asymptote and infinite hyperbolic arc, by the 
% difference between the lengths of two elliptic quadrants. 

For PY - AP wm 2(1 + c x ) E c ((()) - E C{ ( 0 ,) - 2c, sin <p x . 

Let (f>i — .’. cos 20 = - c,, and consequently, 

(sin 0)* = i±- C J -j-L; (Art. 169.) E c (0) * * 

hence the difference between the asymptote and infinite arc of 
a hyperbola whose 1 axes are e, and \/ 1 - c,*, 

= (l + c.) £; c + (1 + c,) (l - ft) - E Ct - 2c, 

= length of elliptic quadrant axes, (1 +c,) and o-e.)} 

- length of elliptic quadrant axes, 1 and \/ 1 - Cj*}. 


187 * The formula of Art. 184 , enables us to assign the 
value of U c ( 0 ) in terms of two similar functions having smaller 
lnoduli, and by continuing the process, wc may obtain a result 
as accurate as we please ; we may, however, approximate to 
this value more conveniently, by considering the more general 
form 


■ a 0 + 6 0 (sin 0) 8 


G c((p) - f 

then, making the same assumptions as in Art. 178 , 


'0 A t .(0) 


1 1 +c 

(sin0)*~|{l - Ajcos^j + Cisin*^,}, and — d*(0)- — 


l 
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••• G,(0) * £ {«o + ^0 - ^cos^ +c,sin*0O}^p.-£- 

" — t Cl \k (®° + i + if 8in *^ >l) Z[ ~ ^ 8in ^ 


2 

l + c, 


1 6„ 


M, («i + fc i sin ’ 0i) ^ j sin <t>i I » 

•p fc o 1 fepCi 

if a, = o 0 + — > fe i = — ’ 


or G„(0) - { G fi (0,) - -|6 0 sin 0,} ; 

similarly, G r _ (00 = { Gv a (00 - sin 0*} , 8tc. = &c. ; 

^(0.-i)-H" C M^( 0O sin 04- 


Let n be of such a magnitude that c n may be neglected ; 

•\ A n =l; also 6i=^& 0 c n ^ 2 * s ^&i c 2 = i c i c ’ 2 ^o? ^ c i c a c 3^o> 

and 6„ = — c x c 2 . . .c n b 0 \ therefore, a fortiori , fc B may be neglected; *. 
2" * 

and «! = a 0 + ^6 0 , a 2 * «i + ■ ®o + 

O3 8B ®2+^2 !=a 0+'^^0+^l + ^25 O n s=fl 0+ "h^2 + 8t C * +^f»~ 1 

™ ®0 + i^d(l + + & C « + g~,' 

and G, n (<£„) » ^ K + 6 » (sin <£ n ) 2 } « a n <j) n . 

Hence, collecting the results, and substituting for a n9 b l9 
b 29 &c., their values, we get 

^c(0) aa ^( l+c iH 1 +®i)—(l +r s fl){ a o + i^u( 1 +^^i+i c A+& c * 

+ 0 n - ^So^iC 1 +c i) 8 * n + i0 +c i)0 + c «) 
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.£c,rin^ f + |(l + 0(1 + c*)(l +<^).£c 1 c s «n 03+ fcc. 

+ + ®i) (l + Cj)»».(l + c,) ^•CjCj...c ll .i sin 0*} » 

tjie moduli and amplitudes .being derived from one another 
by the formulas 

1-6 

c, *s — - , tan (< p x - ip!) m b tan <p. 

For complete functions, <f> h » it, 


or G c = £(l + c x ) (1 + c 8 ) ... (1 + c „) {oq + £6 0 (l + £c, + £ 0 ^+ &c. 

ss 


If we make a 0 • 1, 6 0 - - c*, G o (0) will become « £ c (0), 
and the resulting formulae will give the length of any elliptic 
arc. 


* Also by Ex. 14, Art. 137, length of a hyperbolic arc 

r c® (cos d>Y* 

(sin *)’ - ^ , 

hence, if in the value of G c (<p) we make o 0 *" ®*» &o " - e*, we 
obtain the length of any hyperbolic arc. 

* • • * 

If a 0 » 1-eandAgs-c*, then G c (<p)^E(<p)~eF((p) •, and 

G e (<P) “ 4.0 - 6 - “ n 0r 


Now let«-*- < 1 + 6) ( f;~ e ^ C - - ■ *0 + »)’•* - », 
4 1 {l+6-iU + 6)*-»»-^“i«'ci8in*0 1 }i- 


••• G e («/>) 
32 


2 
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1-6 . . 
sin^ 


1 + c, (1 + 6)* 


0 - «1 “ C l sin ’ 0l) -g + & 0 - b ) ® n 01* 

or (1 + Cj) G c (0) - G Cl (<pi) + c, sin <p y ; 

••• ^.(0) - F iG Cl (0,) - c,/ 7 , sin 0, or - ^ ' 


188. We shall now prove a remarkable relation, dis- 
covered by Legendre, between complete functions of the first 
and second orders, whose moduli are complementary to one 
another, and which may be useful as a formula of verification ; 
viz., that 

E c E h - G c G b - £tt, where G c denotes E 0 - F c . 


We have d c E c (<p) = 


i 


— c (sin <py 


1 /-A* - 1 
'4 A 


l 


G e ty), 


.♦. d c .E. 



Similarly, d e E b - d„6 *d t -Ei = 




Agdn, «W*) - '-m) 

- J |^.(0) - £ - j F' b (<p), by Ex. 2, Art. 154, 
.-. d e F e = ±(E'-b'F e ) ^ Ly Ee +nE e -F e )}^E e ^-G e , 


c 

hence d c G c « d„^, - d 0 jP 0 = - p-E«; 
similarly, d e G b m ~ - ~E t ^^E b . 
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Now let C denote a function of c, and suppose 

C = E„E b -G c G h , 

d c C •E l . 1 -G e + E t (-1 G b ) - G k . d,G e - G e .d,G h 

. c 

- G e (i^- d c G>). - G„ ^E e + d„G e ) - 0, 

therefore C does not involve c, and is the same for all values 
of c. 


Now if c be very small, jP c ( ! + ^)’ 

F b - log Q ,E b -l. Therefore, 1 wince E b F c - (F c - E e )F h - C, 
log — C; but when c «■> 0, c ! log ■ 0 ; 


n 7 rc 8 

we have 

2 4 


C ~ -E c -®6 " 53 

or J5,Fj + £ 4 F c - 


189* The equations 

d c E e - - c (E. - F r ), d e F c f ±(E e - ft*F e ), 

give F e ~E e -c.d e E e , -E e = (l - c*) (**, + « • d e F e ), 

by means of which the value of either of the complete functions 
F e , E c , can be deduced from the known value of the other. 

* Differentiating the former ef the ‘above equations, we find 
d t F t *= — c.d*E c i therefore, substituting in the latter, 

1-c* 

(1 -c’)t&E c + d c E e + E e - 0. (1) 

c 

Similarly, differentiating the latter, and substituting the 
values thence obtained of E e apd d c E c in the former 

1 — Sc 2 

(i - < *)* e F e + — 7 -d'F'-F e -o. 
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If we regard E c and F e as functions of b the complement 
of the modulus, since 

■ - J • d tE't = p'<% E c “ p' d b E c’ 

by substitution, we find 

(1 - b ’).dj£ e - ^-’.d»£ c + E t - 0; 

i 

similarly, (t - b*) . 4F C + — . d b F e - F c “0. 

Hence the complete function of the first order is deter- 
mined by the same differential equation, whether it be regarded 
as a function of the modulus, or of the complement of the 
modulus ; and the integral of that equation, if in it we replace 
F e by y, will be y * aF c + a'F b ; and the integral of (l), re- 
placing E by *, will be * » 6’ (y + cd c y ) = aE c + a (F b - E k ). 

190. The transformation^ 1 Lagrange, is a particular 
case of the general one of Jacobi, which we shall now give; 
but we must first explain the following notation, which will 
be found convenient in investigating it. 

Let F k (<p) be the function which it is proposed to trans- 
form, of known modulus k, and amplitude <f> which may have 
any value from zero to infinity ; and let it be denoted by », 
so that F k (<p) = u; 

then 0 *■ amplitude of w -= A k (u), as it is written ; 
or A u simply, when it is needless to indicate the modulus; 

and sin (p m sin A k (u), or = sin A u. 

The function sin^u) is one of the most remarkable that 
has ever been introduced into analysis ; and, regard being had 
to the analogy of Trigonometrical functions, into which Elliptic 
Functions merge when the modulus vanishes, it is evidently 
one without the consideration of which we crfUnot hope to 
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arrive at a complete knowledge of F k (<p) the function of which 
sin Au is the inverse. For in the equation 

V 

“"A/TT 

it is w considered as a function of u t or w * sin tt, (and not 
u m sin” 1 a?) that has engaged the attention of mathematicians, 
and which possesses properties so important as to make its use 
perpetual in all analytical calculations ; the properties for in- 
stance of having one determinate value and no more for any 
given value of u ; of having all its values periodical ; and of 
being capable of being resolved into factors, or developed in 
a converging series of powers of u. And we shall in the sub- 
sequent articles shew that sin Au in like manner (to specify 
only some of its properties) has one determinate value and no 
more for any given value of u ; that all its values, imaginary 
as well as real, are included in two periods, one real and the 
other imaginary ; and that it is expressible by a fraction whose 
numerator and denominator can be resolved into factors, or 
developed in converging serjgs. 

191. Let 1 F k = o>, p being any given whole number; 

and let a t , a 2 , a 3 , &c* be the amplitudes of <t>, 2o>, 3w 9 &c. 
so that * 

•^jk( a i) * ~ Fk( a i) " p^k 

then a 1 may be approximated to by t Art. 165, and a*, a 3 , 8cc. 

obtained from a 19 by 4 rt * 10*; therefore «i, a*, 03, &c. may 

be regarded as known in terms of p and k. 

* 

Then po> — F k , A(pw) ** and sin A(pw) ■■ sina p « J ; 
2pw * 2 F k = F k (ir)> A(2p(o) m ir, sin A(2pw) * 0; 
np tv « nF k m F k (fenir) 9 ••• A(npw) « ^nir, 

and sin A (npw) or sin A (nF k ) - 0, or (- 1) * , 
according as » is even or odd. 
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Again, recalling the property of all such integrals as F k 4.<t>) 
(Art. 99) n being a whole number, viz. 

F k (nir <p) - F k (nv) ± F h (<p), 

wc have, if 2r + 1 be any odd number less than Sp, 

2?+l 

(2p-2r-l)o>«2F fc F k = F k (v)-F h (a ir +i)=F k (v-a 2 r+i)> 

P 

sina 2p _ 2r-l = sin J(2p-2r - l)w * sin a 2r +i* 

Also, 2 pay F fc (7r) 815 * F^w =** 0)> 

sin .4 (2p» ± w) = =f sin (p = =f sin Jw ; 

w + 2npa> = F^) + F k (mr) = F h {nw + 0), 

sin J (w + 2wpa>) ■ sin J(u + 2nF k ) = (- l)*sin 

which shews that all the real values of sin are included in 
the period from u = 0 to t* = 2 if, putting if = F A ; and that 
as w increases beyond 2A r , the values of sin^u recur in the 
same order, which property it enjoys in common with sin u . 


V i 

192. Further, in the equation u =» / — - - . , 

hy/\ -& 2 sin 2 0 


put s^n (p = \/ - 1 tan \fs, and let ft' 2 <= 1 - ft 2 , 




v/^7t> 


suppose ; 


* \/l - ft' 2 sin 2 
sin A h (v - 1) = \/ - 1 tan (»). 

t 

Now let \f/ = ^-jr, ore = the complete function «= K* 
suppose ; 

sin .4* (A* y/ - 1) «* \/ - 1 tan^w = <® . 

Again (Art. 159), 

nn Hu i sin ^ c ° 8 ^ A W + «n^co 8 ^>A(^) 
sin ^ (« + «) 7 - A* sin* 0 sin* ’ 
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let v * JiT \/ — 1, then sin \j/ as oo , 
cos \fs ■* sin \f/ x/~* 1, A(\J>) “ * 

• sin^(« + ATx/ 71) « ;7 4— « r ~- , 

ksin<p ksinAu 

and by repeated substitutions of u + K* \/ - l for «, we get 
for any integer m\ sin 4 (w + K* \/ - l) = sinAu 9 which 
shews that sin Au has a period of imaginary values between 
w = 0 and «*2JT a property that it has in common 
with e\ 

Also from the preceding Art., m being any integer, we have 
sin A(u + 4mK) m sin Au; 
sin A(u + 4mK + 2m! K '\/ - 1) « sin Au. 

As an application of this theorem, we will shew that to 
divide a given function u = F k ( <p ) into n equal parts requires 
the solution of an equation of n 2 dimensions. 


Let x = sin A j ; then because we may change u into 

u + 4mA + without altering the given quantity 

sin0 = sin A u 9 the equation which determines x must equally 
determine all values comprised in 


x = sin A ^ 

. A (u 
an Al- 
yi 


+ 4mK + 2m' K* 
h 


) 


u \nK + 2 h'K'\/~ l 


n 




replacing m and m' by an -f /a, and an + fi\ where fx and // are 
each < n , and rejecting multiples of 4 K and 2 JT \/- 1* 


Hence since p and fi may each have any of the values 
0, 1,2 ... n - 1, x will have n s values, of which only n will be 
real. 
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193. Hence, the formula of Art. 159, 

. * (sin (p ) 1 - (gin \f,)* 
sin cr sin “ j _ (A gin <p gin \p) a * 

may for the present purpose, be more conveniently expressed. 
For let F k (<p) - u, F k ty) «• v, 

cr ■ A (» + e), $ ■ A(u — v), 

. . , v (sinA«)* - (8in.ii>) 4 

9in + « n ^ (« " ' •) “ i _ (& sin At* single)* ‘ 


We observe that this product has its greatest value, (sin 0)*, 
when v«»0; for if any other value of the product be subtracted 
from (sin^>)*, the result is positive. 

Suppose v m nw 9 so that Av « a,, 


sin^f (w + ww) . sin A{u — nw) 


(sin 0)* - (sin a*) 8 
1 - (ft sin 0 sin a*) 8 * 


194. We now come to the enunciation of Jacobi's First 
Theorem. 


If the amplitudes of two elliptic functions of the first 
order F k (<p) 9 F h are connected by the equation 

1 - (tPeosec a 2 y 1 - (ffcosec o 4 ) 8 1 - (ffcosecop.!)* 

y wa P a lmm (ft main a 2 y 1 - (ft 0 sina 4 ) 2 ### 1 - (ft# sinap_i ) 2 * 
where w « sin 0 , y » sin>J/, p is any odd integer, and 
/sin a 2 sin 04 . . . sin o^A 8 

pm Uinoisinos — sinapls/ * 

\ 

a» at, a„ &c. being the amplitudes of 1 

*\ Fk ’\ Fi, \ Fk ' &C ' ; 

P P P 

and the moduli of the functions by the equation 
* h *=> k p (sin ai sin <t s ... sin a,-*) 4 ; 
the functions themselves are connected by the equation 
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195. The object of this theorem is to transform F k (<p) 
> & anc * * being unknown constants depending 


upon fc, and \f/ upon k and <f > ; and its demonstration is 
founded upon the analogy which an elliptic function bears to 
the circular measure of an angle ; since, when the modulus 
vanishes, the function becomes equal to its amplitude. Now 
we shall make a supposition with respect to each of the unknown 
constants, viz., that h becomes 0, and /3 becomes a whole num- 
ber p 9 when k « 0, (it will be readily seen that these suppositions 
agree with the values of h and /} in the above enunciation, ob- 
serving that when k = 0, F k = ^ ir) ; therefore when fc « 0, we 
shall have ^ *= ; if therefore any algebraic relation can be 

obtained between \Js and <p, it must be such as, when k «* 0, to 
coincide with the relation between two angles, one of which 
is a multiple of the other, i. c. taking the usual formula, and 


putting — = a, 


(Theory of Equations, p. 31.) with 


sin 


sin 0 sin (0 + 2a) sin (0 + 4a). .".sin [(f) + 2(p - 1)a} 
sinasin3asin5a...sin(2p - l)a 


Hence, we are led to consider the properties of the func- 
tion of the amplitude denoted byi y in the following Art., 


which, (since Au = <p 9 and A oj « w 


as q, when k = 0) 

p 2 7 


it will be observed is formed upon the model of that which 
fects the transformation in the particular case when the func- 
* become angles, and coincides Vith it when the moduli 
iranish.- 


, 196. Let 

&inA(u)B\nA(u + 2w)smA(u+4‘a>)...B\nA Jt*+2(p-l)a>} 

^ ** sin A (w) sin A (Sw) sin A (5 <o) .. .sin A (2pw — w) 

we must first shew that y represents the sine of an angle, and 
determine the law of its increase consequent upon the increase 
of A (u) or <p. 

33 
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If in the numerator we change u into u + 2a>, it becomes 
-sin-4(w+2ft>)sin J(w + 4a>) ...sin A {u + 2(p- l)a>} sin A(u) 9 

v the last factor is sin A(u + 2pw ), which equals - sin .4 (w)> 
(Art. 191). 

Similarly, if we change u into tt + 4et>, the numerator becomes 
sin A [u + 4w) sin A(u + 6a>)... 
x sin A \u + 2(p - l)co} sin-4 (w) sin J (w + 2w). 

Hence it appears that if in the expression for y, we sub- 
stitute successively u + 2oi, w + 4cu, &c. in the place of u 9 the 
same series of sines perpetually recurs, and the same value 
results, abstracting the change of sign. If, therefore, we make 
u « a), 3 u) 9 5o) , &c., the numerator will by each substitution 
become equal to the denominator, bating the sign ; and y will 
= + 1, - 1, alternately; and if we make u = 0, 2<w, 4<u, &c., 
then y will vanish at each substitution, for one of the factors 
of the numerator will become sin A (2npco) = 0 . 

Again, suppose w = z being less than <u, then group- 

ing the factors in pairs from the beginning and end, the nume- 
rator may be written , 

sin A (<o - *) sin A { (2p - 1) w - z] 
x sin A ( 3u) - *) sin A { (2 p - 3) 00 - %} x &c., 
or, (Art. 191.) sin A (w - z) sin A (w + x) 

t 

x sin A ( 3(o - «) sin A (3d> + x) x & c. ; 

to which must be annexed the single factor sin-4(po> -*), 
when p is an odd number. Now all the partial products have 
the same value whether % be positive or negative, and are all 
greatest when 0, (Art. 193.) ; therefore yhas the same yalue 
and the same sign when u is at equal distances from 0 and 2w 9 
and attains its greatest value 1, when u « <u. The same thing 
may be proved when u = S(o-% 9 5o>-*, &c. Hence we 
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conclude that y represents the sine of an angle yfr t which in- 
creases continually with A (u) or <f > , and attains the values 


0 , 



&c., 


at the same time that 0 = 0, a,, a 3 , &c. ; and which has 

7T 7T i 

but one value, between m- and (m + 1) - , for any given 

2 2 

value of <p between a m and a wi+1 . 


197- We shall now put our assumed value of y into a 
shape analogous to that which we know the value of sin 
or sin in Art. 195, can be made to assume, (Theory of 
Equations, p. 30.) viz. 

sin \// m p sin 0 [ 1 - sin* <f) cosec 2 2a \ 

{l - sin 2 <p cosec 2 4a}. ..{l - sin 2 <p cosec 2 (p - l)a}, 

p being odd (for it becomes necessary to distinguish between 
the cases of p even and p odd). In the case then of p an odd 
number, there will be an even number of factors in the nu- 
merator of y after the first, which may be grouped two and 
two, thus: 

sin A (u + 2(w) sin A {u + 2 (p - I)cd} 
x sin A (u + 4fti) sin A \n + 2(p- 2)<u} x. &c. 
x sinj4 {w + (p - l)o>} sin A \u + (p + l)cu}, 
or, - sin A (u + 2 w) sin A (u - 2w) 


x - sin A (u + 4 ^)) sin A(u - 4o>) x &c. 
x — sin A | m + (p — l)w} sin f u — (p - l)a>j. 


Hence, making n « 2, 4, &c. in the formula of Art. 193, 
the numerator is transformed into 

. , sin 4 a 2 - sin 8 # 

r 1 - (A an (p sin a*)’ 
sin* 04 - sin* <p sin* a p _ , - sin* <p 

* 1 - (A? sin <p sin 04)*’*’ 1 - (Af sin <p sjna p _j)*‘ 
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Also, since sin a**) = sin a ty _ tr _ i , grouping (he factors two 
and two as before, and omitting the middle factor sin a p ■ 1, 
the denominator may be written 

(sin a, sin 03 sin * 


Hence, making /3 - ” n 

0 \sin ai sin a a ... sin cl,.*/ 


and patting at » sin 0, we have 

1 - (a? cosec a 2 )* 1 - (a? cosec a 4 ) a 1 - (a? cosec ap-i) 8 
y ~ P x * _ 8 } n i _ (ftw sin a 4 )* **’ 1 - (Aa* sin ^,)* * 

which is the value of sin^, and, we observe y coincides with 
the above expression for sinp0, when k = 0. 


198 . The next step is, to deduce the value of cos\ Jr. 

p 

Let the above equation be written y = / 3 # — , 

R 


P and R representing rational functions, each of ^(p - 1) 
dimensions in a ? ; 

. / . *-( far? 

“ * R* ' x 

The numerator is a rational function of p dimensions in 
and will vanish whenever y 8 * 1, i. e. by Art. 196, whenever 
«■ (sina 2m+1 ) a f 2n + 1 being any odd number less than 2p; 
the numerator therefore is divisible by 

{l - (# cosec ai) 2 } {l - (a? cosec a s ) 8 }...{l - (0 cosec o 2i ,_,) 8 }, 
or {since sina 2n+1 = sina 2 ^_2»-i? and sin a p = 1 }, 

{l -a^cosec 8 ^}*!! -^cdsec^a} 8 ... {l -fr 8 cosec 8 a J ,. 8 } 8 (l -a^). 

But this expression is of p dimensions in #*, and the term 
not involving at 8 is 1, therefore it is identical with the nume- 
rator ; 

1 -y 2 - 

1 •— 

-«*cosec*ajJ*{l -®*^osec’ «»}*... {l-^cosec’oj,.*}*- 
0 * 

■ 0 - **) suppose; 
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Q P 

hence cos \|/ « cos 0 — , and tan 0 - /3 tan 0 — . 

/C Vc 

199. The next step of the proof would be to substitute 

p 

(iw — for y in the equation 
R 

d -y .a 1 , 

v/(i - »*) (i - Ay) v/o - (i - 
which arises from F h (\j/)^ (3F k (<f>) by differentiation, and 
to see whether by giving to the indeterminate modulus h a 
proper value, the two sides could be made identical. This 
process is impracticable except for small values of p, such 
as 3 , 5 ; but the necessity of «it is obviated by means of a pro- 
perty of the differential equation, which must be common to 
all its integrals. The property is, that the equation is satis- 

fied by putting — for w and — for y, the factor v - 1 being 
few ny 

suppressed in each member ; and ttys without subjecting h to 
any condition except that of being a constant. Therefore 
P G* 


R [*’ 


y m fix — , if it be a solution, as well as 1 — y* ■» (I — a>*) 

R 

which expresses the same relation between w and y under a 
different form, must likewise have the property of being satis- 
fied when w is changed into -p- and y into j- , a proper value 

few hy 

being assigned to h. 

200. We proceed therefore *to make these substitutions, 
and shall thus obtain further relations between w and y, which, 
combined with those already found, will suffice to shew that 

p 

the equation is satisfied byy»/3 t r ~ . 

The general factor of yris- — which, putting 
* 1 - (few sm a)* 

— in place of w% becomes 
lew 
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1 1 - (leas sin o)* P ... , 1 R 

M* (sin a) 1 - (a? cosec a) 8 R A P 

where A « A p " 1 (sin ag sin a 4 ...sin a^.|) 4 ; 

and y *= /3a?— will become 
R 

l j 3 l 5 * P 

P 

therefore in order that this may coincide with y «/3 w , 

R 

we must have A .4 = /3 s A, 

or A = A* (sin a, sin a 3 ...sin a f _ i ) 4 . 

a • r r Q , 1 - (* cosec a,) 3 ... 

Again, any factor of — , such as 7- : , will 

R 1 - ( kx sin a •,)* 

become 

1 1 - (Aa?sin ai) s Q 

— will become 


A 3 (sin a, sin a*) 3 1 - (a? cosec a,) 3 ' R 
A T 

s * nce P* = (sin «i sin a*. ..sin a p _,)*, 

putting T <= \\- (A* sin af) 3 } {l - (Aasinas)*} 

... {i - (Am? sin ap_j) 3 }. 

Hence, the equation 

l-y* -0 


will be transformed into 


1 - 


(hr 


(* (A a;) 3 ) 


(a*) 3 / o3a )• > 3 ° r ’ since y - P * R > 


, . ( W . 1 , - (*»)*} (0 1 . - (ki)'}^, 

which, in addition to the values of cos y/r and tan yf/ (Art. 198), 
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furnishes us with the relation A*(\^) « A*(0) ; (l) 

A 

hence multiplying the above equations together, 

(i -jr) Ji -(Ay)*}*-(1 -**) {l ~(M*} ^r-'. 


201. In the preceding equation, substitute for y its value; 
\R*-{tiwPy\ \R*-h\(ia:Py} - (i -* 2 ){ l -(**)»} (QD». 

Since P, Q, P, 7\ are all polynomials of (p-l) dimensions 
in .r, the first member of this equation is the product of four 
polynomials, R + /3 aP 9 R - fi <vP, &c. each of p dimensions 
in no two of which have a common divisor, because R and 
P have no common divisor; each of them therefore is com- 
posed of one simple factor, and i (p- 1) double factors, that 
being the only supposition which agrees with the form of the 
second member. Also (Q7 1 )* is equal to the product of all 
the double factors on the first side multiplied by a constant. 
But every double factor of the first"si<le, being a double fuctor 
of a polynomial of the form R + c.rP, is a factor of 

Rd x (xP) - aPdjR, v, c being any constant quantity, 

(R + cxP) d t (xP) - a? Pd x (RjcxP) = Rd t (mP) - xPd M R ; 

all the factors of QT are contained in Rd T \xP) -xPd x R y 
and these two quantities arc of the same dimensions, and the 
term independent of x in each is unity, 

QT = Rd, (*/>) - aSd'R- - jd.y ; 

and Q7V0-O M -(**)'$ - »V'0 - V) ^ -(*y)*|, 

1 1 d .y 

dlvlding V(i-^){i~-(A^ " 

w-jl **(*)• 

Hence it is demonstrated, that the assumed value of 
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sin yfr effects the transformation, in the case of p being any 
odd number. 


202. The equation of the amplitudes admits of a remark- 
able transformation, by which the^ calculation of \j/ is greatly 
facilitated. 


P Q 

We have sin0 = fi sin d> — , cos \j/ = oos d> — ; 

R R 


now every factor of P and Q is of the form 

1 — (sin <p cosec a) 2 which = (cos 0)* J l - (tan 0 cot a)*}, 
and every factor of R is of the form 

1 -(ft sin 0 sin a)*, which = (cos 0)* [l + (l - ft 2 sin 1 «) (tan. 0)*] 

= (cos <j>Y [l + j A* (o) tan 0}*]> 
and there are £ (p - 1) factors in each of P, Q, R ; if there- 
fore we put tan (p = z, we shall have 

P e (cos0y-' {l - (arcota 2 )*} {l - (sr cot a,) 2 } 

,..{l - (srcotap-,) 4 } = (cos (p) p ~ l M suppose, 

O'** (cos 0)*“' { 1 - (sr cot a,) 8 } { 1 - (sr cot Os)*} 

... { 1 - (sr cot o,_ 2 )*} = (cos (py-'N, 

R * (cos {p) r ~ x (l + **Aj) # (l + sr*Aj)...(l + 

denoting by A s , A„ &c. A» (a 2 ), A k (a,), &c.; 

. , fixM , ... , N. 

sin \J/ = — — — (cos <p) p , cos 0 = — (cos <p ) p ; 

D! 

.*. JV* + (fix My = (cos « (1 -t X s ) (l + sr*A|) 8 (1 + sr*Aj)* 
•••0 + 

This equation may be resolved into 
N+fixM\/~l = (l +*v^T)(l + sr A 2 \/ ~0* • • « ( 1 +srAp_,\/-T)*, 
N-fixMy/ - 1 = ( 1 — arv/— T)(l -sr A*v/^0* • • •(! -*Ap_,v/^I)*; 
for N+fixMy/ -1 cannot ha ve a factor of the form 1 — x A*, \/— 1 > 
nor N-fi*M\/ -Jtone of the form 1-t- * A*, %/ -1 ; 
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therefore dividing the second by the first, and observing that 
tan \f/ « (3 tan <p — , we get ' 

y lf tan^ry/^I 1 -**/ -l> /t-»Ag\/ -1 W 1-»A4\/-1 \* 
l+tan ^\/— 1 uWTx\u. x & a \/-l) \l+»A 4 v/-l' 

n+x&p-tx/^iy 

therefore taking the logarithms of both sides, and substituting 
the equivalent angles by the formula N - 

2 v — 1 ®U # +tan0v/-l' 

0 ■ 0 + 2 0 2 + 20\ + &c. + 20 p _! ; 

0 2 « being determined by the equation 
tan 0 2n = tan 0 A CB = tan 0 \/l - fc* (sin a 2w )*. 


203. The theorem has been extended by Mr Ivory to 
the case when jo is an even number. He has shewn (Phil,. 
Trans. 1831 .) that in that case, if y = sin0, .v » sin 0, and 

j8cU v/ 1 - «r 2 1 - (,v cosec ctii)* 

^ - (ifcV)* l * (A.rsinas)* 

1 - (/r cosec a 4 ) 2 1 - (,tf cosec a ;) .«) 2 
1 - (/p,j?sina 4 ) 2 ” l - (/c.rsinap-s) 5 * ’ 


where 


/sin a g sin a 4 .. 
Vsina^sin a 3 t. 


sin q ; ,.» V 
sin ’ 


and = # (sin a t sin a 3 ,.. sin a pm .\ )\ 
then ^(0)«/3F ft (0); 

The demonstration's effected by the same steps and methods 
as fbr p an odd number; and the equation of the amplitudes 
may be replaced by 

0 = 0 + 0 O + 02 + 04 + &c. + 0p-29 

where 

tan 0 O * tan 0 \/l - A: 2 , and tart 0 gn * tan 0 V 1 - (* sin a*,,) 2 . 
34 
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204. Hence, F k (0) can be transformed into a similar 
function, of which the modulus A is less than the given mo- 
dulus k ; and by repeating the process upon F h (yj/), we can 
find a second transformed function with a still smaller modulus ; 
and by continuing the operation,® we can reduce the proposed 
function as near as we please to an angle. If we could deter- 
mine <j> in terms of yj/^we could transform F h ( \J /) into a similar 
function F k ( <p) 9 with a larger modulus ; but this would re- 
quire the solution of an equation of p dimensions; it is to 
obviate this inconvenience that Jacobi has invented a new 
transformation, the subject of his Second Theorem, which we 
now proceed to give ; its enunciation and proof are as follows. 

206. If the amplitudes of two functions F h - (r), F k (or), 
be connected by the equation 

1 + (a?cota 2 )* 1 + (.rcotai) 8 1 + (^cota^) 2 
1 + (.rcota!) 2 1 + (a?cota^y* m ‘ 1 + (tfcota^) 2 * 

where sincr, y « sinr^ p is any odd integer, and /3, a l9 o 8 , &c. 
are the same as before ; and the complements of their moduli by 
the equation 

(sin a, sin a 3 ... sin a p ^)\ 

the functions themselves are connected by the equation 
JV(T)~/3F,(<r). 




We have seen that by the substitution of /3a? — for y 

R 


in the equation 




v/(i - \ i - (Ay) 2 } (i - **) { i - (**)'} ’ 

the two members are made identical ; therefore they will be 

made identical by all values of w and y, which satisfy the 
p 

equation y « /3a? — , whether real or imaginary, provided the 
R 

constants k, A, /3 remain the same. 
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Let, therefore, x « y/^l tan or, y m \/-\ tan r, 




« T <r 


y l - (fr'sin a) % - (A'sinr) 2 * 

Senoting by Ap', h! the complements of Ap, A; 

& F k'(*) “ *Y(j)- 

Also, since y = sin \j/, .r a sin 0, 

tan yfs ts \/ - i sin t, tan =■ - 1 sin er ; and by Art. 19*b 

. i 0 4 , 1 - (cosec a* sin A)* 

tan d/ - fl tan 0 

\ 1 — (cosec a! sin 

1 - (cosec a* sin (p) 2 • 1 - (cosec Qj,_, sin 0) c 
1 - (cosec a 3 sin 0) 8 ' ’ ‘ l - (cosec a p „ 2 sin * 
the relation between the amplitudes becomes 


sinr-fi sin <r 


1 + (coscc a 2 tan <r) 2 
1 + (cosec tan or)* 


, &c. 


or, since 


1 + (cosec a a tan tr) 2 (cos o*) 2 + } 1 + ( cot a,) 2 } (sin<r) 2 
1 + (cosec a, tan <r) 2 (cos <r)\+ \ 1 + (cot aj) 2 } (sin a)* 

1 + (cot a 2 sin a)* 

1 + (cot a, sin a)* 

we have (y and «r now representing sin t and sin cr respectively), 

1 + (w cot a 8 ) 2 1 + (* cot & 4 V 1 + (x cot a P ^Y 
y mt P a! l + (a? cot a x y 1 + (scotch) 2- ’* 1 + (a?cot a p „ 9 Y' 

which gives r, and shews that r and <r increase together from 0, 
and become equal at every multiple of £ w. 


Also cos \fs = cos — gives 


1 - (sin or A a 8 ) s | — (sin <r A c^) 2 
cos t « cos <r j ^ ^ ^ Cl )* j + ( 8 in a cot a *) 5 


. &c. 
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or since F(a m ) + F (a p _ m ) = F, and 
- A* tan a m tan u p _ m = 1, which gives 
A (a„) » cos a m cosec a p . m , 

t 

1 —(<rco5a 2 cosec dp_ 2 ) s l-(afcosa 4 COseca y _ 4 )* 


, cost ■= cos cr 


l + (<i?cotaj)* 


l+(«cota s )* 


. &c. 


^ n ^A*<( T ) cost 1 - (sinorAaO* _ 1 - (sin«r Aai)* ^ 
A*>(<r) cos<r* 1 — (sin<rAas)* ’ 1 + (sin<rcota,) 2 ' 

l-(#cosai cosec ap.]) 2 1 — (.rcos a 3 cosec a p _ 3 )' J 


1 +(«pcotai)* 


1 + (®cota 3 )* 


1 — (®cosa p _8COseca B )* . . 

7-7- r -z > from (l) Art. 


1 + (#cota 2 ) 


200 . 


206. Hence, having given F# ( <7 ) to be transformed into 
a similar function with a larger modulus, we first obtain 

k = 

and then compute a l5 a 2 , 8cc. ; this gives us the value of 
A « k? (sin a j sin ct 3 . . . sin a^) 4 , 

and then h! = y / 1 - A“ is known, which is greater than h\ 
because A is less than k ; also the new amplitude r is known 
from the above equation, and hence we obtain the new value 

of the proposed function, viz. — F h > (t) ; and by continuing 

the operation, we may raise the proposed function as near as 
we please to a logarithm. We have .supposed p to be an odd 
number, but by substituting in the formula of Art. (203), we 
shall easily obtain the formula belonging to the case of p 
an even number. 

207. The comparison of the results of these two trans- 
formations 

0 F > (0) = F k W, 0 Ft (cr) - Ft (r), 
leads to a remarkable relation between the complete functions. 



269 


Since when d> = ^ , yp — p - (Art. 19 f*)» the first equation 
2 2 


&F k = pF k . 

Also, when r «= ^.ir, cr «= ^ tt, therefore the second gives 

Hence, eliminating /3, we have 

F k f \=pF h F k '. 

208. Again, in the equation (3F k -(o) = F k ( t), change k' 
into A, and therefore, k into h ' ; 


.■.PF k (a) = F k ( r), 


where 




sin n g sin jhij • ■ ■ sin /m ] 


Vsm Ml Sill 03 ...snip,., 

A' = A' p (sin /x, sin /u 3 ... sin ju p _ z ) 4 , 

l 2 

/a,, p 2 , &c., being the amplitudes of - F k , -F k >, &c. 

jP P 

and which are also to be substituted for a,, a 2 , &c. in the value 
of y or sin r, and A* (r), so that 

a , . 1 + (cot ^ sin a) 2 1 + (cot ,l< sin cr) 2 

sm r = /3 sm <r - — ■- — . . . - — , - - . (*)• 

^ 1 + (cot fjj sin a-) 11 1 + (cot /x 3 sin cry 

a / v a , . l-(tfcosp, cosecp,,. ,) 8 

*( T ) " *( ff ) ]•+ (.rcot/tt,)” 

1 - (® cos ^aCosecMp.,) 2 
1 + (.root jtt 3 )* 

Hence, / 3 ' F* = F», and $F k = pF*, .-. 0 / 3 ' - p. 

Let tr = \j/t F h (yp) **-^F k (r), 
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Hence, we can find any multiple or aliquot part of an 
elliptic function. Similar formulae may be obtained for p an 
even number. 

209. We shall in conclusion apply the general formulae 
of Arts. 194 and 205 , to two particular cases. 


Let p m 2 ; .\ (i - 1 + ft', (Art. 160), 

(sm a]) 


h ta ft 2 (sin aj) 1 


1-ft' 1 j-ft' 


sin\f/ 


(1 + ft ') 2 1 + ft' 

/3 sin (pcos <J> (1 + k ') cos <p sin <p 


\/ 1 - (A; sin (f>y \/ \ - (ft sin 0)* 
which may be transformed into tan (\fs - <p) « ft' tan <p , 

and 

Hence we fall upon Lagrange’s transformation, these 
formulae agreeing with the formulae of Art. (179). 


sin ai 


- 1 , 


Again, let p « 3 , .% $ « f 8 |?— ^ 

\sm cl\J 

as will be easily seen by eliminating k between the equations 
y / 1 - ft 2 tan a a tan ai «= 1, tan ^ a a = tan \/ 1 - A 2 (sin ai) 8 ; 

1 _ ( 8in ») t 

A = Ar* (sin a,) 4 , sin 0 « /3 sin 0- — ~ ° t> . , 

r r l - (ft sm sin a a ) 2 

which may be transformed into 
tan ^ - 0) - tan ^>%/ 1 - (ftsina a ) 8 « - 1^ tan ; 

and F. (0) «= - F h NA. 

* vr/ 3 — sin a, * vr/ 

Upon this transformation, Legendre had hit, previous to the 
discoveries of Jacobi; the amplitude a, is known from Art. 165. 

We shall now examine the consequences of supposing p 
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infinite in Jacobi’s Theorems, and shall so arrive at some re- 
markable formulae for developing functions into infinite products 
and series. 

310 . In the formulje of Art. 208 , suppose p to become 
infinite ; then, whatever k be, h ■ 0 ; 

ti m i, F h - and (Art. 207) 

1 — CO 7 T F h ' T K' 


Also F y (n n ) m -F h - becomes (Art. 175 ) 

P 

,, 1 + sin n n tit 1 C », 1 

i 1< * r- .in - t jf - ? h « , "■h—- 

. .s' , . 1 + sin <i„ 

where q = e ~r and is < 1 ; — . - - = q 


1 - sm n„ 


4 q n 

and cot** 

1 + (sin a cot /i„)" 1 -27” cos 2<x + if" ( 1 - q' 


1 + (sin <t cot *_,)* 1 - s^^cosSo- + 9*""* \ 1 - 7* 


+ /lj-y-V 

+ o 2 "-*' \ 1 -7* / 


Also (X F h = F h becomes / 3 ' = - AT ; therefore the value of 


sin r becomes 
2 AT _ 


. 1 — 2o*cos2<r + 7* 1— 2o 4 cos2tr + o® 

™ sm or • “ • * *“ ■ 1 “ . &c., 

1 - 29 cos 2a + q* 1 — 2qrcos2a + 7 

, n 1-7 1 - 7* 1 - 7* „ 

where 5 => — ^ — -- . , &c. 

. l -*• <f 1 - 7 ^ 1-7 


But F»(r) - / 3 '*» 


, sin r m sm 




hence the amplitude is known in terms of the function. 

To obtain B in a simpler form, put sin a « — ~ — ~ (ar - **'), 

• 2 v - 1 

Sin T ■ “ 4 $ 1 f . < y\ • 

W 2v/-l 0 “9*00 -9* ) 
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<r + 


But 

vlC 
2 K 


since sin r 



v/- 1 , sin r becomes = . — 

k sm t 


we change or into 
(Art. 192 ), 


— u 

and z or e vs/ - 1 becomes zqb ; 

• __L . ( l-9V)(l-gsrQ 

k sin t 7r ’ 2 y/- i (1 - 7V) (l - a?" 2 ) 

therefore, multiplying these equations together, 



2 7I . ] — 2o 3 cos2<r + 7 1 

: , Sin <T . - 

k* 1 - 2 ^ cos 2 <7 + 7 2 


1 - 20 1 cos2<r + q " 

. &c. 

1 - 2 qr* cos 2 o* + 7® 


Hence making a « ^7r, and the first member = sin^7r = 1, 

1 + 7 1 + <f 1 + 7* \/ 27^ 

l + 7* 1 + 7 4 1 + 7 8 ’ " C * Al 


211. Next in the formula for A*(t) (Art. 208) make 

p = 00 , then A* (<r) = 1 ; • 

« 

1 — sin i 


also, since 


1 + sin ft,, 


= 7”, sin fjL p - 1, sin /u,,_3 = 1, &c. ; 


47" 


and cos* u n = * — , , 

” (1 >7") s 

• A (r) = 1 ~ ( sin a cos Mi) 2 1 - (sin a cos M 3 ) a &c 
* 1 + (sin <r cot ju,) 2 ’ 1 + (sin a cot /a s )* " 

1 + 27 cos 2 ff+o 2 1 + 2o , cos2<r + o' ! 

= lr. — . = - K . &c., 

1 - 2qcos2(r + q* 1 - 2grcos2<7 + q 

where D = ~~ • &c -= V / *', 

1 +g 1 + y 1 1 + q> 

as appears by making a and therefore t = %ir. 



„ 1+0 1 + 0 * . 
&c. x . — ~~ . Stc. 


Similarly, when p ■ ® , the value of cos t becomes 

^*0082^ + ^1+8^00880 + ^ &c 

1 — 2 7 cos 2 <r + g 2 I - 2 7 s cos 2 tr + 7* 

* ^ 1-fl l-o* 1 ) V 

where C » . - ? ^ . &c. 

1 + 7 * 1 + 7* 1 + 7« 

1-^ 8 1+71 + 7 * 

= 7 . • &c. x -- . &c. 

1 + 7 1 + 7 1 +7 2 1 +7 4 

4/77 s/hifi /ik'ifi 

= V A? . — | - * V — ~ (Art. 208 .) 

212 . The quantities B , JD, have the same numerator, 
which we may call a ; let ft, y, $, denote respectively their de- 
nominators; then a = Bft = Cy = Dh, also aftyS**ft, or 
ayS = 1; from which equations any of the continued products 
a, ft, y, S, may be found ; thus, substituting in the latter for 
a and 7, we get D 8 #* = C ; 

• 3 = (!+?) (1 + ?’) (1 + 9 s ) Stc. = (~)y*. 


Similarly, 

(1 - 9) (1 - 9 s ) (1 - 9’) (1 - 9') &*c. a/3 = 


(DS ) 2 (CD)i 


v/v- i/v- w— “r- B » n ’ 

which is also the sum of the series 1 -7 -q*+if +qi-q™-q' b f & c . 

/ 3 ft* i ti\ 

(the indices of 7 being of the form — -- — J into which Euler 

-'has shewn that the fijst member can be developed. 

213 . Again, to transform the products into series, suppose 

(* - * _I ) (1 - 9* #*) (l - 9* x~ 2 ) (l - q* *“) (1 - 9 4 *"*) &c. 

« o, (x - *"’) + a a (** - z~ 3 ) + a 3 (z 3 - #-‘) + &c. 

change x into qx, 

... — - (1 - 9* «*) (1 - 9* **) (1 - *"*) &c. 
qx 

m O, (qx -q~ l x~') + a t (q s x > -q~ 2 x~ 2 ) + &c. 
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Multiply the latter equation by qx\ and add fc it to the 
former ; 

«! (* - aT 1 ) + cr 2 (# 2 - x~ s ) + a 3 (x 5 - aT 6 ) + &c. 

+ a x (q^ar* - x) + (q-V - qr 8 *" 1 ) + &c. - 0; 

consequently, equating to zero the coefficients of either the 
positive or negative powers of ar, we get 

a x q* + a 2 = 0, a^q* + 03 = 0, a^q* + « 0 ; &c. 

(x - aT 1 ) (1 - qV) (1 - q 2 *“*) . &c. 

=» «i {* - ar " 1 - (f (ar 3 - ar“ 3 ) + q 6 (ar 4 - ar 5 ) - &c.}, 

or sin <r (1 — 2q y cos 2a + o 4 ) (l — 2q 4 cos2<r + q R ) &c. 

= (sin a — cf" sin 3a + q* sin 5a - &c.). 


Also changing x into q$z and multiplying both sides by 
- qlz, we get 

(1 - qx 2 ) (1 - qV) (1 - qz “*) (1 - qfV) . &c. 
m a x { 1 -?(«** + *~ 2 ) 1 + q 4 (s 4 + a*" 4 ) - q 9 (*• + x~*) + &c. 
or (1 - 2q cos 2or + <f) (l - 2 qr 1 cos 2<r + q 6 ) &c. 

« U| (1 — 2 7 cos 2<r -f 2q 4 cos 4<r - 2q 9 cosfitr + &c.). (l) 


Therefore, substituting in the preceding results, 



2qi sin a - q s sin 3a + (f sin 5 a * q ,8 sin 7 <r + 8tc. 
ki 1 -2qcos2<r + 2q 4 cos4cr-2q 9 cos6(r+&c. ’ 


cos A 


Cv') 




. cos<r+ q 8 cos3o- + q 6 cos5or + &c. 

\A?/ 1 -2qcos2<r + 2q 4 cos4<r-2q 9 cos6<x + &c. ’ 

1 + 2qcos2a , + 2q 4 cos4<r + 2q 9 cos6<r+ &c. 




1 - 2qcos2<r + 2q 4 cos4<r - 2q 9 cos6<r + &c. 



214. If 6(<r)*l-39CosScr+29 4 cos40 > -89'cos6a' + &c., 
the last equation becomes 





0 7T - <r) 


<M*) 


The function 0 (q, a) possesses remarkable properties, one 
of which we shall here investigate. 


If we resolve each of the factors of ci ] 0 (q t cr) into two 
others, we get from equation (1) of the preceding Art. 

a, 0 (q, <t) =■ (l - 2qi cos<r + q). (l - 2q cos a + (f) 8rc. 

x (l +2 qi cos a + q) . (1 + 2f/i cos <r + q') &c. 
or 0 (q, <f) = fl, 0 (</*, £ <r) . 0 {'/*, | (w - <r)} ; 

or, changing q, cr, into q 3 , 2a; and putting a, for the new 
value of </,, 

0 {cf, 2 a) = 0 (q, a) . 0 (q, £ ir - a). 

But from above, y / 1 - ft* sin* r = y/k' — ?■’ ^ ~ 

0(7,<r) 


a„ 


.-. 0 (cf. Sc) m ~~ 0* (%a)\/i - k* sin" r, 

a formula which we shall find useful in investigating certain 
properties of functions of the second order. 

215. The auxiliary q of the modulus ft, by which the 

m J5*. 

above formula? are expfessed, « e K , so that its logarithm is 
K* 

-tt , which is easily calculated from a table of complete 

K 

functions of the first order. 

K H 

Also, since (Art. 207) if * l>e the auxiliar y of A > 
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If therefore we have any relation between q and ft, we may 
change q into q p 9 provided we change ft into the descending 
modulus ft. Thus if p m 2, and we change q into 9*, then ft 

1 - ft' 

must be changed into ft q (Art. 180), and consequently 

1 + ft 

K into H - 1 — K, and K' into If « (1 + *') K. 

2 K 

Again, suppose Ac, the modulus that precedes k, and q t its 
auxiliary, then 


qi = e~" K \ = e r* = i / p . 

Hence in any relation between q and k, we may change 
1 

q into qp provided we change ft into the ascending modulus ft t . 
Thus if p = 2, and we change q into q$, then k must be changed 
2 */ ^ 

into A, = -- v - , and consequently K into A', = (1 + k) K 
l + k 

1 *4- ft 

(Art. 180), and K ' into K\ = — — JT. 


Ex. To sum the series 

1 + 2 q + 2 q* + 29°*+ &c. = f(q) suppose ; 

1 - 2 q + 29* - 29 s + &c. * \/ ft /(9), 
making or = 0 in value of A (r) (Art. 213 ) ; 

1 + 29* + 29 16 + &c. = ^(1 + \/ ft')/(?) = /(90- 

Now let ft, A, ft M be three descending moduli, so that ft! is 
what ft becomes when q is changed in 9 4 ; then 

2 2 / 2 \ s 
K « T7-ffi= 7=) ff,; 

1+ft l + A \l + \/ ft/ 

./(?) fW) 

" \/K~\Zh x ' 

which shews that the first member, since it does not alter when 
9 becomes 9 ( , is constant ; 
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1 + %q + 2q' + 2 q* + &C. - C '\/K- 5 

IT 

making, in order to determine C, q = 0 or k « 0, and con- 
sequently K = ^tt. 

Also, making <r = 0 in the valqp of cos r, we get 

2qi \J — (1 + q* 4* + tf 12 + &c.) = 1 - 2q + ‘-if/ 4 - 2^ 9 + &c. 

k 

by what precedes. 



ql (1 + <f+ (f+ 7'*+ &c.)= \/ '£*; 

% 27T 

or, putting gi for q and therefore for Zc, and (l +Ar)A~ for if, 

1 + A; 

< 7 * (1 + q + + if + </° + &c.)= \/A ^ * . 


216. Hence we can determine the value of //, in liquation 
(1) of Art. 213 ; for making a = tJs 7t, and substituting for the 
numerator its value from Art. 212, we have 


(! + ?)* 0 + <f) S (1 + '/)* &c- = (^y * / ir 

1 + 2q + Slq' + 2 7 " + Sec. Ua 7 ' ^ sAT* 


Also 0(0) = 1 - 2q + 2 q x - 2r/ 9 + &c. 



Hence we can reaSily compute the values of two complete 
complementary functions F h and F k \ if we know their ratio. 
Suppose F h the lesser of the two, and let F K *=■ nF k ; and let 
q be related to F k > as q is to F k ; 

_ 1 

then q *= e~ n7r 9 and q = e n , 7<?'; 

• * log q . log q 1 = (- tt) 2 - (log — , •*. q<j s ; 
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F k m ^ir(l + 2 q + + Sq 9 ) 9 , correct to twenty places of 

decimals; and then F k ‘ * nF k • 

We shall now give the Propositions which connect Func- 
tions of the «nd order with 0 ( q , x). 


217. To prove 

7T 

where x = — — F(0). 




Since, changing r and o- into 0 and in the formida of 
Art. 214, we have 

0(7*, 2.r) = -~ t Q ‘ (</,$). \/ 1 -ffsitfip, 

if we take the differential coefficients of the logarithms of both 
sides, denote d t Q(q, ,v) by 0'(r/, .v), and observe that 

2 K 

d t (p= A a ( 0), we get 
7 r 

0* (7, .r) ©'(f/*, 2.r) A/f" sin (j) cos (p 

0 (7, .f?y 0(7% *.)“ x A*(0) 

2 A' 2 AT 

“ — ^’*(0) r c *,(0:) (Art. 18 ")> 

7T 7T 

or G A (c/>) - ° (7, . - A -i G„ (0,) - ; 

where the second member results from 0 ) the first, by 
changing k 9 <p into <p and therefore 7, ,r, into 7 s , 2«r, 
respectively ; hence the equation gives this scries of equations, 

3>(fc, 0) - 4>(* t , 00 - <!>(&*, 00 * ... = 00, 

the descending series of moduli being continued till 4^=0; 
then q will become q 3 * 1 and a fortiori = 0 ; 

0 (7^, 2*\r) = 1, and. 0' (7 s *, 2*,r) = 0; 

g r 


2A t 

7T 


also — 

w 1 



because e, = 1 and ( 0 J - ( 0 „) - ; 

therefore, in general, <*>(*, 0) = 0 , or — - GJ<b) « d, log 6 ( 7 , *) 

ic ■ 

iS« 

or £ ( 0 ) = f £ ( 0 ) + ~d t log 0 (x). 

218. Hence ^ {£(0) - *£(0)} « 

^ 4 7 sin 2 a — 8 7 1 sin 4 a + 12 q 9 sin 6 a — &c. 

1 - 27 cos 2 a + 2 7* cos 4 a - 2 7* cos 6 * v + &c. * 

2 F 

a formula which determines E (<p) by means of F (<f>) = — a?. 

ic 

Also, since cr, 0 (a) • 

= (l-2(y cos2a? + 7*) (l -2qr" cos 2 A+7') (l -27* cos 2 A +7 10 ) &c. 

d x 0 (a) 4 7 sin 2 a 4« :t sin 2 a 

... _f — = J + * + &c. 

0(a) 1 - 2 (j cos 2 a + (f 1 - ary 8 cos 2 a 4- r/ 

■= 4<y sin 2 a + 4r/ 2 sin 4 a^+ 4<y a sin 6 a + &c. 

+ 47 s sin 2 a + 4^ fi sin 4 a + 47* sin 6 a + &c. 

+ &c. 

4 7 . 4 o* . 47 s . 

« sin 2 a + . sin 4 a + ; sinoA-f &c. 

1 - (f 1 *■ 7* J — if 

2 E 

E((p) « — * + 

7T 

2ir ( _JL sin 2# + - - - — - sin 4.r sin 6 x + &c.) . 

F \l l • 1 -T 6 J 

This gives by differentiation 

. „ E 27T a /7 cos 2 A » 2 7* cos 4 A „ \ 

, - f sm-0 + — J- + &c -)- 

£ 27T* / 7 27* \ 

and making 0-0, 1 = j + y7[f~* + 1- tf + &C ‘J ’ 

therefore, subtracting, 

. , , (qdn*x itfnn'ix Stfdn'Hs \ 

^‘TFP Ur7 + + TT? - + il r 



280 


21 9. Suppose 0 = 0 ; then ultimately E (0) «■ 0 < 
and the preceding series give 


*Kx 


E 




2<f> So* 

+ + &c. 


1 -q* l-g* 


)• 


2 *9* S*9 ; 4*9* . A* A? 

■ + •— + „ + &c. 

1 - 9 s 1-9* 1-9* l - 9* 7T' 

« 9 (1 + 9 + 9* + 9 B + 9 10 + &C.) S (Art. 215.) 


Again, suppose 0 = ^ w, and .\ .r = ir ; then 


9 

1-9" 


+ 


39 s 59 s 7 q ' 

+ \ -9' #t rr^ + fcc * 

«= 9 (1 + 9 * + 9 * + 9 1 * + &c.) 4 ; 



2 


or, putting 7 1 for 7 , 


9'_ , S?“ 

1-9* + 1-9*' 


5q i0 

f- 9 40 


&c. = (7 + 7 y + 7 C5 + 7 19 + &c.) 4 , 


which shews that any number, 8 w + 4, is the sum of four odd 
squares. From this it follows that every odd number, and 
generally any number whatever, is the sum of four squares. 

Also the same formula gives 
1 So 5(f 

j _ ? + X _ f/ U + YTtf + &c - = (1 + 9 + 9 s + 9* + &c-) 4 . 

which shews that any number is the sum of four triangular 
numbers. 


q V* 

220. Let F(\f/) = 2F ( 0 ) - ~2x, 


,2 d,0 4 F , 

and —J- = — ; then (Art. 170.) 
&(<p) v 
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” <U°g 9* “ log e (**); 
4ft*sm s 0cos0cl,0 

/ — rr*^“ 4d ' lo s 9a? - 2d » lo ge (2*); 

log rr^^“4 io g0,- i °gG(s i r)=iog|-g ; 

••• 0 4 (*)-(l-* , 8»n 4 0) = e , (o).e( 2 aj)« ^-£j*.e( 2 <r) 

(Art. 216 ) a remarkable property of the function 0 (.»?). 


221. We next come to the consideration of the function 
of the third order 

IL (fly 0) =» f 

1 + w sm 0 y / 1 — c 8 sin s 0 

in which enters a new element, viz., the parameter n capable 
of all values from - oo to + oo ; this can always be made to 
depend upon a similar function, hawing the same modulus and 
amplitude, and a parameter between 0 and - 1, as we proceed 
to shew, after Legendre. 


We shall first shew that the parameter may be always 
supposed less than the modulus. , 

Let there be two functions of the third order 



having the same modulus and amplitude c and 0, but different 
c 2 

parameters, viz. n and — , whose product is equal to c 5 * . 


Now 


+ n (sin 0) f 


1 + ^ (sin (py 


1 


36 
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1 - <r (sin 0) 4 


1 + 


(» + (sin <py + c*(sin <f>y 
1 - c*(sin (py 


(cos <f >)*\ 1 - c 8 (sin ^>)*} + (sin <j > ) a (1 + n + — + c‘) 


- c 8 (sin (py 


(cos <J>y A* + (l + ri) (sin (p)° 

1 (sec <py - <? (sin <£)* { (sec <py - 1 1 
'A 5 ' /tan (f>Y 

, + H a ) 




r, making a = (1 + ») ^ 


I tan (by 

~ A ) . 

therefore, dividing by A, and integrating, 

n,<«, *) ♦<.♦)- r. w + ^ ( v ^-£/) ■ 

Hence a function containing a parameter > c, can always 
be made to depend upon one whose parameter is < c. 


222. The above equation furnishes immediately the value 
of n c (c, 0) or n 0 (- c y <p)y by making n = c, or — - c\ 

Also if we make a = 0, and, therefore, n = - 1, or *= - c 2 , 
we have II C (- 1 , 0 ) + n c (- c*, 0 ) = F 0 (<f>) +-^| ) . 

And if we make n * c (cos 0 f \/^l sin 0), we have 

C* y 

— « c (cos 0 - v - 1 sin 0), and a * l + 2c cos 0 + c*, 

IS 



283 


and so obtain the value of the integral 

/ I + c cos 0 (sin <p)* 1 

T l 4* 2c cos 0 (sin + c* (sin 0) 4 ' A c (0) 

223. We have supposed o to be positive, and therefore 
n either to be positive, or to be negative and intermediate 
to — <? and - 1, that is, to be of one of the forms 

(cot 0)* ) or -l +ft*(sin0) 4 . 

When n is negative, and not intermediate to - & and - 1, 
that is, of one of the forms - (cosec $)'\ or - c* (sin 0) c , and 
consequently a negative, and * - a, suppose, the last term 
of the above equation must be replaced by the logarithmic 
function * 

1 t A + \/«i tan 0 

— log ^ £ . 

2 \/«i A - v tan <p 

These two latter cases of the parameter, by the preceding 
equation, depend one upon the other, since their product 
= r 2 ; that is, a function with a negative parameter not inter- 
mediate to 0 and - c 2 , can always be made to depend upon 
a similar function with the same modulus and amplitude, and 
parameter between these limits. # 

• 

224. We shall next shew that the two first cases of the 
parameter can be made to depend one upon the other ; that 
is, that a function with a positive parameter, can be made to 
depend upon a similar function v^ith the same modulus and 
amplitude, and parameter ifttennediatc to - (* and -1. 

Let there be two parameters n ami. — m so related that 
(1 + n) (1 - m) - or m - n + mn « c* ; 

(? + n c* -m _ ^ 

° W 1 + n (sin 0) s + 1 - 3P ( 8 ^ n 0) 2 

c 8 + n - m - 2 mn (sin <pY + mn<? (sin 0)* 

= i + (w - m ) (sin <pY - mn (sin 0) 4 
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mn . 


1-2 (sin < p) s + c 1 (gin <f>Y 
1 + (mn - c 3 ) (sin <p)* - mn (sin (p)* 


„„ (COS0)»- (sin^>)*A* 

Wi W • ■ j < . , , 

A + wn (sin 0 cos(py 


mn 


1 + wrn 


mnA- 


{ cos 0 sin 0|s 

A ) 

} 


^ [cos 0 sin 0 

a 


1 + mn | 


[cos 0 sin 0[ 2 ’ 
£“ 


T 


therefore, dividing by mnA, and integrating, 
c 2 + «„ , e s - m 

n e (», 0) + n c (- m, 0) 


mn 


~Z F M) +— 7^=-tan->{: 
mn v m» l 


y/ mn cos 0 sin 0^ 

a;w t 


or II e (», 0)*- n c (- m, <£) 


m 


mn 


F,(0) + ‘ tan -1 ; 

r v mn l A c (0) / 


no constant being added, because every term vanishes when 

0 = 0. 


Now let n = (cot 0) 2 in the equation of condition 
(l + n) (1 - m) « ft 2 , 

l - m « ft 2 (sin 0) 3 , or - m « - 1 + ft 2 (sin 0) 2 ; 

hence a function with a positive parameter, can be made to 
depend upon a similar function with the same modulus and 
amplitude, and parameter between - c 2 and - 1. 
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In the case of complete functions, substituting for m and n 
the above values, we find 


„ _ v fsm0cos01 8 „ 

r n c («) = {6*n c (- m) + <? (sec oy F 0 ) 


225. Hence it results from the preceding formulae, that 
an elliptic function of the third order n c (n, having for 
its parameter any real quantity 91 , can always be made to 
depend upon a similar function ]I r (m, <j>) having the same 
modulus and amplitude, and of which the parameter m is in 
every case between 0 and — 1 ; that is, 


1. between - 1 and - c a , or of the form - l + 5 s (sin 9)\ 
when n is positive ; 

2. betwen 0 and - c 8 , or of the form - c* (sin 0)% 
when n is negative. 


Also since the function of the 


parameter (l 4 * n) j , 


which we have denoted by a, is made positive by the first form 
of the parameter, and negative by the second, it follows that 
functions with these respective parameters are essentially differ- 
ent, and not reducible one to the other ; functions of the former 
sort in their reduction and comparison involving angles, and 
those of the latter, logaritfims. The first of the above funda- 
mental forms of the parameter may for the sake of distinction 
be called circular , and the second form logarithmic; and 
instead of ri r (n, <p) we may use Tl f (0, <f>) where 0 denotes the 
angle of the circular or logarithmic parameter - 1 + 6* sin 2 0, or 
— & sin 8 0, as the case may be. 


226. To investigate a formula for the comparison of 
^elliptic functions of the third order. 
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If cr be the given amplitude of a function of the third 
order, and 0 and 0 two other amplitudes subject to the 
condition 

cos <r =* cos 0 cos 0 - sin <p sin 0 \/ 1 - c 3 (sin a)*, 

then Il c ( n , <p) + II, («, xf) - TI C (n, <r) 

* ( _i n \/ a sin (f> sin \fr sin a 

~~ / — icin 1 ■ • 

V a 1 + n — n cos 0 cos 0 cos <r 

Since \f > is a function of 0, we may assume 

II r ( n , 0) + n r ( w, 0) - Il ( . (w, <r) = (a function of 0) ; 


r+JL. P 

1 + n (sin 0)- # A (0) " r 1 -i » (sin 0)" " A (0) * 

1 d., 0 

or, since — + '] = o, 

£(</>) Aty) 

A (#) (l + « (sin 0) a 1 + n (sin \/,)“} ~ *** 

or . ( sin W ~ ( s "> <Pf d p 

A (0) ’ 1 + w (sin 0)* + w (sin 0)~ + (w sin 0 sin 0) y * 

But A (0) + A (0) d^ 0 (sin 0 sin 0 sin <r), 

{A (0)}*- { A (0) } 8 = c 8 (sin 0) s - c s (sin 0) 

= c 8 A (0) d^ (sin 0 sin 0 sin a) ; 
rcd^ (sin 0 sin 0 sin cr) 

" ■ • • =s d p . 


’ 1 + w (sin 0) 8 + w (sin H 0) 8 + (w sin 0 sin 0)- 


Let sin 0 sin 0 sin cr =* - , then observing that 

(sin 0) 2 + (sin 0) 8 = (sin cr) 2 - 2 sin 0 sin 0cos<r A (cr) 
-I- c 8 (sin 0 sin 0 sin cr) 2 , 

- w 

a* } 1 + n (sin o) 8 } - 2 n z cot <r A (o) + ne* + w 2 (coscc <r) c 
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. 1 t _,* {l + M(sin<r)’| -»cot ff A(«r) „ 

* • tot 7= m r, 

VO H v a 

by Ex. 4, Art. 26 ; making, as before, 

a = (1 + /i) + i c *j , 

and no constant being added, because both sides vanish when 
<p = 0, or z = » , and \js ~ or. 

Hence restoring the values of z and l\ and reducing by means 
of the equation of condition, 

ll t (n,tf>) + Il r x|,)-n>,<x) 

_ 1 tan -i w \/a sin 0 sin >|/ sin (T 

\/ a 1 + w - n cos <p cos \J/ cos a 

If a be negative, that is, if the parameter be logarithmic, 
the second member must be replaced by a logarithm. 

227. Hence the excess of the sum of the functions whose 
amplitudes are (p and \fs over that whose amplitude is <r, which 
is nothing in functions of the first order, and algebraic in those 
of the second, is in functions of the third order expressed by 
an angle, or by a logarithm if a be negative. From the almvc 
equation, we can deduce every thing relating to the comparison 
of elliptic functions of the jhird 4rder, in the same manner as 
we have done for functions of the first and second orders, from 
their corresponding equations ; thus • 

let <r = \ 7 T, 11, (w, <f>) + II r (fly yp) - II, (n) 

. 1L_ tan-' "V'asin^smv// where tan ^ tan = , . 
>/« l+«- 

and if <p - and therefore (sin <py » f ~ , 
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228. To prove that complete functions of the third order 
can always be expressed by functions of the first and second 
orders. 

We have II e (») - f — — -. — , 

4 1 + n (sm (py A c (0) 

J „ , x Vi' - (sin 0)* 

e ” {l + » sin* <p\* A„ (0) 

1 VJ* l+»(sin0) 2 -l 
n i* } 1 + »,sin 8 <j > } 2 A,. (0) ’ 

)I +»sin ! 4>j* Af(?j " ~ n' F ’ + n < - E ‘~ F - > 

/ O 3 A ' 

+ / l + ^(l + c 2 ) + — J n c (n), by Ex. 3, Art. 154, 

where a = (1 + n) ^1 + Hence, combining this equati 

with the preceding, 

2 ad„n c (n) + (l - 11, (n) = - A K + ^ ~ K)> 

\ 71 J T* 71 

« 2 

or 2ad„n c (n) + Tl c (n)d n a = - ^ + i (£„ - F c ), 

since cLa = 1 — 

n 8 

Hence, if a be positive, dividing by 2 \/a> and integrating, 
we have 

y/a • n, («) “ - J - 7= + 2 (-^C - ^«) / 7=- 

2 J »w^/a 2 •'ntiy/a 
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But if a be negative and » -o,, then 
- 2oid. n e («) - n c (n) <*.«, - - t F c + i (E e - F c ) ; 


w n 


* therefore, dividing by - €y/a„ and integrating as before, 

v^. . n, («) - F.) f-L. . 

aft V«i ~ •'■Wy a | 

In order to effect the integrations, we must consider 
separately the two fundamental forms of the parameter, the 
first of which we know makes a positive, and the second makes 
a negative. 

229. Case I. Let the* parameter be circular ; and for 
the sake of convenience, let n = (cot 0)* ; we can afterwards 
adapt the formula to the fundamental form of the circular 
parameter, viz. 

- 1 + 6* (sine) 8 ; 

■ 

» = - 2 cot 0 (cosec 0 ) ! ,\/ a = ; 

e 3 r 1 <? r d t n r c* (tan 0)‘ 

2 J n n* y/ a 2 Jfn* y/ a W 

tanO A h (6) - £„&), 

and f ~ = - 2 f-~ - 2 F„ (0) ; 

n n y/ a "t (®) 

\At. ri c (n) = F e | tarf 9 A h (0) - E b ( 9 )} 

-F' b (9)(E c - FJ + c^t. 

To determine the constant, let c = 0, and therefore ft » I ; 

.*• A* (9) “ cos0, E b (0) = sin 6, E r «■- F c = ^ w, \ ■» cosec 0, 

° r i* 1 . *,1' (sec 0)* 

and n crf (n)-^ i + ^tflsitf^) 3 ” S ' n ^ 4 (»in0)“+(tan$)* 

- sin 0. tan" 1 = sin0.^; therefore, constant = £ ; 

V sin 0 / 2 * 
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,-. a ^n„ W -%F,l«.»9A l (9)-£ l OTS 

-I\(9) (E c - F c ). 

Now let - m * - 1 + 6 s (sin 0)’, n *= (cot 0)*; therefore by 
Art. 224 

rar* "•<”> ■ ~KW 

hence, substituting and reducing, 

6*sin0cos0 


X(0) 


{n c (-m)-£ r } = ^w- j P c £ 4 ( 0 )-(£ c -F c )^( 0). 


230. Cas£ II. Let the parameter be logarithmic, or 
n * - c* (sin 0)% 

d e n = - 2c a sin 0cos0, and a = - = - |cot0A c (0)}*; 

. /• 

'* *Wa, 4(sin0)*A c (0) 

- - £ f (0) + £, (0) + A r (0)cot0, 

a „ d -i/-V = - /V 

•'.nv Oj • / a A c (0) 

cot 0 A„(0) n» = F C |- £ c (0) + £ c (0) + A c (0) cot0} 

- £ c (0)(£ c - £ c ) + C, 

- £ c {£ c (0) + A r (0) cot 0 j - E c F c (d) + C, 

and C b 0, as is easily shewn by making e = 0 ; 

••• n,(») - £ e + — {£ c £ c (0) -£ e £.(0) 


The above formulae are of great importance, for since 
they reduce complete functions of the third order to func- 
tions of the first and second orders, and since in the solu- 
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tion of mechanical and geometrical question* which depend 
upon this theory, it is usually only complete functions that 
are required ; the necessity of having tables of elliptic func- 
tions of the third order, is in a great measure obviated. 


231. To shew that a function of the third order with 
logarithmic parameter, may be determined by one of the first 
order, and by the function 0 ( q , «r). 

2 F 2 F 

Let — as = F(<p) and — a * /’(a), 

IT 7T 

— (as - a) - F(<p) - F(a) = F(d>) suppose 

7T 

qF • 

- (as + a) = F(<j>) + F(a) = Fty ") ; 


2 F d r (j) d,$ d,(j>" 

alS ° 7r = A (</>)" Aty')“ A (<*>")' 

Then in the formula - , '~^m 2 ^[E(<f))-eF(<p)\ 

0(.i) ir 

(Art. 217) substituting as - a for as and <p' for <p; and again 
as + a for as and <p" for <f>, and subtracting, we get 


d,0(a/ -a) , d,0(» + «) 

0 (.r - o) 0 (as + a) • 


- {E{<p') - E(<p") - eF(f ) + eF(<f>")\. 

But E (<f>) + E (a) — E ( <p ) *• ft* sin a sin <p sin <p , 

E(<p) + E(a) - E(<p") • ft* sin a sin <p sin <p'\ 

E(<f>) - E(<f>") = ft* sin a sin <p (sin <j>' + sin <p") - 2E( a) ; 
Q(v - a) _ d,(p 


d,log 


0(.r + a) A(d») 


x (2** *in*0 sin a cos* A (a) _ gJS(a) + 2e j’ (a) l 
l 1 —A* sin* a sin 2 0 1 

substituting for sin0' + sin<^/' its value from Art. 159; there- 
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fore, integrating, and adding no constant because both members 
vanish for 0 « 0 we get 

cot a A (a) { II (a, 0) - ^( 0 )} + {eF( a) - JS(a)} F(0) 



0 (.r - a) 
Q(v + a) * 


The importance of this formula will be perceived by con- 
sidering that if a table of the functions 0(9, at) and an auxiliary 
table for calculating q from k were computed, we should 
be able, with the help of the existing tables of F and £, to 
assign the values of all functions of the third order w^ose 
parameter is logarithmic ; that is, of quantities depending in 
general on three elements by tables depending only on two. 
This remarkable property does not appear to have been ex- 
tended to the case of functions whose parameter is circular. 


232 . Since 0 (a?) = 0(- a?), wc may in the preceding 
equation interchange w and a, and consequently 0 and a, 
without altering the value of either member; 

/. cot a A (a) { II (a, 0 ) - F (0) \ - E (a) F (0) 

■ cot 0 A ( 0 ) { n ( 0 , a) - F (a) } - E (0) F (a), 
which shews that the functions II (a, 0) and IT ( 0 , a) are re- 
ducible one to the other. And by putting sina=\/ — ltan/ 3 , 
it may be farther shewn that a function whose parameter, 
modulus, and amplitude are k 2 tan 3 /3, k, and 0 respectively, 
may be reduced to a function whose similar elements are 

- 1 + hr sin 9 0, k\ and /3. 


233 . Again, using the same notation as in Art. 231 , we 
ive 

4-A(f') -V a ($) J.i E ^ 

r d, 0 f „ . 2 k* sin* < p sin a cos a A (o)l 

J* A ( 0 ) 1 *" ° 1» -A* sin* a sin* 0 J* 

o r E(d>) 

or , if we denote the integral J — by Y (0), 
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Y )-Y(f )-*£ (a) F(<f >)-2 cot a A(«) {n(a, 0 )-F( 0 )}, 

no constant being added, because both members vanish when 
<p ** 0 ; a formula furnishing a second mode of computing 
n(a, 0 ) from a table of the functions Y*(^>), and which is 
perhaps the most advantageous mode of all for that purpose, 
as it does not involve. 9 , and requires only the values of 

Y* (<p) = J y> which may be computed with superior fa- 
cility, on account of the value of E (<£) being already known 
in the Tables. But if a Table was formed of one of the 
fuifbtions 0 or Y, the values of the other could be immediately 
deduced, as we shall now shew. 

234. Adding together the formula* of Arts. 2 . SI and 233, 
we obtain 

IOg !(Ha) “ Y W ) ~ ^(0") + 2«fXa)F(0); 

and making « «» a >, and therefore a ■*> 0 , 0 == cp' } and 

F(<p") = zF(<p), 

Bu« SF<$)-F(f) giro. ^ «“> 

„ 2 k 2 sin 1 d> cos d> A (<i) 

%E((p) - E((p ) ■= A^sin 2 0 sin 0 « j _Vsin> ’ 

4 l?( 0 ) „ 4 ^81^0 008 0 

“ T(0) ~ A (0") ^ = *1 - A* sin* 0 

. , H"( 0 ).O (2 r) 

4Y(0) - Y (0") * -log(l - k 1 sin 0) - - log 0) ^ 
(Art. 220 ). 

Hence, adding this to elation (l), we have 
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or loge(») - + £log (Art. 816), 

the equation which connects the functions 9 and Y. 

c 

235. A function whose parameter is imaginary, and of 
the form y (cos 0 + y/ - 1 sin 0), will, in any real expression 
whose integral is required, be accompanied by its conjugate 
function whose parameter is y (cos 9 - \/ - 1 sin 0) ; and their 
sum, which will be an integral of the form 

r a + (sin 0) 2 1 

■4 1 + 2 7 c °s 9 (sin 0) 2 + y (sin <jf>) 4 ' A c (0) ’ 

can always be expressed by two other functions, whose 
parameters are real, one of the form - 1 + 5 2 (sin and 
the other of the form - t? (sin X) 8 . For the proof of this, 
which is omitted on account of its length, and of several other 
important propositions, recourse must be had to the Traitt 
des Fonctions Elliptiques of Legendre, (who is the author of 
this branch of the Integral Culcul us); to Jacobi’s Fundamenta 
nova theories functionum ellipticarum ; and to Abel’s Oevres 
Completes , and to various papers in Crelle’s Journal. But 
the property expressed by the formula for the comparison of 
Elliptic Functions (Art. 226), °is common to Transcendents of 
far higher orders, as discovered by Abel ; with whose general 
theorem we shall terminate this part of the subject. 


236. 


Let H (v) = f - where /(a?), 

Jx ( cl > _ a) sAp (*) 0 , (») 

0(#) and <p\(x) are known polynomials, of any dimensions in at, 
whose coefficients, as also the quantities a and c, are given 
constants; and let ... be particular values of a? satis- 

fying the equation 

P(iV) = (x//.r) 2 0a7-(\|/ lt r) 8 0 lt r = (#-#,)(#-#„)...(.* -^) (l), 

«• 

where \f/ (a 1 ) = a B + a,j? + a s a? a + ... + a,.v" 
s c 0 + Ciiv + + ... + c, 
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Then, m, m,, denoting the dimensions of <px and <p x x re- 
spectively, we have 

fi - greater of the two numbers 2 n + w, or 2»i + w 1 ; 

and by equating coefficients of like powers of x in equation (l), 
we shall obtain /i + 1 equations, of which only n + n x + 2 are 
needed in order to determine « 0 , c 0 , a v , &c. in terms of x St 

x 2 * &c. ; there will consequently remain n - «, + m — 1, or 
»i — w + — 1, equations expressing relations among 

only ; and enabling us to determine the same number of 
those quantities in terms of the rest which will continue arbi- 
trary. Hence wc may assume all the quantities or,, ... x* 
to be functions of another variable t ; and P(x) by this sup- 
position becoming a function^ of l, and of ,v which is also a 
function of f , its differential coefficient will be 


d (t) P(a:) + d (r) P(x) 

or 2 (p,v\{/'Vd t \lf.v - 2(p ] af\j^ l .vd i \^ { x + P'(.v)d v v ; 
and if we consider a; to represent one of the quantities 

a?,,#*, &c., so that jP(.t) = 0, ami \\* v \/ <px « <? >//i x \/ 0, w 
where e = ± 1, we get 

P{x)d t x o2e/ <px<p x x (yf/xd^x - \f/ v vd t \j/x) ; 


€f('V)d t .V 




(x - a) \/ ipxfy # C l> “ M 


(\l/xd t \fax - yf/jxdiyj/x^ 


(x - a) P'(j?) 


supj)o.se. 


Hence, substituting for <r all the values x l9 x 2 , &c. in 
succession, and taking the sum, obsei ving that we may assume 

F(x) = jF(fl) + C® ~ o) 
ef(<B)d t a> I . 

f(s) ‘(7-"^(,) + V(,)' 


(# - a) v <px<p x x 


But 


„ 1 / 1 # _ 

1 "+ '*+ 'i + &c * 


P(a) " * (a^x) F (&) P (*) W a* a : 



(Art. 34), .\2 


coefficient of a" 1 in expansion of 


"“ r P(a)' 

and consequently, F x («r) being a rational integral function, 

2 p ^ ^ = coefficient ■»“' in expansion, according to powers of 


/’,(*) F(.t) - F(a) 


*■'. * 7“ or 


f*(a/) (<r - a) P(x) ’ 


or of 


F(x) 


(ai — a)P(x) 


simply 


F(a) 

(x-a)P(x) 


+ d.r 


because the least power of x~ x in the expansion of 
is the (/a + l) th ; let this coefficient be d t r, 

y_ € f xd i w F ( n ) 

(•v - a) \Zipx(p x x jP(«) 

- - a f(a) f ad jt a S± ad ^ a + d . r . 

} faa . <pa — fa^afaa 1 

Therefore, integrating relative to t , observing that only 
\/s(a) and fa (a) involve t>, 2eri(.r) or 

n + e 2 n (A'j) + * • • + (^) 

mC /(«)_ j Qg ^a\/<pa + figy/^g N + ^ 

\/<pa<f > ,a \y]/a\^<pa - ^idy/fraJ 

where r denotes the coefficient of a >~ 1 in the expansion, ac- 

. 1 rF( ,v ) 

'*"# to power, of , of jT ^ . 


CO] 


or 


_/(*)_ j og /favyjpv + fa.vVfa y\ 
— a) x/tpwfax \\f/a}%/<j)a - faax/fa o*/ 


yf/aty/fav + fa.v\/ fa#\ 


C r 


the coefficients e„ c 2 , & c * being either + 1 or - 1 according to 
the different terras [!(#,), ri(<r a ), &c., to which they are 
applied. 

I f /(*) - (* - o)/iW, then,/ (a) - 0, 

6111(0?,) + € 2 II(# 2 ) + &c. « C + r, or * C, 
if the dimension of /,( o) be less than ^(wi + m,). 
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237- Such transcendents as the one just treated of have 
received the name of Abel's Integrals, and are said to be of the 
(n — l)* 1 class when the polynomial under the radical sign is 
either of 2» — 1 or of 2 n dimensions; because in the former 

case, by making at = --- ^ , the integral is transformed into 

another of the same kind in which the polynomial under the 
radical is of 2 n dimensions. Thus if the polynomial under 
the radical be of 3 or 4 dimensions, we get the first class of 
Abel's Integrals, viz. Elliptic Functions; if of 5 or 6 dimen- 
sions, the second class, and so on. And each class, the same 
as for Elliptic Functions, is divisible into three orders, in 
which the second member of the general equation of com- 
parison equals respectively th constant, the sum of a constant, 
and an algebraic function, or the sum of a constant, an alge- 
braic, and a logarithmic function of the variables at i9 &c. 


The number of the quantities /?.»,, at 29 8ec. may be os 
great as we please, but cannot for functions of the n 1 * 1 class be 
less than n + 1 ; also the number of them which are not 
arbitrary but determinable by the others, cannot be less than 
n ; so that one at least is in every case arbitrary. 


To the case of Abel’s Integrals may be reduced the yet 

r Fat . . f . 

more general form J , where Fat is any rational func- 

tion; for Fat may be resolved into partial fractions of the 
A 

general form j — > and then 

* * • 


f*(x — a)" \/<ftx | n ~ — a 


(x -a) \/ <pat 


238. The following example of integrating a system of 
Abel's Integrals is remarkable, as being a generalization of 
Lagrange's method of integrating the equation (Art. 157) on 
which so much of this theory depends. 

Let s t , &c. ar„ be » functions of t, determined by the 
38 
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equations d,ar, = jy* -? d t*s m ♦ &c. ; /(«) being a 

rational integral function; and N lt N v Stc. denoting («, - a? s ) 
(ar, - a?,)... (m, -a n ), (ar t - ®,) (a?, - a? 3 ) ... (ar, - arj, &c. , -Also 
f(a>) 

let x * 1 * ( a )i & — * being any factor of f{x ) ; then 
d t x \ y/'l' (a>,) 

— w x ~ ; 

{ d -< (j^) '*■*■ + ••■ + «'**■}• 

-tS- 4 (-P-) - ftM ♦ A 

Va-x x \\/a-w x > [ xf t d J A' 1 a - ^ 

(-1 a + + a/^W 

lAf* a - a? 2 a? L - j? 2 c • N n a-x n x x -a? B J 

since d„ be. Similarly for *„ and for 

all the other quantities, 

i,-( <s_) * iWL’^W 

V a - Wa-xJ M * a- x 0 

/ > v ^S , .-4 + ... 'v^w i^M. 

l iY i a - a?j «r 2 - a?, 0 iV M a - ar„ t r 2 - a?J 


Hence, by addition, observing that - — - + — t,?l 1 

a?, - a? 2 a? 2 — x x 

we get 

\iViJ\T, V (ff - af,) (a - ar„)/ ‘ 



But by resolution into partial fractions we have 

y d W(«.) l I 

. . j* “ * i)* (» ~ *«)* •••(*- ®.j 8 *’ ( N* »-*,}’ 

• ^ C£ m be the Highest power m \j/ fit 1 ), and we expand 

according to descending powers of ,?/, 


Hence if m = 2w - 2, 2d, 


if m = 2ra - 1, 


In the first case 


2 J 2 dt f \ 1 2 1 ZdjXyd,^ J 

\y/a — a>i ' V \/ a — ,vfJ J ((« — a?,) (o - /v 2 )f ' 

or s( S J 4 '?' + (.is VI . fv A*I V - z f **■ V. 

[a - .«? x Va -A’,/ J \ a - V Va - xj 

... 32 j^L + f^!\,'l. fs *•■. V. a 

(a-.r, \a-xj J V a - x x J 
Let 2w = log (a - a^) (a - a? 2 )...(« - tf„) ; 

\a - x x / # • (a-#, j 


.\ d,*w + (d t w) 2 = 0 ; 


e u d t u = const, or \/ (a-«r 1 )(a-.r s )...(«-^)2f — -)sC; 

' ft — iJ7| / 

\/hf\) v/7w v//K) 

(a - (a-«s)^V, (a -<v„)N, 
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In the second case d*u + (d t u)‘ + ■ 0; 

(2 d t u)* + c= Ce - *“, 


or V^/fa) V^/K) 

(o-a?,)^! (o-® g )JVg (a — n^)N n 


V 


(a - d?i) (a - a? 2 )...(a - <r n ) 


- c. 


The differential coefficients d f d? 1# d t «a? 2 , &c., instead of 
having the explicit forms given above, may be supposed to be 
determined from the n equations 

R\d x X x + R “I" • • • H" Rn ^l*^n = 

R\W\d>iWi + + Rn^n^t^n “ 


R x 0C* ^dt(V\ + R^X^f l d t a?2 ■!*••• H" Rn&n* ' dfX n ■ 1 J 

R x representing (fx i)'^; for the values given above are the 
well known results of elimination between such a system of 
equations. 


.FINIS. 










